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YVCTOUYUBOCTBh JUHENUHBIX YPABHEHUU XODDA
HA TPA®E

C.A. 3acpebuna, II. O. Ilusosaposa

THE STABILITY OF THE HOFF LINEAR EQUATIONS
ON A GRAPH

S.A. Zagrebina, P.O. Pivovarova

PaccmoTpeHa yCTOMYMBOCTD CTAIlMOHAPHOTO PelleHMsT TUHEWHBIX YpaBHE-
Huii Xodda Ha rpade, SBISIONMIETOCS MOIEJbIO KOHCTPYKIIUU M3 NBYTaBPOBBIX
6asok. OCHOBHOM IOAXOM - BTOpoit MeTon JIsmyHoBa, MOITMGUIIMPOBAHHBINA CO-
00pa3HO Hallell CUTyaluu.

Knaruesvie cnosa: ypasnenue Cobonesckoeo muna, epag, ¢azosoe npo-
cmpancmeo,  @yukyus Jlanynosa

The stability of stationary solution of the Hoff linear equations on a graph
which is a model design of I-beams is considered. The main approach is the
second Lyapunov method modifying respectively to our situation.

Keywords: Sobolev type equation, graph, phase spase, Lyapunov function

BBenenue

IIycte G = G(U, €) — KoHeuHbIl CBsI3HBII OpueHTHpOBaHHbIH rpad, rae U = {V;} — muoxe-
crso BepiuuH, a € = {E;} — MHO)ecTBO pebep, mpudem Kaxkioe pebpo E; nmeer mmny I € Ry
u momazab nonepednoro cedenus dj € Ry. Ha rpade G paccmoTpuM nuHeiHBIE ypaBHEHHS
Xodda

(A = Xo)ujt + Ujige = auj, uj =u;(z,t), z€ (O,Zj), t e R, (0.1)

MOJETUPYIONIMe NUHAMMUKY BBIMYUYMBAHUS KOHCTPYKIMU M3 JIBYTABPOBHIX 0aloK B JMHEHHOM
npubnuxenun. [Napamerpo A, A\g € R, xapakrepu3yloT Harpy3ky Ha KOHCTPYKLHIO, HapaMeTp
a € R, orseuaer cBoiicTBaM MaTepuana 6anok. Hac uHTepecyloT peumieHust ypaBHeHuit (0.1),
YIOBJIETBOPSIONINE <«YCIOBUSIM HEMPEPHIBHOCTU»

’u,j(O,t) = uk(O, t) = um(lm,t) = un(ln,t), Ej,Ek c Ea(Vi),Em,En S Ew(Vi), (0.2)
U «ycJIOBUSIM OajgaHca MOTOKOB»

> dju(0,) = D dpukg(l,t) =0 (0.3)

B eEx(V) Ey€E= (V)

B BepmmHax rpada. 3aeck yepes EX@)(V;) o6o3nadeno MHOXKeCTBO pebep ¢ HauasoMm (KOHIOM)
B Beprure V;, t € R. (O6cyxaenue ycmosuii (0.2), (0.3) cm. manp. B [1]). OcHoBHO# nesbio cra-
TBU FABJIAETCS JOKA3aTEIbCTBO ACUMITOTUYIECKON YCTONIMBOCTH 110 JIAMYHOBY HYJIEBBIX PENIeHUN
zagaun (0.1) — (0.3) mpu napamerpax A € [0, o] u @ € R;.
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YcrToiiunBocTh JUHelHbIX ypaBHeHuli Xodda Ha rpacde

Juddepennnanbable ypaBHeHUS Ha rpadax — CpaBHUTEJIbHO HOBas 00JIaCTh MaTeMaTuye-
ckoro 3HaHus. [lepBast MoHoTrpadus Mo JaHHOM ITpobieMaTuke Boinia B 2004 1. [2]. B Heit comep-
KUTCSI OOCTOSITEIbHBIM MCTOPUYECKUIT 0030p BCeX TOCTMXKEHUI B 3TOM 00JlacTU. 3a IOCJIeayIoNue
roIbl KOJIUYECTBO MyOJMKAILIMiA, MOCBSIIEHHBIX TUddepeHInaIbHBIM YpaBHEHUSIM Ha rpadax ja-
BMHOOOpPA3HO BHIPOCJIO, WM aBTOPHI, CTECHEHHBIE paMKaMM CTaTbHU, BO3IEPXKUBAIOTCSI OT KaKOIro-
Jmmbo ux ob3opa. Eme Oojiee CTpeMUTEIbHO pacTeT YMCIO ITyOIMKallMii, TMOCBSIIEHHBIX YpaBHE-
HusM Co0oJieBCKOTo Tuma, K KOTOphiM OoTHOcATCA ypaBHeHMs (0.1). 3mech MBI COIIEMCS Ha IBE
MmoHorpadun [3], [4], “cTopudecKre 0630pBI B KOTOPBIX B3AMMHO JOTIOJHSIOT IPYT Apyra. 3aMeTuM
ele, 4To mepBbIM ypaBHeHUs1 CoboneBckoro tuma Ha rpadax Havan uiydath [LA. Ceupumiox [5].

Bepuemcsa k 3amaue (0.1) - (0.3). ITonb3ysick MOHATUSIMU, METOAAMU U Pe3yJibTaTaMU MOHO-
rpaduu [6], MBI penyLupyeM ee K JIMHeHHOMY ypaBHeHMI0 COOOJIEBCKOro THITa

Li = Mu, (0.4)

rie L 1 M — nuHeliHble HEeMpepbhIBHBIE OIepaTophl, ACHCTBYIOIIME B CIELIMATbHO MOCTPOCHHBIX
0aHaxoBBIX TIpocTpaHcTBaX. OTMETMM YHHMBEPCATbHOCTDH HAIlero TMOaXoma — ceiyac Bce Oosiplee
YUCJIO UCcliefoBaTeleid ero mpuiaepxuBaercs (cM. Hampumep, [7 - 9]). UccnegoBaHue ycroituu-
Boctu ypaBHeHmMi (0.4) (B TepMMHAX AUXOTOMHUM pellieHUi) Obuto HayaTo B [10]. 3aTeM maHHBIA
noaxoa ObUT 000OIEH Ha ToJyauHeliHble ypaBHeHUss CobojneBckoro tuma [11 - 13] (B TepmuHax
WHBApUaHTHBIX MHOTOOOpa3uit). OmHaKO 3TH METOIbl MPUMEHUTHh K WCCIEIOBAHUIO YCTONIMBO-
CTU B HallleM cliydyae He MpeacTaBisieTcsl BO3MOXHBIM. Jleao 3aech B ToM, uTo L-criekTp orL(M)
oreparopa M ABIsAETCS 3aMbIKaHMEM MHOXECTBa

{peCip=—-aMo— A+ ) HEeN\{l: X =X=X}},

Y 3HAYUT, L _

o”(M)NiR # (. (0.5)
(3mecy {Ag} - mociemoBarebHOCTh COOCTBEHHBIX 3HaueHWi 3amaun Lltypma - JInyBuist Ha
rpade, 3aHYMEPOBAaHHbIX 10 HeyObIBaHUIO ¢ yueToM KpaTHocTH, {Ax} € {0} UR,. IMosicHeHust 06
3TOM MOXHO TOCMOTpPeTh B cTaThe A.A. bassurtoBoit B manHHoM BectHmke.) MMeHHO HapyiieHure
ycaoBus (0.5) aBaseTcs riaaBHBIM TpeboBaHueM B pabortax [10] - [13].

[MoatoMy s mcciemoBaHus yctounBocTH B ciydae (0.4) MBI m36panm Bropoit meton JIs-
MyHOBa, 0000IIEHNEe KOTOPOro Ha MOJHbIE MeTpuYecKue nmpocTpaHcTBa aaHo B [14], ri1. 4. BHuma-
TEeNBHBI aHaIW3 TPUBENEHHON TaM TeopeMbl 4.1.4 Tokaszaj, 4TO ee MOXHO PacpoCTpaHWUTh Ha
HeoOXomMMbIe HaM HOPMHWPOBAaHHBIE MPOCTpaHCTBa (T. €. 6e3 TpeGOBaHMSA WX ITOJHOTHI), IpaBMa,
¢ TIoTepeil paBHOMEPHOCTH B YCTOMYMBOCTH M AaCUMITTOTUUYECKONW YCTOMYMBOCTH (CM. OIpeiesieHne
4.1.2 [14]). Ormetum emre, uto B cuiy (0.5) mepBoiii MeTox JISmyHOBa 31eCh TOXE HE TOIUTCS.

CraTbsl KpOMe€ BBEACHUSI COAEPXKUT JIBE YaCTU U CIIMCOK JIUTEPATypbl, KOTOPBIA, KakK ObLIO
OTMEUYEHO BBIllE, HEe TMpPEeTEeHAYeT Ha TOJHOTY, a JUIIb OTpaxaeT BKYChl W TNPUCTPACTHUSI aBTO-
poB. B mepBoii yactu nenaercs onucaHue da3zoBbix mpocTtpaHcTB 3agaun (0.1) - (0.3) B ciayyasix
A € [0,X) # XA = Xg. Bo Bropoit wactu MoauduuMpOBaHHBII HamMu BTOpoii Merox JIsmyHoBa
IIpUMeHseTCsI K UcciaeaoBanumo ycroituuBoctu 3agadu (0.1) - (0.3).

1. ®a3oBoe MPOCTPAHCTBO

Beenem B paccmorpenue muOoxkectBo Lo(G) = {9 = (91,92,---9j,---) : g5 € L2(0,1;)},
KOTOpPOE CTaHeT MHIbGEPTOBBIM HPOCTPAHCTBOM, €CJIM BBECTH CKAJISPHOE HPOM3BeeHNe < -, - > H
HOpMY ||+|| coreayromum obpazom:

1 lj
wm =X & [ gtsdon lgl? = 3 4 [ s

Eje¢€ E;ec 0
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C.A. 3arpeouna, I1.0. ITuBoBapoBa

BeezeM elie 6aHaXoBO MPOCTPAHCTBO
U= {u=(ur,uz,...,uj...) : uj € W5(0,1;), npuaem spimommeno (0.2)}

C HOPMOW

l;
iz =¥ 4 /0 (w2, +ud)de.

Ejc€

(Ero ecrectBennasi ruibbepToBa CTPYKTYpPa HAM He Hy»KHA). B cuiy Teopem Bioxenust CobosieBa
npocrpancta Wi (0,1 j) cocToaT U3 abCOMIOTHO HENPEPBIBHBIX (DYHKIHI, TO9TOMY IIPOCTPAHCTBO
$l KOpPEKTHO OIpesesieHo, a B cuiIy TeopeMbl KonppamnieBa — Penninxa oHO KOMIIAKTHO BJIOXKEHO
B L2(G). Ilo reopeme @. Pucca oroxgectsum npoctpancTBo Ly(G) co cBouM CONpszKEHHBIM U
yepe3 § 0003HAYMM CONPSIKEHHOE TPOCTPAHCTBO K 4| OTHOCHTENBHO IBOUCTBEHHOCTH (-, -). IIpo-
CTPAHCTBO § — 0GaHAXOBO, IPUYEM UMEIOT MECTO HempepbiBHbIE BiaokeHus U — Lo(G) — F.
Iycts Ag € Ry, A € [0, \] u @ € Ry TlocTpouM omepaTopbi

Lj
< Lu,v >= Z dj/ (4jzVjz + (Ao — Nujvj)dz, < Mu,v >= —a < u,v >,
E;ece 0

rae u,v € Y. 3amerum, uro oneparopsl L, M € L(i,F), TO ecTb JIUHEHHDI ¥ HEIPEPHIBHBLI.

Jlemma 1.
(i) ecau X € [0,X0) u @ € Ry, mo cywecmesyrom onepamopu L™, M~ € L(F,U);
(11) ecau A = Xg, mo ker L = span{¢}, 2de

~1/2

o= > dj; (1,1,...,1,...).

E;ec

Jloxasamenvcmeo. 3amernm, uro (i) BeiTekaer u3 [14], a (ii) cupaseymBo B Crily HEPaBEHCTBA

lj
< Lu,u >= Z dj/ u?wdw > 0.
Eiee 70

JIemma 2. Ilpu arobwz Ao, € Ry u A € [0, Ag) onepamop M (L, 0)-ozparuuen.

JokazaresbCcTBO €cTh, Hampumep, B [1].

Urak, pexykmumsa 3amaun (0.1) — (0.3) k ypasmenuwo (0.4) 3akondena. BekrTop-dynkuuto
u € C®(R;4) nazoBeMm pewenuem ypashenusi (0.4), eciu OHa yJOBJIETBOPSIET 3TOMY ypaBHe-
uuto. Pemenve u = u(t), t € R, ypasuenus (0.4) mazoseMm peweruem 3adawu Kowwu, ecniu mipu

HEKOTOPOM Ug € i
u(0) = up. (1.1)

Onpeaenenne 1. Muoxkectso P C U HazwiBaeTcsa @aszosvim npocmparcmeom ypasuenus (0.4),
ecyIu

(1) siroboe pemenne u = u(t) sexur B P noroueuno, re. u(t) € P, t € R;

(ii) mpu m0boM ug € P cymmecrByer equHCcTBeHHOE pernenue 3agaun (0.4), (1.1).

Teopema 1. (i) IIpu ecex Ao, € Ry u A € [0, Ng) dasosvim npocmparncmeom P 3adawu (0.1)
- (0.8) cayorcum npocmparcmeo L.

(i) Ilpu ecex Ao, € Ry u A = Ag dasosvim npocmparcmeom P szadawu (0.1) — (0.3)
cayorcum nodnpocmparncmeo U = {u € U :< u, o >= 0}.
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YcToliunBoCTh TMHEWHBIX YpaBHeHU Xodda Ha rpade

Joxasameavcmso. Cnenys [6], ri. 4, mocTpouM npoekTop

1
P=— [(uL—-M)'Ld
¥
Tie 3aMKHYTEI# KOHTYD 7y € C orpanumumsaer o61acTh, cogepxamiyio L-cnextp o (M) oneparopa
M. OueBugHo,
p— I, ecim A € [0, \o);
[- <>, ecim A = Ag.

2. YCcTOM4YMBOCTH

Beezem B paccMOTpeHHE HOPMHPOBaHHOE IpocTpancTBo U ¢ Hopmoit |||-]||.

ToBopsit, uTo Ha Y 3371aH nomoxk, ecau cymectsyer orobpaxernue S : R x U — U Takoe, 9T0
st yiroboro v € U u Bcex t € Ry BBIMOJHSIOTCS COOTHOIIEHUST

(i) S =S(t,v) € U, upu Bcex t € R; S (0,v) = v;

(i) S(t + s,v) = S(¢t,S(s,v)) npu Bcex s,t € R.
Touka v € ¥ Takas, 9TO

(iii) S(t,v) =v,t € R,
Ha3bLIBAETCS CMAYUUOHAPHOT MOo4Kot TIOTOKa S.

Onpenenenue 2. CrannonapHas Touka v € U MOTOKa S HA3LIBAETCS

(i) yemotinusoti (no Jlanynosy), eciu quist 060i okpectrocTr O, C U TOYKHU ¥ CYIIECTBYET
(Bo3MOXKHO, Apyrast) oKpecTHOCTb ) Toit ke Touku, uro S(t,w) € Ol upu Bcex w € O, u
te R+,

(i) acumnmomuuecku ycmotwueot (no Jlanynosy), ecau oHa ycTONUMBA U Jjist JIFO00H TOYKA
W M3 HEKOTOPO#t OKpecTHOCTH L, BhimosHsiercs S(t, w) — v upu t — +00.

Onpeznenenne 3. Oyunkunonan V € C(U; R) naspiBaercs dynxyued Jlanynosa noroka S, eciu

V) = T 7 (V(S(t0)) = V) <0

nj1a Bcex v € 0.

B nanbreiineM craimoHapHOM TOYKOM moToKa S Ha U OyaeM cunTaTh TOYKY HysIh. BBemem
B PacCMOTpEHHE CTPOro Bo3pacratonime dyHKIWMU U HenpepbiBHble GyHKImu ¢k : {0} URL —
{0} UR, rakwue, uto ¢k(0) =0, k=1,2.

Teopema 2. Ecau dasn nomoka S cywecmeyem pynxyua Janynosa V maxas, wmo V(0)=0u
V(v) > e1(lllvll]) npu scez v € B, mo mouka nyav ycmotivusa. Ecau sdobasox V (v) < —pa(l||v]|])
npu 6cex v € W, MO MOYKA HYA> ACUMNMOMUNECKY YCTNOTUHUBA.

Hoxaszameavcmeo. Wrax, s Beskoro r € Ry monoxkum O, = {v € U : V(v) < r}. Kaxnoe u3

MHOXECTB O, SIBJISETCS OKPECTHOCTHIO TOUKM v, npudeMm V € O, = V(S(t,v)) < V(v) < r upu

Beex t € Ry. Ecim V(v) > ¢(|||v]||), To mns sroboro € € Ry cymecrByer Takoe r = @(g) > 0, uro

V(v) <r=|||lv|]l| < e. B cuny nenpepsisroctu V cymecrsyer § € Ry Takoe, uro npu |||v||| < &
Gyzner v € Oy, a 3naant, u S(t,v) € O, tak uro ||S(¢,v)|| < e mns Beex t € Ry.

ITycts Touka v € O, Torga V(S(t,v)) — HeBo3pacTaomas HeoTpUIATE bHAs DYHKIWS ¢ €

Ry. Oycrs I = lim V(S(t,v)), ul >0, Torza inf ||S(¢,v)|| > 0, 3mauur, sup V(S(t,v)) < —m
t—r+o00 teR+ teR,
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C.A. 3arpeouna, II1.O. IIusoBapoBa

Jisi Hekotoporo m € Ry, uro mporusopeunt neorpurarensuoctu V(S(t,v)). Takum obpaszom,
V(S(t,v)) u ||S(¢,v)|| crpemsitest k Hym0 TIPU ¢ — +00. O

Teneps npuMeHuM Teopemy 2 K ucciaenoBannio yeroitunsocru 3ama4du (0.1) — (0.3). @azosbiM
npocrpancreoM P 3agaqn (0.1) — (0.3) B 06oux ciyuasx (A € [0, o) 1 A = o) sBisiercsa 6aHAXOBO
IIPOCTPAHCTBO C HOPMOI ||-||¢, mHgynupoBanHoit u3 U. Beeas B B Hopmy ||-|| 3 L2(G), npesparum
€ro B HOPMHPOBAHHOE IPOCTPAHCTBO (KOTOPOe, oueBuHO, coBnaer ¢ La(G) B ciyuae A € [0, Ag)
IIPU ero ecTeCTBEHHOM IoHuManuu). B cumy pesysnbraTos [6], . 4 va P cymecrsyer moTok S,
onpeessieMblil popMyJIOi

1
S(t,u) = 37 /(,uL — M) 'Luefdu, teR,
v

IJle 3aMKHYTBI KOHTYp 7y orpaHuuYMBaeT L-crekTp UL(M) onepatopa M. O4eBUAHO, TOYKa HYJb
SIBJISIETCSI CTAllMOHAPHOM TOYKOM 3TOro ITOTOKA.

Tenepb paccMoTpuM 00a ciydasi mo otaeabHocTH. Ilycth cHavama A € [0;Ag), Ao € Ry. B
9TOM ciiyyae ¢yHKUMo JIssmyHOBa OIpeAaeiuM CIeAYIIIUM 00pa3oM:

Zd/ (U2, + (A = Ao)u?)dz.

E;ee

Ouesnzno, V(1) > (A — Ao) ||ul|®* 1 V(0) = 0, nosromy B crry TeopeMmsI 2 TOUKa Hy/b yCTORUMBA
no Jlanyuosy. danee, ymuoxus (0.1) ckansapuo B L2(G) Ha u, mosyunm

V(u) = —2aljul?, (2.1)

YTO B CHJLy T€OPEMBI 2 O3HAYAET ACUMITOTUIECKYIO YCTOMYUBOCTH TOUKHU HYJIb.
Paccmorpum Temneps caydait A = Ag. B aTom cayuae dazoseim npocrpancrBom 3azaun (0.1)
— (0.3) cyxwur nognpocrpanctso U, B KoTopom, cornacHo npunnuny KypaHTa, MOKHO BBECTH

HOPMY
lull? = Zd/UMa

Ejee

SKBUBAJIEHTHYIO WHAYIMPOBanHOi u3 U Hopwme ||-||. IIpudem B cuimy Teopem Broxenus Cobosena
llull; > cllull, roe ¢ € Ry — komcTanTa Broxenus. 3agas dyukuuio Jlsmynosa V(u) = |]u||1,
CHJIy TEOPEMBI 2 TOJIy4YaeM YCTOHYUBOCTh TOYKHU Hy/b. [asee, ypasuenus (0.1) B cuity JuHeiHO-
cru Ha U! BEIMIAZAT TOYHO TakuM ke o6pazom. I109TOMy HOCTyNas AHAJOTMYHO MpPeblAyIeMy,
nosiydaeM crpaseiuBocTh (2.1). Utak, u B 9TOM ciiydae TOYKA HyJIb SIBISETCS aCAMIITOTHIECKH
ycroiunBoii. TakuM obpa3om, goKa3aHa

Teopema 3. IIpu scex a, \g € Ry u X € [0, \g] cmayuonapras mouxa nyav 3adawu (0.1) — (0.3)
ABAAEMNCA ACUMNMOTMUYECKY YCOTHUBOT.

3ameuanmne 1. B peanbroil curyanun ancio A\g € Ry MOXKHO TPaKTOBATb KaK KPUTHIECKYIO Ha-
rpy3Ky Ha KOHCTPYKITUIO U3 JIBYTaBPOBHIX 6asiok. Teopema 3 moKa3bpIBaeT, YTO MPU BCEX HATPY3KaX
A € R, He MpEBBIMIAIONIAX KPUTHIECKYIO, CTAIMOHAPHASA TOYKA, HYJb HE TepseT aCUMIITOTHYe-
ckoit ycroitunBocTu. B jasibHeiiieM aBTOPBHI B YMCJIEHHOM 3KCIIEpUMEHTE COOMPAIOTCs MMOKA3aTh
MIOTEPIO YCTOWYUBOCTU TIPU A > .

Aeémopbl cuumarom ceoumM NPUIMHbIM 00420M nobaazodapums npogeccopa I.A. Ceupuodrra
3a UyeHHble cogembl 8 npoyecce NOO2OMOBKU CMAMbU.
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