YIAK 537.86

BOCCTAHOBJIEHUE NIOTEHLIMAJA B OBPATHOM
CIEKTPAJIbHOM 3AJAYE OJ4 ONEPATOPA JTATIIJIACA
C KPATHBIM CIHEKTPOM

I A.  3axupoea

POTENTIAL'S RESTORE IN THE INVERSE SPECTRAL
PROBLEM FOR LAPLACE OPERATOR WITH MULTIPLE
SPECTRUM

G.A. Zakirova

Hccaenytorcs obpaTHBIE CliEKTpaIbHbIE KPaTHOTO crieKTpa. [loctpoeH aj-
TOPUTM YHCIIEHHOTO HAXOXICHUST TTPUOIMKEHHOTO PEIIEHMS.

Karoueswie crosa: onepamop Jlanaaca, obpamuas cnekmpanvHas 3ada4a,
npubauNceHHoe peuieHue, KPamHublil CHeKmp

Inverse spectral problems with multiple spectrum are investigated. A
numerical algorithm of the approximate solution finding is obtained.

Keywords: Laplace operator, an inverse spectral problem, an approximate
solution, a multiple spectrum

BBenenue

OOpaTHBIE CIIEKTpajbHbIE 3aJauyd B Pa3JIMYHBIX ITOCTAaHOBKAaX MIpPalT (yHIaMEeHTaJbHYIO
pOJib B pa3lM4YHBIX pa3aeliax MaTeMaTUKM M MMEIOT MHOXECTBO IPUIOXKEHHUI B €CTECTBO3HAHMMU.
BonbmmHCTBO paboT B 3TOM HAIIpaBIE€HMHU CBS3aHbI C OOBIKHOBEHHBIMHM IUGdepeHINaIbHBIMUI
oneparopamMu. YTo KacaeTcs OIepaTOPOB B YACTHBIX MPOM3BOIHBIX, TO 34eCh, B OCHOBHOM, pac-
cMaTpUBaeTCsI CTeIleHb olepaTopa Jlamraca ¢ IpoCTBIM CIIEKTPOM.

B Hacrosmeit pabore mcciemyeTcsa oOpaTHas 3amaya AJisI CTelleHUM omepartopa Jlaraca 1o-
POXIEHHOTO KpaeBoi 3amadeii Jupuxiae B ciydae HEMpocToro ciiekrpa. OCHOBHBIM METOIOM MC-
clleoBaHUs SIBJISIETCS TaK Ha3bIBaeMBbIil PE30JIbBEHTHBIM METOH, TEOpPEeTUYeCKM OOOCHOBAHHBIN B
pab6orax [1, 2]. IToaydeHBI TeopeMBlI CYIIECTBOBAHMWS pPEIICHUS IMOCTaBJIEHHON OoOpaTHOI 3amaym,
MMO3BOJIUBIIIME Pa3pabOTaTh BHIYMCIUTEIbHBINA aJITOPUTM BOCCTAHOBJICHUS MOTEHIIMAJIA 10 CIIEKTPY
M CO31aTh MPOTrpaMMy, OMNpeAessaiollyi0 BO3MYIIEHNE 10 3aJaHHON ITOCIeq0BaTeIbHOCTH COOCTBEH-
HBIX YHCEJI.

IIocTaHoOBKa oOpaTHOM 3adadm

IlycTtb

II={x=(z1,22,...,2n5) : 0<2;<a;,j=1,...,N}, a; >0.

B npoctpanctse L,(I1) paccMoTpuM OUCKpPETHBEIM camMocONpsXeHHBIH onepartop T , ompene-
JIEHHBbIM KpaeBoM 3amauveit dupuxie

—Av = Av, vlgn =0,
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BocctaHoBIeHMEe MOTeHIMaa B O6paTHOI71 CHCKTDaJ’IbHOfI jagade...

rne A — omeparop Jlammaca, 01T — rpanwnmna I1.
o0
Pacemorpum oneparop T = MdE()\), ssasmomuiicss crenensio onepatopa Ty, tae E())
0

— CIIEKTPAJBHOE Pa3IoKeHre eIuHNIBI onepatopa Tg, § > 1, M>o npu A > 0.

Ouesuguo, cuekrp o(T') oneparopa T neomnokparubii. Uaorga, qis ynobersa Gynem HymMe-
POBATH yHOPANOYEHHBIE IO BO3PACTAHUIO COOCTBEHHDBIE TUCIA Am = A(m) ms,..,my) OHEpaTopa T'
¥ CBSI3aHHBIE C HUMY CIEKTPaJbHbIE OOBEKTHI OJHUM HIKHUM HATYDPaIbHBIM WHIEKCOM H OJHHM
BEPXHHUM, TIPH 9TOM BEPXHHUN HHJEKC OyJeT OTBEYaTh 33 KPATHOCTH U COOCTBEHHOTO YHCHA A,
e A=A =)k =1,v;.

[ycte P — omeparop yMHOXKeHHs Ha BemecTBeHHyo dyuKumio p € Lo(Il), nasviBaemymo
MOTEHITUAJIOM.

O6ozuaunmM depe3 u; coberBennbie gucnaa, oneparopa T + P, 3aHyMepoBaHHBIE B ITOPSIKE
BO3PaCTaHus JefCTBUTEBHBIX YaCTel C yIeTOM aJireGpanvecKoil KpaTHOCTH, & Yepes3 Uy — COOT-
BETCTBYIOWNE MM OpToHOpMupoBaHHble B Lo(Il) cobersennnie dbyHKimm.

PaccmorpuM crenyrorniyio 06paTHYIO 3a/1a9y CIIEKTPATBHOTO AHATH3A:

ITyemo dana nocaedosamenvrocmovio Komnaekchus wuces (€120, bauskaa x cnexmpy one-
pamopa T. Ilpu pasauuwnbir cmenenazr > 1 mpebyemea 0oka3ams CYUWECMBEOBAHUE ONEPATNOPG
P, maxozo wmo cnexmp o(T + P) cosnadaem ¢ nocaedosamervrocmoro {4152 .

CreneHb orrepaTtopa Jlannaca ¢ moTeHUIMaJI0M
B N—MepHOM ImapaJdJcaCIInIicac

CdopmynupyeM BCIIOMOraTelbHbBIC YTBEPXKIEHUS, Ha KOTOPBHIX 0a3MpyeTcs MOoKa3aTelIbCTBa
OCHOBHBIX pe3yJIbTaTOB AAaHHON cTaThu. JloKazaTelbCTBA CAaMMX BCIIOMOTATEJIbHBIX YTBEPKICHUIA
npuBeIeHH B padote [3].

O0o3HaAYNM:

Ro(A) = (T — )\E)“l, RN =(T"'+P-— )\E)_l;

Atr1 + At
at::{}\:Re/\=~——2 b, Ti={xeC:Rer€a}, m={rA€C:|\—A =rp},
Ty — —;—min{)\tﬂ - )\t; )\t it )\t—l}, Ty = il;lf'r't;

0 n
Q={:n-A2r}, Q=N V=]]a.
t=1

j=1

Jlemma 1.
Ecau |P|| <1/2, 20e 0 <1 < 19, mo onepamop T + P — duckpemen, npuuem
(i) ecau Ry(X) € &y, mo R(A) € G4, 1 < g < o0,
(i1) ecau Ay € C\ Q, mo 5 € C\ y, s = 1,1, vy—Kpamuocmv cobcmeenH020 HUCAG Ay.

Jlemma 2.

3N -
Ecau > —, mo pad Z r2 max || Ro(A\)|[3 cxodume.
4 oy AEY

O603HAMUM CYMMY PSAa depe3 s2.

3N
Teopema 1. Hycmv 8 > v r € (0, min{rg, ). Ecau daa xomnaexcroti nocaedosamens-

LI
sV2N

noemu {€F} emnoanaemea nepasencmso:

VarNy <ZZ & — Atﬁ) < gu —w),

t=1 k=1
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I''A. 3akupoBa

ede w = V2N sr < 1, mo cywecmsyem nomenyuana p € Lo(11) maxoti, wmo das aobozo t € N
127 v
k k
Z & = Z H (2)
k=1 k=1

2de o(T + P) = {pu¥}.
3amevanune 1. Omepatop T + P, oGiamamoimuii CBOiicTBOM (2), HEeIMHCTBEHEH.

O6beAMHUM B OOVH Kitacc P Bce ormepaTophl, CIIEKTpP KOTOPHIX obiiamaeT cBoiictBoM (2). Ecnn
MbI He OylIeM pa3iudaTh INpeACcTaBUTENEe 3TOro Kijacca, TO MOXEM TOBOPUTH O €IWHCTBEHHOCTH
pelreHust oOpaTHOM 3agaum.

HpI/IGJII/I)KCHHOG BOCCTAaHOBJICHUC ITOTECHL MAaJIa.
YucieHHbIN SKCIICPpUMCHT

BBemem B paccMOTpeHUE CIEOYIOIIYI0 CUCTEMY (DYHKIIMIA:

N
2N+q 27m;x;
-V I (522,
J=1

rae m = (my,...,my), mj € {0} UN, g—uuciio HeHy/IeBbIX HHIEKCOB B Mysnbruuujerce m. Ilpu
m; € N ary cucremy GyneM HyMepOBaTh HIKHUM ¥ BEPXHHM MHIEKCAME TAK JKe, KaK U CHCTeMY
{v;m}, T.e. B COOTBETCTBUH C HyMepaIueil COBCTBEHHBIX THCET AF.

MozxHO TIOKa3aTh, YTO yPaBHEHHE

p=ap — ap),
S v~ t(p)
e ap = (—1) ZNVZZQ At) Sota a(p) = ()N ZNVZ ty ‘Pf7
t=1 k=1 t=1 k=1 ¢
1 1 >
=] A N (PRy(A)?)dr = — A)(PRy(N)*1dA
)= 5z [ ASEROERWI =52 [ S RIPR)
uMeeT eAMHCTBCHHOE DEeIIeHne p.
Ilycrs
Po = 07 TOra P = g — a(pO) = (g,
p2 = ap — ap1) = g — (), p3 = ag — a(pz), ... , im py = p.

MeTonoM mocae0BaATENBHEIX NpUOIMKenuil Hal/IeHO pellleHne J YPABHEHUs

P = ag = afag), 3)
Tae
Z p)ot, 0y(p) = %/ AS[Ro(N)(PRo(N)?]d.
t=1 Yre
5= ap— Z ZZ ao@ta@y )‘Pt
t  j#t k=1

B makere Maple 6.0 pa3paboraHa mporpamMma, KoTopas MO 3aJaHHOM IOCIIeIOBaTEIbHOCTH
COOCTBEHHBIX YHMCeJl OMpeAeNnsieT B SBHOM BUIEC NMPUOIMXKEHHBIN MOTEHILIMAN, TAKOW, UTO CIEKTP
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BoccTraHoBlieHMe NMOTEHIHAJIa B O0OPATHOH CHEKTpaJIbHOM 3amadve...

BOBMYIIEHHOI'G OllepaTopa Gy/eT cOBHAIaTh B 3aJaHHOM CMBIC/IE C BBEJEHHON 10C/IeI0BATEIHHO-
CTBIO.

Hasee npuBeaeM IpuMep, UANIOCTPUPYIOMUN paboTy TpOrpaMMbl.
Iycts T — crenenn oneparopa Ty (f = 2), onpenenennoro Kpaepoii zajgaueit Jupuxne (1) ua
npamoyroasauke Il co croponamu a = 1, b = 4. llycts gagee, &mn = Amn + 0.0001, m,n < 3.
I[To Teopeme (1) cymecrsyer norennuan p € La(Il) takoit, uro amns mwoboro £ € N

D= uf Apma} = o(T+ P). (4)

k=1 k=1

ITpubauxeHHoe pelleHue uccienyeMoil oOpaTHO CreKTpaldbHOM 3agayu, HalieHHOUN B Tped-
JIOKEHHON MpPOrpaMMe IO TEPBLIM TPEM WIEHAM IOCIEN0BATENLHOCTU {&mn }, UMEET BUI

IMpuOIVXKEHHBIN TMTOTEHIIMAJ, BOCCTAHOBIIEHHBII MTPOrpaMMOi
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