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NMPUMEHEHME ABAXAbl HENMPEPbLIBHO
ANDODEPEHUNPYEMOTIO S-CIJIAHA

A.A. Cunaes, [].0. KoporaeB, C.B. KanycTtuH

JlaHHas paboTa MOCBSIEHA MCIHOJb30BAHUIO CIIaXKUBAIOIIUX S-CIUIaifHOB
5+t cteneHu. Takue CrulaiiHbI SIBSIIOTCSI KYCOUHO-TTOJIMHOMUAILHOM (hYyHKIIUEIH,
MpuYeM TepBbie TPU KOADOUILMEHTA KAXKIOTO MOJMHOMA, OMpeessioTcs YCIo-
BUSMM IJIAJKOM CKIEHKUA OO BTOPOW ITPOU3BOAHON BKIIIOYUTEJIBHO, a OCTAJIb-
Hble TPU - METOAOM HaMMEHbIIMX KBagpaToB. C MOMOINBIO TaKUX CILIAiHOB
CTPOATCS KBaApaTypHBIe (OPMYIBI 6-TO TIOpPSAOKa OJIsST BBIYHMCICHUS OIHO- U
JIBYXMEPHBIX MHTETPAJIOB, a TaKXKe pelaeTcs 3amada Jupuxie i ypaBHEHUS
[TyaccoHa B omHOcBsA3HOW oOnacTu. [lomydeHbl COOTBETCTBYIOUIME OLEHKU CXO-
JIUMOCTHU.

Knrroueswie cnosa: annpokcumayus, CHAGLH, YUCAeHHble MemoObl, K8aopamypol,
Mamemamuyeckas usuxKa, Memoo KOHeUHbIX I1eMEHMO08

1. JIBaxapl HenmpepbiBHO qudpepeHmpyemblii S-criaiH

Paccmotpum Ha oTpeske [a, b] paBHOMepHYIO ceTky x, =a+kh, k=0,...,.K, h=(b—a)/K —mar
cetku. Pasobbem oTpezok [a, b] Ha rpynmsl, Ins 3TOro BBEIEM €IIE OOHY PaBHOMEPHYIO CETKY
&=a+lH, H=mh, meZ . Takum obpasom, nepexosis U3 OJHOH FPyNIbI B APYTYIO, Mbl OCYILECTB-
JIsieM CABWUT CHCTEMBI KOOpAMHAT M paccMaTpuBaeM Kaxielii /-ii monmunoM Ha otpeske [0,H]. Ilyctb

3HaYeHNs pHETIDKaeMol QyYHKIMM Ha 3Tol cetke ¥ = (g, 1y,- .-, ¥k ) € R . OBosHammm:
n
P {u cu(x)=ag + ax + ax* + Za,.x’}
1=3
MHOX€ECTBO MOJMHOMOB CTENEHH 1 ¢ (MKCHPOBAHHBIMH Kod(duuMeHTaMH d,,d,,d, . PaccMoTpuM
¢dhyHKOuoHa:

M
@' (u) = Z (u(&) +kh) = Yyursn ).
k=0
B knacce P uiercs Takoi MOJMMHOM g, , KOTOPbIH MHHUMA3UPYeT (yHKIHOHA

M
O' (W)= Y, (U +kh)~ Yy, — Min(a3, 8, ..,
k=0

Y YIOBJIETBOPAET CIEAYIOLUIHMM YCIOBHAM:

! 1 n
aé:g,_l(f,-—gg,_l)zg,_l(H), all':gl—l(H)’ aézggl-l(H)’ npu [ =0,...,L-1. ey

3nece mpu [ =0 g, (H)=g, (H) ects ycnosue nepuompumocrn S-crumaitma. Tak Kak

al = g,(0),a =g/(0),al = g,"(O)/ 2, 1o ycnoeus (1) ecTs ycioBus riafkoi CKIeHky AByX Hocie0-

BATENBHEIX [TONMHOMOB. B HEIepPHOIMUECKOM CITydae HAuaNbHbe KodQdUuuenTs: aj,al,ay 3anaiotcs

HAYATBHEIMH YCTIOBHAMHE Yy, Ve , V5 /2. MoXHO Npesmonarars, 4ro 3HaueHus 3a1aHHOH QYHKUMH Y

H3BECTHBI C HEKOTOPOH TOYHOCTHIO, HAalIPUMeEpP, OHU €CTh Pe3YJIbTaThl KakuX-11u6o usMepenuit. bynem
MpeamnonaraTe TOrAa, YTO ¢ YMEHbIIEHMEM 1ara s OyHeT YBEIMYMBATBCA TOYHOCTb H3MEPEHHMS, a

' B cyuae ecnu dpyrxums 3anana Tabmuued, T0 ¥;, Yy MOXKHO BBIMHCIHTH C TIOMOIIBIO GOPMYIT YHC-
neHHoro IuddepeHIMpPOBaHIs BHICOKOTO IMOPAKA alPOKCHMAIUH, HAIPUMED,
Yo =—25(147y, —360y, + 450y, —400y; + 225y, — 72y +10y,)/ h+ o),

¥4 =1k (812y, 3132y, + 5265y, — 5080y, + 2970y, —972y; +137ys)/ b + O(h")
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MMeHHO, 6yeM TPeNoaraTh, YTo eclii nepHoanyeckas dyukiua f € C®[a,b] 3anana B y31ax paBHO-
MEpHOW CeTKU x; =a+kh, k=0,..,K CBONMH 3HAYCHUAMH Y, , TO ] Vi = f (%, )] <Ch%*¢, & > 0. 3nech

L — 4Mcio rpymi, Ha KOTopble pa3buTa HCXoHas Tabiua 3HaueHu npuGmnkaemoi dyukiym C°[a,b]
WJIH YHCIIO TOJMHOMOB, COCTABIIONIMX civiaifiH. Kpome Toro, 3aece M+1 — KOIHYECTBO TOYEK OCpe-
HeHus, m+1 — KOJNIMYECTBO TOYEK, BXONAIMX B 0671aCTh ONpEAENCH A /-r0 NOMMHOMA g;, & — TOuKa

MPUBA3KM MOJMHOMA g;, M —m+1 — 4KC/IO TAKMX TOYEK, 3HAYEeHHA KOTOPBIX y4acTBYIOT IPH OMpe-

JIEIEHUN IBYX COCEIHUX MOJHMHOMOB, COCTABIAOIMX S-ciiiaiiH, M >m+1. B pnanpHeiiiueM creneHn
TNoJTHHOMA 1 =5

Onpenenenne. S-cruiaiiHoM HaszoseM GyHKIMIO S, ),(X) , KOTOpas COBIAMAET C TIOIMHOMOM g;(x)

Ha oTpeske & <x <&, .

2. CymecTBoBaHHE H ¢JHHCTBEHHOCTH S-clIaiina

Teopema 1. ITycmb yucna m u M >3 makoevl, umo cobcmeennuvie yucia mampuyst U He paghb
xopuio cmenenu L u3 eOunuywi (30ecy L —uucno nonunomos, cocmaesnaiowux cnaain). Toeoa ons moboi
nepuoouyeckou @ynkyuu f(x), 3a0amnoii na ompeske [a,b] ceoumu 3navenusmu Yy, 6 mouxax

xy =a+kh,h=(b-a)/ K, cywpecmgyem u eOurcmesenen nepuoduseckuii cnaatin Sy, y,[](x).

JUis HeNepHOMMECKOTO CITydas YCIOBUA Ha cOOCTBEHHBIE Ynciia MaTpHLbl U He TpeGyercs.

3. CxogamocTsb S-cniatina
Teopema 2. ITycmp nepuoouuecxaa gynxyua f(x)eC 6[a, blu nycmo suinonnenst npednonodiceHus

|f () -y <CH®*, & >0 . @)

Ilycmu, kpome mozo, cobcmeennvie uucna mampuyer U no mooynio menvue edunuysl. Tozoa nepuoou-
. .~ ~ 2
yeckul cnaaiin S,f, u (%) ¢ y3namu na pagnomepnoii cemxe umeem Oegpexm 3 (m.e. S,f, u(x)eC’[a,b])

uona xela,b] cnpasednuevi credyrowue oyenxu:
d? _
P (x)- ;;,;S;,M(x) | <C, 5P,

r=0,1,2,3,4,5; x#& npu p=3,4,5.
AHaoru4Hele OIEHKH CIPaBEUTUBBI H VI HENEPHOAMHECKOTO CIydas.

Teopema 3. IIycmv & =m/ M <. Tozoa npu 0ocmamouno manvix m u 6onvwux M cobcmeen-

Hble YUCTIA MAMPUYbl YCMOUMUBOCTU NO MOOYIIO MEHbUE eOUHUYbL.
310 ycnoBue yCTOWYMBOCTH S-CIUIAMHOB aHAJIOTMYHO YCIIOBHIO YCTOWYMBOCTH Ul KyOHUYECKOro
ciydas [1]. g cimyvas manbix 3Havenuit M (npu 3 <M <20) B pe3yasrate pacuera ObUTH MOTyYEHBI

3HaueHHs coOCTBeHHBIX uucen marpuubl U . Okasanock, uro npu m/M <& *<1 Bce coGCTBEHHBIE
yycna Matpuusl U MeHbIe eaunnisl. Hekoropble Haubonee HHTEpeCHbIe MOMyYeHHBIC 3HAaUeHU m U
M , nIpu KOTOPBIX NOCTUratoTCs HAUMEHBINHE 3HAYECHUS max|/‘L,-| ¥ anmnpokcuManus S-cruaiiHaMu yc-
TOHYMBA, MIPEACTABIEHH! B TAOIMLE.

4, dynpaMeHTANbHBIH S-cuaiin
QyHIaMEHTANBHBIHA S-CIUTalH B;(x) — 9TO MEPHOAWYECKHH MM HEIePHOANICCKHH S-crutaiiy, mo-

R¥* g ¥oeR, ypeR Buna: {y,.=5..;i,j=0,...,K}.

CTPOEHHBIH 110 HAHHBIM Y = (Y, V}yems Vi ) € .

K
Jlerko BHIeTh, 4TO MHHEHHAsA KOMOMHAUHA Z ¥,B;(x)=S(x) sBasercsa S-cruiaiiHoM, npuOsKaro-
J=0
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MM HAYajIbHbIE AAaHHBIE { Vii=0,...K } 3ameTnM, 4TO HemepHoaUYeCKHe (PyHIaAMEHTAJIbHbIE CILUIai-

Hbl JIOTIOIHAIOTCA CIUIAHHAME C HaYadbHBIMH YCIIOBHAME Y , Vo, IPHHUMAIOIAMH 3HavueHus 0 win 1.

Tabnuua
Co6cTBeHHbIe Yncna matpuubi U
M | M A A As max 4] | m/M
4 2 —0,008 —0,231-0,131i ~0,231+0,131; 0,265 0,25
5 3 —0,005 0,0549-0,201i 0,0549+0,201i 0,207 0,60
6 2 0,0266 —-0,285-0,129i ~0,285+0,129i 0,312 0,33
6 3 —0,008 —0,263-0,0463i —-0,263+0,0463i 0,266 0,50
7 2 0,0732 ~0,167-0,305i ~0,167+0,305{ 0,347 0,285
7 4 —0,0069 —-0,0737-0,214i —0,0737+0,214i 0,226 0,571
7 6 0,00218 0,116-0,207i 0,116+0,207i 0,237 0,857
8 4 -0,0079 —0,265--0,031i —0,265+0,031/ 0,266 0,50
8 5 —0,00403 0,101-0,178 0,101+0,178i 0,204 0,625
8 7 0,00180 —0,0466—-0,229; —0,0466+0,229i 0,233 0,875
9 5 -0,00734 ~0,124-0,201; —0,124+0,201; 0,235 0,555
9 8 0,00134 -0,205-0,118i -0,205+0,118i 0,236 0,888
10 5 —-0,0078 —0,263-0,0407i -0,263+0,0407; 0,266 0,50
10 6 —0,0055 0,0182-0,213; 0,0182+0,213; 0,213 0,60
11 7 -0,00322 0,141-0,147i 0,141+0,147i 0,203 0,636

5. Onuomepubie KBagparypHble PopMYJibl 6-ro nopsiaka

B

PaccmoTpum mHTErpan I S(x)dx. AnmpokcuMmupyeM HOIBIHTErPATBHYI (YHKUHIO S-CIUIAHHOM

A

K
f(x)= Z y;B;(x)+ OH®), rae y , = f(4+ jh). TloncraBuM ero BeIpaxxeHne Yepe3 QpyHIaMEHTAIbHBIC

CIUIaiiHBl B MHTETPAL:

jS(x)dx j 3 VB (i = Zyk

Ak=0

rae ¢ = IBk(x)dx ZZ

n=l 01—01

— MCKOMBIe K0a(hHIHMEeHTbl KBafpaTyphL. 31€ech a;'

IBk(x)dx Zykck,
A

k

—~ i-i K03(p-

q)nunefrr P-TO TIOJIMHOMA B A-M (byHJlaMeHranLHOM ciutaiiHe. JlaHueple GopMyiibl UMEIOT 6-H MOPAMOK
arnmpoKCHUMAalHH.

6. JIBymepHble KBaApaTypHbIe GOpMY bl 6-ro NOpAAKA AJasi OAHOCBA3HBIX 00./1acTeil
Ha miockocTd paccMaTtpuBaeTcs obnacts ) ¢ rpaHuLeit y, e y 3aJaHa napameTpudeckd. B obnac-
TH paccMaTtpuBaercs riagkas Gpynkmums f(r,@) . llomectum obnacTh B Kpyr paguyca R U BBEAEM TOsp-

HyIO CeTKy. PaccMoTpuM HMHTETrpat:

.U f(r,p)rdrde .
Q

[NpeacTaBUM NOABIHTErPATLHYIO (PYHKIMIO B BUJIE pasiiokeHuA 10 GyHAaMEeHTAIBHbIM S-CIUTaHHaM
5-#1 crenenu:
feo= 3 X yCil@D;(r)+ O = S(r,0)+O(K°).
1=0..K;-17=0..K,
IoxcraBuB S(r,) B HCKOMBII HHTErpas, nonyth KBaJIpaTypHbIe GOPMYJIBL:

j [SCr.pyrdrdp = Z Zc'f vy, e ¢ = j [Ci(o)D,(ryrdrdp . 3)
1=0 y=0
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Jist Berumcienus ko guimentos ¢’ pocrnonsayemcs ¢opmyinoii I'pyHa B MOAAPHOl cHCTEME KO-

OpAHHAT.
10 1 6P,
I(— — (rQ¢ )— " o0 )rdrd¢ .

¥ or

Jns  Hawero cmydas nonoxem  P(r,p)=0, Q. (r,p)= —I—C, (®) _‘-tD ,(t)dt, rorma
r 0

%5% (rQ¢ ) =C,(9)D,(r) u nns xpanpaTypHbIX K03bGHUIHMEHTOB MBI MOTyYaeM GOPMYJTbL:

¢’ ={c, (¢)[ rthJ (t)dt]dw. @)

ToYHOCTL NpUGNMXeHUA KBagpaTypPHbIX

topmyn ann kpyra

Kon-Bo TounocTh Koadd-t
MOJIMHOMOB | TOJMYYCHHOH | yJydleHHs
opmytEI

5 6,47x1077

10 1,198x107 54,3
20 2,033x10710 59
40 4,26x1072 43

TOYHOCTL NPUBNMKEHUSI KBAAPATYPHLIX

chopmyn gns acTponabl
Kon-Bo TouHOCTB Koagd-t
MOMIMHOMOB | MOMYYCHHOH | yJy4lieHHs
dopMyITHI
5 1,28x1072
10 2,69x107 47,5
20 4,77x107 56,4
40 1,03x1077 46,3

Puc. 1. Actponpa

Ilycte BBIIOJHEHB! YCIOBHA yCTOHuMBOCTM Matpuuml U, T.e. my <Mgs, my <M, ¥ 1myctb
fe C5(Qa) , rae Qs D Q, T.e. npeanonaraercd, 4To QyHKIMA f HenpepbiBHA U 1IeCTh pa3 AuddepeH-
uppyema B HecKonbKo Gonpmeii obnactu. Ilycts Takke 7 =max(hy,h,) . [lomecTum obnacts Q5 B Kpyr
K pagnyca R. BeeiéM NosIspHYrO CUCTEMY KOOPAMHAT, B3SB 3a Ha4aJlo KoopAMHAT LeHTp kpyra K. Ipo-
nomkuM ¢yHkumio f B K\Qjs ToxkaecTBeHHbIM HynéM. O6osHaumM S(@,7) — ¢@—r — CIUaiH,

npHOMDKArOmMi TakuM obpasoM npopokeHHyr ¢yHkumio f Ha kpyre K. JlokasaHa criexyromas
teopeapema 4. Ilycte S(¢,r) — @-r — ciaiiH, npubmwkaromuMi QYHKIHIO f, IyCTh

(M -m)h< p(y5,7) . 3neck p(¥s5,¥) — paccTosHHE MeXTy rpaHuLuaMu obnacteit Q5 U Q COOTBETCT-
BeHHO. Torza cnpaseyinBa OLICHKA:
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K -1K,-1

jf(w)da 3% ey,

=0 y=0

<CH.

3necy y; = f(@,r) — 3HaueHuA QyHKLMM f B y3/axX CETKH, BECOBBIE KOI(HHUIMEHTHI ¢’ onpenene-

Hbl GOPMy.10ii (4), CyMMHPOBaHHE IIPOM3BOJAMTCS JIMIUD N0 TEM UHIEKCaM, LTS KOTOPBIX (@;,7,) € Q 4

7. Pemenue 3anaqn {upuxne ans ypasnenns Ifyaccona B 0fHOCBSI3HOH 00J1acTH
PaccmoTpum ypasrenue Ilyaccona B obnactu D:

10( du) 1 &%
| r— |+ —5—5=-p(r,@), (r, D. 5
rar(ra ) 7 00 p(r.), (r.9)e ©®)
C rpaHMYHBIMH YCIOBHSMHU:
u(r, )|, = F0), (6)

rie rpanuia obyactu D 3a1aHa napaMeTpUYecKH:

1, pel0,7]
1

3 sin(p) + cos(p)

_ 3

| sin(p)—+/3 cos(p)

r(@)=4- , pelr,57/3]

, @€[5x/3,2x]

Puc. 2. Obnactb D, norpyxeHHas
B Kpyr paauyca 1

ITomectiim D B kpyr paguyca 1. [lanee, 6ynem paccMaTpuBaTh NOJNSPHYIO CUCTEMY KOOPAHMHAT €
LIEHTPOM B IIeHTpe kpyra. IlocTpoum NoisapHyto CeTKy 1o » H 1o ¢@.

[IpencraBuM pelleHUe ypaBHEeHUs B BUJIE:
K~1K,-1

u(r,p)= Y, >, u;Ci(@)D;(r), (N

=0 =1
rae C;(p) ¥ D;(r) — nepuonwueckuii ¥ Henepuouueckul GpyHIaMEHTAIbHbIE ONHOMEPHBIC CILIAMHEI
na otpeskax [0,27] u [0, 1] coorBeTcTBeHHO. JIOMHOXHM HCXOAHOE ypaBHeHHe Ha r. Tenepp Gynem
JIOMHOXATh TOTy4eHHOE ypaBHeHue ckansapHo Ha C;(@)D,(r), roe napsl uHOeKcos /, k npoberarot Bce
sHauenus [ =0,...,K;, k=1L...,K, -1, Ho Takue, uro (Mk,hl)€ D (T.e. TONBKO Ajis BHYTPEHHHUX TO-
yek obnactu D). Ilonyunm ypapneHue:
ffir j{ O, ou 191}c,(¢)0k<r)rdrd¢ =~ [[pr.0)C @)Dy (I drdp.
or? ar r dg? 5
IloactaruM B NIEBYIO YacTh BEIpaxkeHue (7):
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2o Jf (C,-(go)D} (" +CPID; () +Cif ((P)Dj(r)) Ci (@)D (r)drdg |=
C (8)
~ [[p(.0)Ci(@)D, (r)r*drdo.

D

3Hech CYMIECTBEHHO, YTO BBRIPAXCEHHUSA, CTOSINHME 1O/ 3HAKOM MHTErpaja B JIEBOM YacTH SABJSETCS
NpoU3BENEHUEM (QYHKIMH OT NMEPEMEHHOH r Ha (GYHKIMIO OT NEPEeMEHHOM @, MOITOMY, IPUMEHSAS
(bopMyITy HHTETPHPOBAHHUA MO YACTAM, MOXKHO M30ABHTHCS OT IPOU3BOMHBIX BBLICOKHX MOPSAAKOB (Ha-
IIPMMED, MPH PEIICHUH YpaBHEHUS Azu(r,ga) = f(r,p), IOX 3HAKOM MHTErpalia MOABSTCS POU3BOJHbIE
3-ro ¥ 4-ro nopasxa oT GpyHIaMEHTAIBHBIX CIUIAHHOB, B TO BPEMs KaK CyNIECTBYET JIMIIL HEMPEPHIBHAS
NpPOU3BOIHASA 2-r0 MOPSAAKA, HO HHTETPUPYS IO YaCTSAM, MOXKHO CBECTH IOJIBIHTErPAIBHOE BHIPKEHHUE K
TaKoMy, B KOTOpoM OyayT JIMIIb NPOoH3BoAHEIE 1 1 2 mopsajxa).

[Mocnenuee ypapHeHue BBHAY NPOM3BOIBHOCTH BBIGOpa / ¥ k pencrasiser coboi cucteMy Uil Ofl-
penenenus Ko3pduULMEHTOB ;. YroObl crenath CHCTEMy IONHOM, HEOOXOTMMO Y4ecTh IPaHHYHbIC

YCHOBHS, KOTOpBIE JaAyT HEJOCTAIOIEe YUCIIO YPaBHEHHIA:

2w COD ) = f(pr). )
17 oD
aterpansl B (8) BEIMUCIIIOTCS TIPY TIOMOIIM KBaapaTypHbIX (popMyit st oomact D koadduim-
€HTbI KOTOPBIX HAXOATCS IO (DOPMYJIaM:

oz 1 5713 r(p) 2z (@)
¢ = [Ci(p) [rD; () |dp+ [ Cito) [ D, (ydr |do+ [ co [ rD;(r)dr |do,
0 0 T 0 5rx/3 0

1 _ V3
sin(p) ~ /3 cos(p)
M3 cucremer ypasHenuii (8) u (9) nomydyaem xospouiments u; pasnoxenus pemenus (7) mo byu-

e rilg)=- \/§ sin(@) + cos(@) » (e

JaMEHTAJILHBIM CIUIaifHaM, T.€. HCKOMOE HpH6JIH)KCHHOC peICHHC.
BrltreonmcasHBIM METOIOM peumanaces 3aaayJa.

18( oau) 1 8%
~ 2P =22 2, (he)eD
rar(r 61‘) r? 0p* r-e)e .

u(r, @), = r*sin®(p)—(r* -1)/4

Ilpn K; =12, K, =6 TOYHOCTSH pemeHus cocraBwia 0, 7927x107*. T pauk penreHus npencTaB-
JIeH Ha puc. 3.

/

08

g

0.4

0.21

Puc. 3. PeweHune ypaBHeHus MyaccoHa Ha o6nactu D
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APPLICATION OF TWICE CONTINUOUSLY DIFFERENTIABLE S-SPLINE

This article is dedicated to an application of 5" order smoothing S-splines. Such splines are piece-
wise polynomial functions. First three coefficients are defined by condition of smoothing of 2" order,
while another three coefficients - by method of minimal quads. These splines are used for building of a
6" order quadrature formulas. Also, here is presented a method and example of solving of Puasson's
equation for simply connected domain by using these splines. Corresponding estimations are also given.

Keywords: approximation, spline, numerical methods, quadratures, the mathematical physics,
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