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OI'PAOVNMYEHHBIE PEIHNTEAWNA MOJEJIN
BAPEHBJIATTA - XKEJITOBA - KOUMHO!
B KBA3NCOBOJIEBBIX ITIPOCTPAHCTBAX

M.A. Caeadeesa, ®@.JI. Xacan

YpaBHeHHsT CODOJIEBCKOrO THIIA B OAHAXOBBLIX IPOCTPAHCTBAX M3yUEHLI JIOBOJILHO IOJI-
Ho. KBa3ucoboseBbl pOCTPAHCTBA — 9TO KBA3WHOPMUPYEMBIE [IOJIHbIE IPOCTPAHCTBA OCIe-
JloBaTesbHOCTEH. YpaBHeHus cODOIEBCKOIO THIIA B TAKUX IPOCTPAHCTBAX HAYAN U3YUATHCA
cOBCeM HeJaBHO. B naHHO# cTaThe paccMaTpuBaercs BOIPOC CYIECTBOBAHNSA OIPAHIMYEHHBIX
Ha Beell ocu pemreHuil qist Mmomenun bapenGiarta — 2Kenrosa — Kounmoit.

Kpowme BBejieHus U CIIMCKA JTUTEPATYPLI, CTAThsl COAEPKUT Be dacTu. B nepsoii conep-
ZKaTcs IpeIBAPUTEJIbHBIE CBEJIEHNSI O CBOHCTBAX OEPATOPOB B KBA3MOAHAXOBLIX IPOCTPAH-
CTBaX, & TaKyKe 00 OTHOCUTEJILHO OIPAHUYEHHBIX orepaTopax. Bo BTopoil yactu npuseneH
OCHOBHO#1 Pe3y/IbTaT CTAThU O CYIIECTBOBAHUY OI'PAHMYEHHBIX pelenuil 115 mojenau bapen-
6snarta — 2Kenrosa — Kounnoiil B kBazucobosieBbix nnpocrpancreax. CrKUCOK JUTEPATyPhl HE
LIpeTeH IyeT Ha IOJHOTY U OTPAXKAeT JIMIIb BKYCBHI U [IPUCTPACTUS ABTOPOB.

Karouesvie caosa: ypasnenus coboae6ckozo muna; npocmporcmes nociedosamenbHo-
cmeti; xkeasuonepamop Jlanaaca; pynxvyus I'puna; ananroe ypaeuenua Bepenbaamma — Xe-
moea — Kovunot.

Beenenue. ITycrs nocinenoparensaocrs {Ag} C R, Takosa, 4ro hm A = +oo. B kBa-

31C060/IEBBIX HPOCTpaHCTBaX HmociaenopaTenbuoctedt £ [1] (r € R q E R ) pacemorpum
anaJior moziesn bapentaarra — zZKenrosa — Kounnoii

(A= Aya(t) = aAu(t) + g(t), (1)

rae mapamerpel o, A € R, Bexrop-bymkmua g @ R — £, omeparop A : €2+2 — by -
kBazunoneparop Jlamnaca [2|. B cuay Toro, uro oneparop B npapoii yactu ypasaenus (1)
MOZKET 3aHY/IAThCHA, TO OHO OTHOCHTCS K YpaBHEHHsIM cO00JeBCKOro tuna [3]. YpaBHeHus
cOBOIEBCKOrO THIIA B KBa3HOAHAXOBLIX IPOCTPAHCTBAX HAYAIN U3y9aTbCd COBCEM HEJ/AB-
HO [4]. lHTepec K TakuM ypaBHEHSIM B 3THX IPOCTPAHCTBAX MPOJUKTOBAH HE CTOJBKO
IPAKTHICCKAMH IPUIOKECHIAMEA, CKOJILKO 2KEJTAHHEM IOIOHATD TEOPHIO, PACIIPOCTPAHUB
ee Pe3yJIbTATBL B 9TH NPOCTPAHCTBA.
Bonpocsl paspemmmoctu ypaBaerus (1), a tTakzke 3anaun Korn

u(0) = uo (2)

JJIsL HETO B KBa3HCOOOJIEBBIX MPOCTPAHCTBAX PACCMOTDEHBI, HampuMmep, B paborax [4, 5.
DKCIOHEHIHATBHBIE TUXOTOMHHN s ypaBHenus (1) pacemorperst B pabore [6]. Ilesbio
JAHHON CTATHU ABJISIETCA M3YI€HHe OrPAHUYeHHBIX pemenuii Mogenu (1) u 3anaqu Komm
(2) nng nero. Ilpu 3T0M GyIeM OPHEHTHPOBATHCSA HA AHAJOTUYHBIE PE3YIBTATHI, IIOJIY IeH-
Hble MPH PACCMOTPEHHH JAHHBIX BOIPOCOB B GAHAXOBBIX IPOCTPAHCTBAX |7].

1. OTHOCUTEJIbHO OrpaHUYEHHbIE OIEPATOPbl B KBa3MCOOOJIEBBIX IIPOCTPAaH-
cTBax. Kea3ubanaro6o npocmparcmeo — 3TO MOJIHOE JUHEHHOe IPOCTPAHCTBO, HAle/1eH-
HOe KBas3suHOPMOH. [lycrb MoOHOTOHHas mocsenoBaresbHocTb {Ax} C Ry rTakosa, 4o
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klim Ar = +00, a ¢ € R,. Pacemorpum
—00

b, = {u = {ug} : f: (A,§|uk|>q < +oo} :

k=1

Jlumeitnoe mpocrpancso £ upu Beex © € R, ¢ € Ry ¢ kpasunopmoii snementa u = {ug} €

.,
gq
0 1/q
r q
r _ 2
= <§ (A el )
k=1
SBJISIOTCsI KBA3HOAHAXOBBIM MPOCTPAHCTBOM (Ipu ¢ € [1, +00) — Ganaxosbim). B [1] mpo-
cTpaHcTBa £’ MPeJTOKeHO HAa3LIBAaTh K6a3uco60Ae6bLMU. KpoMe TOro, sTn IpocTpancIBa
saBJistoTcst MeTpu3yeMbiMu [4]. TIpudaem, uMer0T cuny IWIOTHBIE W HEMPEPHIBHBIE BJIOKEHU
! r
€q<—>€q upu r < [.
[Iycrs mpocrpanctBa (L | - ||) u (§; 3| - ||) aBagiorca kBasucoboseBbiMu, JHHEH-
Hblil omeparop L : M — §, onpenenennsiii Ha dom/l = 4, Ha30BeM HENpEpPuIBHbIM, €CIIH

klim Lu, = L (lchm uk> Juia Beex mocsenosaresbrocreii {ug} C 4, cxopgmuxcs B 1po-
— 0 — 00

crpancree . OTMernm, 9T0, KAK B BCAydae 0AHAXOBBIX IIPOCTPAHCTB, JHHEIHDLI onepa-
top L : Y — § HempepblBeH TOrJA M TOJBKO TOLJA, KOIJA OH OrpaHudeH (T.e. 0Tro0Opa-
JKaeT OrpaHHYeHHBbIe MHOXKeCTBa B orpannvdenHbie). Oboznadnm depes L(U;§) muneiinoe
HPOCTPAHCTBO HEIPEPBIBHBIX onepaTopos (uHean Haja mojeM R). Ono Oyger gBagrbcs
KBa31n0AHAXOBBIM IIPOCTPAHCTBOM C KBA3HHOPMOI

ca LI = sup gl Lull

sllull =1

Tenepsb, mycrb omeparoper L, M € L F). o amamorun ¢ [3, m. 2.1], paccmor-
pum L-pesonbsentroe muoxectso pl(M) = {u € C : (ulL — M)™' € L(F;.)} u L-
cuextp ol (M) = C\ p(M) oneparopa M. Ananornano 6aHaxoBOMy CJIyHaro (CM. 3aMe-
qanne 2.1.2 [3]), mmoxectso pf(M) orkpriro, mostomy L-cnextp o(M) oneparopa M
saMkHYT. Kpome toro, ecim p(M) # @, 1o L-pesombsenta (ul — M)~! omepatopa M
anammroana B pl (M) |3, Teopema 2.1.1]. Onepatop M maswmBaerca (L, 0)-oepanunennim,
ecru Ja € Ry Vu € C (|u| > a) = (ue pt(M)).

Teneps, nycrs M (L, o)-orpanuuen. Torna, Boibpas kouryp v = {u € C : |u| = h >
a}, MOCTPOUM CJIEYIOTHE OHePATOPDL

1 L Y
P [ REOMdp w0 /LM(M)du,
vy vy

e MHTEerpajibl IOHUMAOTCS B CMbICIe PuMmana u cymecrBytor no teopeme 2 [8] B cuty
anaurnasocry upasoii R (M) = (uL — M)~'L u nesoit L;(M) = L(pL — M)~ L-
pesonppent oneparopa M. Takwxe B cuny anamutoanoctn Ry, (M) n Lﬁ (M) oneparopsl
P u Q) me 3aBucar or paguyca h KOHTypa 7. Paccyzias aHAIOTHYHO 10KA3aTe bCTBY |3,
aemma 4.1.1], Herpyano mokasarb, aro oneparopot P € L(U) (= LALU) u Q € L(F) —
npoexropbl. [Tonozkum U0 = kerP, U' = imP, §¥ = kerQ, §F' = imQ; u gepes L (M)
obosHaumM cyzxenne oneparopa L (M) ma U4*, k=0, 1.
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Teopema 1. [4] ycmov onepamopw L, M € L F), npuuem onepamop M (L,o)-
oeparuyer. Toeda

(i) onepamopv Ly, My € L(U*: F5), k= 0,1;

(ii) cywecmeyrom onepamopw L' € L(FHUY) u Myt € L(F%;U0).

Honomum H = My Lo, S = LT M. Ouesnmno, oneparoper H € L(U%), S € L(UY).
Onpeanenenne 1. Ouneparop M HazoBem

(i) (L,0)-oeparuuenrvm, ecnu H = O

(ii) (L, p)-oeparnumermvim, ecmm H* 4 O upu k = 1,p, u HP! = O

(iii) (I, 00)-ozpanuuennvim, ecmn H* 4 O npu k € N.

2. Orpanm4yeHHbBIe pemueHnd Moaesn Bapenbiarra — 2KentoBa — Kounnoii. Pac-
cMoTpHEM ypaBHeH#e (1) KaK KOHKPeTHYIO HHTEePIIPETAIIIO yPAaBHEeH s COO0JEBCKOIO THIIA

La(t) = Mu(t) + ¢(b),

paccmarpuBaeMoro B mnpocrpancrsax U um §. Mogmens Bapentmarra — 2Kenrosa — Ko-
YHHON #ABAgEeTCd OQHOH n3 HauboJee M3BECTHLIX HEKJIACCHICCKHX MOJeJed MareMarmde-
ckoii uzuku |9]. Byzem paccmarpusars ypasaenue (1) B KBa3HCOGOIEBBIX IPOCTPAHCTBAX
U= €2+2 ng§ =, opur € Ruqge Ry Homoxum oneparoper L = A — A u M = aA,
KOTOpble IpuHaexkar Kiaccy L(; §) 1o mocrpoeHuro.

JIemma 1. [4] Hyems o« € R\ {0} u A € R, mozda onepamop M sesaemecsa (L,0)-
02PAHUNEHBIM.

B cuiy pesyiasraros [4, 5| orHocuTenbHblii L-cnekTp omeparopa M umeer BuI

ol (M) = {Mk A
ueci

A 7 )\}, pas3pelaniasg rpylia OIepaTopoB s JHO0r0o

[e @]
Z e, eer, ecmm A\p £ A and Beex k € N,
Utu p— k—1
Z €“kt<U, er)er, ecam A\; = A\ ajis Hekoroporo | € N,
kAl

a npocrpancteo U ypapuenus (1) umeer Buj

ol o, ecan A\p 7 A and Beex k € N;
n {u€€2+2:uk:0, )\k:)\}

Tak kak « # 0, To OTHOCHTENBHBIH L-cleKTp oneparopa M He IepeceKaercs ¢ MHH-
MOIi OCBIO, TO B CHJIy 3aMKHYTOCTH OTHOCHTEJBHOTO CIEKTpa [4] cymniecTByOT KOHeYHbIE
koHTYpbL V4 C {p € C : Rey > 0} mw v~ C {p € C : Reu < 0}, orpanmuusatoniye
o = {up € (M) : g >0} mo_ = {ur € o¥(M) : ugp < 0} coorsercrpenno. B cumy
4ero Mbl MOZKEM OLpefeuTh PpyHKnuio ['puna.
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Omnpepnenenne 2. Ouneparop-dhyHKITHIO

—% Rﬁ(M)e“tdu = —Z etrley, < 0;
Gt - v k: >0
| L [ rEnertay - pt
% M( )6 = Z € " €k, >0,
k: <0

vy
HazoBeM (ynkyued I'puna ypasuenns (1).

Ucnonbsysa sua dpyaxnun [puna G, a Takzke OTHOCHTEIBHO CIHEKTPAILHYIO TEOPEMY
[10], mosryuum caemyroniie pe3yabTaTs.

Jlemma 2. Ilyecmo onepamop M (L, p)-oeparunen u L-cnexmp onepamopa M ne nepece-
Kaemes ¢ muumotl ocoro. Tozda
(i) G*: sh = U, u wnoanena oyenra "2 Grul| < Clu)e;

(i) npu t € R\ {0} ¢pyrwyua I'puna G* nenpepuisno duddepenyupyema u ydoeaemeo-
i
PAEM YPASHEHUN de—‘? = MG*, xpome moeo, 8 — U vepanumena;

(iii) GOF — GO~ = P.

dt

Joxasameavcmso. (i) eiicreue oneparop-pyukimun G uz 4 B U cieayer u3 sua Gynk-

man G?. PacemorpuM orenky. B cuny samxmytoctn ol (M), Tak Kax L-CIeKTp He mepeceKa-

eTcs ¢ MHEMOI OCBIO, CYIMEeCTBYIOT HOJOKHATEIbHBe KOHCTAHTLL V_ — max{u, € ol(M) :

pr < 0}, vy = min{p, € oX(M) : pg > 0}. Ilpu oTpHNATEABHBIX ¢ B CIIY METPH3YeMOCTH
r

IIPOCTPAHCTE £y 10Ty YUM

L
q

r42 P e q
G ==Y e e — | D0 (A ) | <
q | k: up>0 ki pi>0
P P
T+2 g\°? 2 g\ ¢
<3 (e iml) ) et S ()| < Cluett
k: pp>0 ki pp>0

Ananormuno, upn ¢ > 0 noxyanm "o Glull? < Clu)er~*. Bospmem v = min{—v_, v} u
MOJIYIAM HYKHYIO OIEHKY.

(ii) B cmny Toro, uro psiapi, onpegensionue GyHuo [pruna, cXonarcs paBHOMEPHO
U CIIPABE/JIIBBI PABEHCTBA

dG* dG*
w2 e = D e (>0,

ki pp>0 k: pp<0

cieyeT HelipepbiBHas muddepenupyemocts G o napamerpy. Kpome Toro, crupaseiim-
BO PaBEHCTBO

Gt . 1 I it

v+

I71e Y4 OTPAHHIHBACT COOTBETCIBYIOMIYIO YACTh OTHOCHTENLHOTo caexTpa o (M).
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dG?* ,
OrpaHn4eHHOCTb ~j; IPOBEpACTC: AHANIOLUHO (i).
1
0+ _ ; - L ut — —
(i) G tl_l)I(EL 57 R, (M)e'du Z er = Q.
v k: pp<0
Ananorununo, G°~ = —Q, a, ciaenoparensuo, GV — G~ = Q_ + Q, = Q. O

Takzke B cuiy pesyabraros |4, 5| omeparop ags jgobbix v € §

>

Z()\ — M) N, epder, ecmm A\, # —\ ang Beex k € N,

Li'v = ¢ k=1
Z()\ — M) Hou,er)er, ecim \; = —\ s mexoroporo [ € N.
kAL

QOyuxmuo f:J — F, rae J C R, 6yiaeM Ha3blBaTh OIpaHAIEHHOM, eciau sup g/ f(1)] <
ted

oo. IIyers k € N, Q € L(F) — npoexrop. O6o3maanm uepes C*(J,§; Q) knace dpyHKImit
f, makux, aro fO = (I — Q)f € C*J,F), f' = Qf € CYJ,§). Cumpornom BC*(J,F)
oGozraunM MuOKecTBO byuxmuii f € C*(J,§), nas xoropeix f, fU, ..., fED . J 5§ -
orpanmuennbie pyrkmun. W makoner, sepes BCH(J, §; Q) 0603Ha9MM MHOMKECTBO TAKHX
$yuxumit f, aro (I — Q)f € BC*J,3), Qf € BCYJ,3).

B cuiy JieMMBl 2 clipaBeIiBa CJIeLYIOIas

Teopema 2. [Iycmv onepamop M (L, p)-oepanuvern u L-cnexmp onepamopa M we ne-
pecexaemces ¢ muumoti ocvro. Toeda dan moboti dyrwyuu g € BCPTH(R, §; Q) ypasnenue
(1) umeem eduncmeennoe pewenue u € BCYR, L), Omo pewenue umeem eud

40

u(t) = / G*Li'Qg(s)ds — ) HIMg'g" (1), (3)

oo q=0

o0 p
Eeau x momy oice uy € U umeem eud uy = / G5L7'Qg(s)ds — ZHqM()_lg()(q)(O), mo
g=0

—0

dynryua (3) aeasemes eduncmeertvm oepanudentom Ha R pewenuem sadawu (1), (2).
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The Sobolev type equations are studied quite complete in Banach spaces. Quasi-Sobolev
spaces are quasi normalized complete spaces of sequences. Recently the Sobolev type
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equations began to be studied in these spaces. The paper is devoted to the study of boundary
on axis solutions for the Barenblatt—Zheltov—Kochina model.
Apart the introdsction and bibliograthy the paper contain two parts. In the first one gives
preliminary information about the properties of operators in quasi Banach spaces, as well as
about the relatively bounded operator. The second part gives main result of the paper about
boundary on axis solutions for the Barenblatt—Zheltov—Kochina model in quasi-Sobolev
spaces. Note that reference list reflects the tastes of the author and can be supplemented.
Keywords: Sobolev type equation; spaces of sequances; Laplase quasi-operator; Grin
function; analogue of Barenblatt — Zheltov — Kochina model.
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