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MO/ INOPUNKATINA METOJA KPYIIHBIX YACTHIL
JJId NCCJIEJOBAHI A TEYEHNI T'A3SOB3BECEN

A.C. I'puwenxo, FO.M. Kosases, E.A. Kosanesa

B pannoit pabore npusogurcsd MOAupUKAIUS METOIA KPYIHBIX YACTUIl B IIPUJIOKE-
HUU K HCCJIeJIOBaHUAM TedeHuil razos3seceil. [lokazano, 4To npejioxkennas MoguduKanusg
MeTOAa KPYIHBIX JaCTHUIl IO3BOJIAET IIPOBOJUTD PACIETHI IIOBEAEHNS YIAPHBIX BOJIH B ra30-
B3Becsx 6e3 BBE/ICHUS B SBHOM BH/JIE€ HCKYCCTBEHHOM BA3ZKOCTH. DTO IMO3BOIIIO U30EKATD HC-
KaykeHus pU3HIeCKONl KAPTUHBI TeUeHUs Fa30B3BECH, CBA3AHHOM € HAJIUYUEM OCIUJLIANN,
HMEIOITNX MECTO IIPH PACIIPOCTPAHEHNH YAAPHBIX BOJH B HEOTHOPOIHBIX cpefax. B mannHoi
pabote ObLIO yCTAHOBJIEHO, UTO JIJIsl IIPOBEIEHUS PACYETOB PACIPOCTPAHEHUS YIAPHBIX BOJIH
B ra3oB3Becdx ¢ bosbummu gucaamu Kypanrta MoxkeT ObITh UCHOIB30BAHA ABHAA MOnudU-
Kall|sl MeTO/a KPYIIHBIX YACTUIl. JTO [TO3BOJHJIO 3HAUUTETBHO COKPATHTDL BpeMd pacdera
3a/1a49i 1 130exKaTh IPOBEIEHNUS CJOKHDBIX UTEPAITMOHHBIX IIPOIE/YD, IPUCYIIHX HesIBHBIM
Pa3HOCTHBIM CxeMaM. BBLIO IOKa3aHo, Y4TO IpeJIoKeHHAsd B JaHHO paboTe MompuduKanusg
MeTO/Ia KPYIIHBbIX YacTull ajsercd 3hGeKTUBHOM U [O3BOJISET IIPOBOJIUTD PACUETHI TarKe
CUJIBbHBIX YAAPHBIX BOJTH B Ta30B3BECAX.

Katouesvie caosa: wucaenuvll, MEMOO; MAMEMAMUYECKAA MOOEAD; 2030636ECH; 3AKOHbL
coxpamnerud; yoapuvie 60amns; wucao Kypanma.

BBenenne

OTcyTCTBHE B IPUPO/Ie YUCTHIX BEMECTB TPeOyeT aKTUBHOTO PA3BUTHS MATEMATHIECKUX MO-
Jesieft MEHOTOKOMITOHEHTHBIX CPe/l, TOCTOBEPHO OIMCBIBAIOMUX (DU3UIECKUE IPOTIECCH, IPUMEHS-
eMble B Pa3JHYIHBIX OTPACIAX HAYKH U TEXHWKH, ¢ OJHOH cTOpoHbl. C APYroil CTOPOHBI, pA3BATHE
BBIUUCIUTENbHON TEeXHUKU [O3BOJIsIET II0JYy4aTh pelleHus st HOBBIX [1], Bce Gosiee CIIOKHBIX
MaTEMATHIECKHX MOJIETell MHOrOKOMIIOHEHTHBIX cpejl. Bosiee Toro, ectb Takue mpobaeMbl, KOra
MATEMATHYECKOE MOJIETHPOBAHUE SABJILETCA €JUHCTBEHHBIM CPEJICTBOM IIPEJIBAPUTENBHOIO HU3Y-
4yeHusl sBJieHuii (Hanpumep, [2]). AjleKBaTHOCTD MaTeMaTuIecKuX MOJIeseii MHOIOKOMIIOHeHTHBIX
cpest PUBHIECKUM IPOTIECCAM MPETbABILET JOCTATOYHO KECTKUE TPeOOBAHNST K MATeMATHIECKIM
MOJIEISIM: C OJIHOH CTOPOHBI, YPABHEHUS COXPAHEHUA JI0JIZKHBI OBITh HHBAPUAHTHBI OTHOCHTETHHO
upeobpazosanus [amunes [3], ¢ 1pyroii cropoHbI, JOJIZKHBI BBIIOJIHATHCA 3AKOHBI COXPAHEHUST /115
cumecn [4]. B paborax [1, 5] 6110 n0Ka3aHO, KAKUM 06PAa30M MOXKHO BBILOJHUTH 008 9TH YCJIOBHUSL.

Hecmorps vHa Hammame 60IBIIOT0 YHUCIA BEIYUCIUTEIBHBIX [IAKETOB B YBEIHIeHUe OBICTPOmeli-
CTBHSA BBIYHC/TUTEHHON TEXHUKH, Pa3padoTKa 3¢hHpEKTHBHBIX IUCTEHHBIX METO0B U B HACTOSAIIEE
BpeMs ABJIFETCH aKTyaJbHOR 3aja4eii. YCIemHaoe pelmenne MEOTOYMC/IEHHBIX 3189 ra30BOi /1u-
HAMUKM U a9POJUHAMUKU METO0M KPYIHBIM gactull [6] u ero momudukarusvu [7] mossosger
HAEATHCS HA TO, 9TO MEOJIOTUS METOIA MOXKET ObITh IIPUMEHEHA U JTs PEIIeHNs 33189 PACIIPO-
CTpaHEeHud yJapPHBIX BOJIH B ra30B3BecsX. [[09TOMY Nesbio JaHHON paboThl aBasiercs paspaboTka
MOAM(DUKAIUN METO/[a KPYHHBIX YaCTHIl, KOTOpasg 103BOJUT 3(M(EeKTUBHO pelaTh Hpod/IeMbl,
CBA3AHHBIE ¢ TEYEHHEM [a30B3BECEil.

1. MaremarTudeckasi MOaeJIb Ta30B3BECH

Paccmorpum oHOMEpHBIH IIIOCKUI Ciyyail MaTeMaTuIeCKOl MOJIE/IN TeYEHUs a3 C TBEP/Ibl-
MH gacTuramMu (a3poB3Bech ), KOTOpas OIUChIBAETCS CUCTEMOlE ypaBHenuii coxpanenusd [5]. lannas
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cucrema ypasnenuii aByxdasuoil asposssecu [5] 63 XUMUUECKUX [IPEBPAIEHAN UMeeT CIeyio-
U BAJ,
Opr  Opvr Ope  Opava 0 on  Onuvy

— 0 = — 0. = —0 1.1
ot o Vo Tor Yot T ar U (1.1)
div1 dp dava dp
. Op N/ 1.2
P1 dt alam nf7p2 dt a28m+nf7 ( )
L PP |y ) g (13
Ut pS dt t—2 ’ '
daea  pag daps

A P2 1.4
P2 dt pg dt ng, ( )

p=p1(p3, 1) = p2(p3, 12),e1 = e1(p], 11), e2 = ea(p3, 12),

2

p1 = piou, p2 = paa, a1 +as =1, =e; + ?z(i =1,2), (1.5)
f = 7Td2p(f0d(’01 — ’U2)|’Ul — ’U2|/8, q = ﬂ'd)\lNU(Tl — TQ). (1.6)

Cucrema ypasuenuit (1.1) — (1.6) 3amblkaercs ypaBHEHMAMH COCTOSHMs a30BOU (asbl u

YACTHI],
p

(k—1)p3’

3ech uHgeKChl 1, 2 0OTHOCATCS COOTBETCTBEHHO K ra3y M dacTunam; pf, a;(i = 1,2) — ucrun-

€1 = Cyy (T1 — To) + Cy,e1 = €y = CQ(TQ — To). (17)

HBIE ILJTOTHOCTH B 06beMHbIe comep:xkanud $haz; p;, Vi, 1, e, [y — mapiuuasbHas IIOTHOCTE, CKO-
POCTB, TEMIIEPATyPa, BHYTPEHHAS U [OTHAsA SHeprud i-ii hasel; P — JaBAEHUE, N — TUCIO TACTHUIL
B efuHUIE 00BbEMa CMECH; Cy, U Cy — TemmoeMKocTu (pas: Cy — MOCTOSHHAA i HOPMUPOBAHUSL
BHYTPeHHe! 3HePrui Ia30Boil qa3pl: \| — TEIJIOIPOBOMHOCTEL Ia30Boii (pasl; Ry — YHHBEPCAIL-
Has razopag nocrosuuas; Cqy 1 Nu — Koadpdunuent Tpenusd u uucao Hyccenpra, onpeaessgeMule
quciamu Peiinonsica (Re) u paugrna (Pr) otHocuTenbHOro nBuzkenus (a3 COOTBETCTBEHHO:
k — mokazatent aguabarsr [Iyaccona; d - mmamerp wacTw.

Ypasuenus (1.1) — ypaBHeHns HEPA3PLIBHOCTH I'a3a U YACTUIL U YPABHEHNE COXPAHEHHs IACIIA
yacTul, B equnune obbema cmecu; (1.2) — ypaBaenus uMiyiasca rasa u gacrur; (1.3) m (1.4) —
YyDABHEHUsI COXPaHEHWsI BHYTPEHHE SHEPIUK ra3a U 4acTul] cooTBercTBenHo; (1.6) - ypaBHeHus,
onpejedomye wWieHsl Temwiosoro (¢) u cunosoro (f) Bzammoneiicrus Mexny dasamu: (1.7) —
VPaBHEHHA COCTOAHHS Has.

Jlng Toro, 9To6bl BOCHOMB30BATHCA HAEOJOTHEH METOAA KPYIIHBIX YACTHUIl, HEOOXOMMMO IIPH-
Bectu ypasuenusi (1.2) — (1.4) K juBepreHTHOMY BHJlYy M IIOJIYYUTH YDABHEHHs KHUHETHYIECKOIL
SHEPTUH I'a30BOil (PA3bI U IACTHUIIL,

YMHOXKas ypaBHEHHe COXPaHEeHHs MMITYJIbCA ra30BOH (asbl Ha V1, & yPABHEHHE COXPaHe-
HUs MMILYJTbCA KOHJAEHCUPOBAHHON (ha3bl HA Vg, MOJYYUM YPABHEHUS COXPAHEHUS KHHETHUIECKOM
SHEPTUU I'a3a U YACTUI] COOTBETCTBEHHO

ap1v1 8p1v%

0
| = —’Uloél—p —nfuy,

’Ul[

ot ox ox
Opava  Opavs, Ip
Vg 5 + o | = V202 nfug,

KOTOpBIE [OCJI€ NPOCTHIX NPeoOpa30BaAHME IPUHUMAIOT CJIEIYIOIIHA BUI

opd  apw Y )
Py P1U1S D
2 4 2 — _oqui— — nfu, (1.8)
ot Or Ox
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2 2
(’9p2%2 8p2v2%2 Op
+ = —QuUa=— — N fV2. 1.9
ot D 22, — v (1.9)
IIpeoGpazyem JI€BBIE 9aCTH ypABHEHHUI COXPAHEHU BHYTPeHHEH sneprun rasa (1.3) u wacrun
(1.4) x museprentuomy suay. C yuerom pasencts (1.1) omu MOryT OBLITEH IIPECTABIEHLL B BUE

dpreq v Oprervr  pon dipt

— — 1.1
B o 2 ol +nf(vy —v2) — ng, (1.10)

Dpaes Jr(9p262’U2 paz d2pg
ot Ox ps Ot

13 ypasuenuit HepaspbIBHOCTH ra30Boii u Kougencuposanuoil ¢paz (1.1) jerko nosyuurs cire-
JYIOIe PABECHCTBA

+n (1.11)

dlp‘f . ° (9041 (9041’01
T T P
dgpg o (9042 (9042’02
2t T T
[Moscrasngs nannpe Bpipaxkennd B ypasuenus (1.10) u (1.11) cooTBeTCTBEOHHO, LOIY UM
(’9p161 8p161v1 (9041 (9041’01
= — — 1.12
oLen | OO O DO oy — ) — g (1.12)
8p262 8p262v2 (9042 (9042’02
= . 1.13
ot R T L (1.13)

B ciydae HECKHMaeMOCTH KOHICHCHPOBAHHON (Dasbl ypaBHEHHS COXPAHEHUA BHYTPEHHel
sHeprun razosoit (1.3) u xoupencuposannoit (1.4) das, serko npeobpasyiorcs K BULy

ot ox ( ox ox

dpaez N Jp2eavs
ot Ox
JIng oty e ypaBHEHUs COXPAHEHU IIOJIHON SHePTUE CMECH [IPOCYMMHEPYEM JIEBBIE H IPa-
Bble yactu ypasaenuil (1.8), (1.9), (1.14), (1.15). B pesysibrare noaydum ypaBHEHHEe COXPAHEHUSI
HOJIHOM SHEPTUH CMECH B BHJIE

A(p1li1 + pa2 o 0
(p1 1(’915 p2b) + %[plfulEl + pave b + (1v1 + azva)p| = 0. (1.16)

0 0 0 0
p1el pieivy - Qv 042’02) Ff(ur — ) —ng, (1.14)

=ng. (1.15)

Cucrema ypasuenuit (1.1), (1.2),(1.5) — (1.7), (1.14) — (1.16) upexncrasnger coboii 3aMKHYTYIO
CHCTEMy yPaBHEHHH JJIf OLHUCAHHS T€YCHUH Ia30B3Beceil, HHBAPUAHTHYIO OTHOCHTEJIBHO LIPEOD-
pasopanug lannied.

2. Momudukanma MeTo/ja KPYIITHBIX YaCTHUIl AJd pacydeTa TedeHUit
ra3oB3BecH

B coorsercrBum ¢ mpeosorueil Merona KpynHbIX gacturl [6] cucreMmy 3aKOHOB COXpaHEHUHA
razosssecu (1.1), (1.2), (1.5) — (1.7), (1.14) — (1.16) ma silepoBoM STalle MOKHO LPEJCTABUTDH

caeayoimuyM 06pazom
op1 Op2 on

= 0,2 =0, — =0, 2.1
ot ot ot (2.1)
oy dp Ovy Op
o 9P 2.2
£1 ot ala nf7p2 ot a2a +7’Lf, ( )
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dey oy Do
Py = —p( o7 + o )+ nf(vr —v2) —ng, (2.3)
Oe
Hp1E1+ pel) 0O
i = 0. 2.
B + am[(alvl + agua)p] = 0 (2.5)

YauThiBasg HECZKUMAeMOCTh KOHIeHCUPoBanuoii dhasel p§ = const, sanumem ypasuenus (2.1),
(2.3), (2.5) B Gosree ymobroM Jyid IPeACTABIIEIH 1A SHIEPOBOM STalle BUIe

opl JOay  On JOay
ey ovy vy
- _ 72 < — — 2.
P1 BN play o7 + ag o7 )+ nf(vr —v2) —ng, (2.7)
OF, OFs d(vip) d(vap)
— . 2.
P1 o + p2 BN + g o7 + e 0 (2.8)

[Moscrasass ypasaenue cocTosaus ra3osoit dasel (1,7) B ypasaenue (2.7) noaydum cienyio-
miee 6a30B0€ COOTHOIIEHUE JIIsL OLPEJIe/ICHNs JABJICHIs HA SMIepOBOM ITaIe

op k-1 oy Ovg k—1
o o Pleng Taap )t

(nf(vy —v2) —ng). (2.9)

Ucnonpsys siuble pasHOCTHBIE IIPEICTABJIEHUs JId paBeHcTsa (2.9), Jerko moJIy4YuTh BbI-
PasKEHUs IS OIpe/Ie/IeHAd IIPEBAPUTETbHBIX SHAICHUI NABIEHUS HA HOBOM M + 1 BpeMeHHOM
cnoe Ha rpaunax ¢ — /2w i+ 1/2 ana ageex i — 1, im i+ 1

_ P+ (k—1) At
p?r;% ==t 5 —(1 - o (0/17?1'+1/2(U717?¢+1 - ’Uﬁ') + 0/27?1'+1/2(U727?¢+1 - ’Ugfi))A—w)—
1,i+1/2
(k—1) (k—1)
T (”ﬁlmqﬁlp)At + o (”ﬁ1/2fﬁ1/2(vﬁ+1/2 - Ug?iﬂ/z)At)- (2.10)
1,i+1/2 1it+1/2

3mecy At — mar no spemenn, Az — mar mo IpocTpaHcTBy. [loaydeHHbIe 3HAYCHUS JABICHAA
UCIIOJIB3YFOTCSL I OLIPeIeIeHIs IIPOMeXKYTOUHBIX BEJTHIUH CKOPOCTeil Ha 9iIepoBOM JTare:

At n?

1 A
smAl _om sl o smel oy LML 2.11
Ul,l ULZ p({T(pz+1/2 pz—1/2) Am p';irfz (3 ? ( )
At n?
gl ym gl gmtl N0 % emoAy 2.12
2,4 2,4 PST (pz+1/2 pz—1/2) Ax Pg?z fz ( )

Jlst moTydeHus IPOMEXKYTOUHBIX 3HATEHMI CKOPOCTEH Ira30BOil M KOHIEHCHPOBAHHON ¢a3
MOZKHO HCIIOJIb30BATH €Ille OHY MOIM(MUKAIIIO 3i1epoBa ITalla MeTo/1a KPYIIHbIX YaCTHI], CBA3aH-
HYIO C YACTHYHO HEsIBHOMN allllpOKCUMariueil cuiibl Mexkda3Horo s3aumoseiicreud. B arom cayuae
pasercrsa (2.11) u (2.12) MOXKHO LPe/ICTABUTH B BUJIE

1 At n?
~m+1  m ~m-—+1 ~m-—+1 7 2 o my~m+1 m
Vig =V~ ~om (pi+1/2 _pi_1/2)ALE ~ Tm (ﬂ-d p10d|vl - U2|/8)z' (Ul,z' - U2,z’)At
Pig Piy
1 At n?
~m+1 _ m ~m-+1 ~m-+1 1 2 0o my,,m ~m—+1
U2,z’ =V~ ~om (pi+1/2 _pz’_l/g) Ax + ™ (ﬂ-d p10d|vl - U2|/8)z' (Ul,z' - U2,z’ )At
P Pai
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N3 oy 9eHHbIX YPABHEHUH TPOMEKYTOUHBIC 3HAUEHHST CKOPOCTEH JTErKO OMPeeNSiOTCA B SBHOM
BHJIEC
1 At
- 1 ~ 1 ~ 1
o = (o - (pzﬁm p?im)A_Jr
Pii v 2.11)

nm . 9 o " (2.11)

+—t-(md”py Calvy — 2| /8)5 035 AL) /(1 + LL (md”piCqlv1 — va/8)" Al),
1,4 1,2

_ _ At
Oy = (v — oo (P — D) o, T
L o nm . (2.12)
L (md? p§ Calon — vl /870 TSAL /(1 + T (md2p3Calvr — ol /3)A).
o 2

IIpomexyTounble 3HATEHNSA CKOPOCTEH KOHIEHCUPOBAHHON 1 ra30Boi (a3 Ha IPaHUIIaX dUIeeK
OlIpeieNdIoTcd KakK cpe/iine apudMeTuYecKe OT UX 3Iadelnil B ABYyX COCEIIINX dueikax
m+1 ~m+1 ~m+1 ~m+1 ~m+1 ~m—+1
Ul AF1/2 (Ulz + U z+1)/2 Voit1/2 = (U2z + Uy z+1)/2 (2.13)
Tenepb MOXKHO OLpPEIEIUTDh IIPOMEXKYTOUYHBIE 3HAYEHUA BHYTPEHHEH SHEPIuu KOH, I€HCHPO-
BAHHOMN (pa3bl
~m+1 _ _m 1 m,m
i = eyt g AL (2.14)
2,
¥ IIOJIHOM SHEePIruy CMEeCH

o1 zEerl + 03, ,EWrl = BTG+ pon by — (af i1/201 zi1/2ﬁzrﬁ}2

~m-+1 At n ~m-+1 ~m-+1 m—+1 ~m-+1

it (2.15)
o 1207 1_1/21’@—1/2) Ax (a2,i+1/2v2,z’+1/2pz’+1/2 O 1205 1_1/217@—1/2) Az’

Ha srane Jlarpanyka n 3ak/IH0YUTENBHOM TANe METO/A KPYIHBIX YacTUll Juisd Kaxaoi ¢da-
3bl OBLTM HMCIOJB30BAHLI (POPMYIBI, TpuBegenubie B Monorpadmu O.M. BenomeproBckoro u

F0.M. Haseigosa [6].

3akKJ4YeHne

1. TecrupoBanue npemIoKEHHONH MOAMQPUKAIME METO/a KPYIHBIX YACTUI IIPOBOIUIOCH HA
PEIIeHnH 3,149 O PACTIPOCTPAHEHNY YAAPHBIX BOJH B «3aMOPO2KEHHOIT» ra3os3secu [8] u B obrake
razosssecu [9].

2. Beuio nokazano, 4To mpuMeHeHue Ha yrane Jiinepa ypasuenuit (2.10) — (2.15) 6osee a¢h-
(bekTUBHO, YeM npuMeHeHue MeTojia KpynHbix dactull [6] u momudukamuu merona [10], upu pe-
LIeHNH 33184 O PACIPOCTPAHEHUN YJAaPHBIX BOJH B «3aMOPOXKEHHOMy razosssecu [8] u B ob/iake
razosssecu [9].

3. [Ipumenenue na srane itnepa ypaprenuii (2.11)" u (2.12) no3possier IPOBOJUTE PACUETHI
saja4 [8, 9] upu Gosbuux 3HaveHUgx yucaa Kypanra.

Aemopu evipasicarom ceoto baazodaprocms npogeccopy B. @. Kyponamenko 3a nosesrvie 06-
cyorcdenua u unmepec K pabome.
Paboma evinosnena npu noddepocre PODH epanm N 13 — 01 — 00072.
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Modification of Method of Large Particles for Research
of Currents of Gas-Suspensions

D.S. Grishchenko, South Ural State University, Chelyabinsk, Russian Federation,
grishenko dmitri@mail.ru,

Yu.M. Kovalev, South Ural State University, Chelyabinsk, Russian Federation,
yum_kov@mail.ru,

E.A. Kowvaleva, Chelyabinsk State University, Chelyabinsk, Russian Federation,
ea_kov@mail.ru

In this work a modification of the large particles method is given applications the study
gas-suspensions flows. It is shown that the proposed modification of the large particles
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method allows to carry out calculations of behavior of shock waves in gas-suspensions
without insertion of artificial viscosity in an explicit form. It allows to avoid distortion
of a physical picture of the gas-suspension flow connected with existence of the ostsillyation
taking place at distribution of shock waves in non-homogeneous medium. In this work it
was established that for carrying out of calculations of distribution of shock waves in gas-
suspensions with large Courant the problem numbers an explicit modification of a large
particles method can be used. It allow to reduce time of calculation of the problem and to
avoid carrying out difficult iterative procedures inherent in implicit difference schemes. It
was shown that the modification of large particles method offered in this work is effective
and allows to carry out calculations for even strong shock waves in gas-suspensions.

Keywords: numerical method; mathematical model; gas-suspensions; conservation laws;
shock waves; Courant number.
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