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O KOHEYHDbIX p-IPYTIMNAX C ABTOMOP®U3MOM
CMNEUUAJIBHOIO BUOA

B.A. AHTOHOB, C.I'. YekaHoB

VYenoBre C-3aMKHYTOCTH IS HOPMATBHBIX TTOATPYIIIT B KOHEYHBIX pa3peliyi-
MbIX TPYIIIAX TO3BOJISIET BbIIEIUTh KJIACC TPYII, KOTOPBIE JOIYCKAIOT aBTO-
MOpM3M JIEACTBYIOIIMIA PEryJISIPHO M HETIPMBOIMMO Ha MUHUMATBHBIX HOP-
MaJIbHBIX ToArpyrax. [lomydeHbl HeOOXOMMMbIE M JOCTATOUHbBIC YCJIOBHSI Cy-
LIECTBOBaHMSI TaKMX Tpyrl. Kpome Toro, JOKa3aHO BCIIOMOTATEILHOE YTBEp-
SKIEHYE 13 aIreOphl MaTpULL, UIMEIOIIIee CAMOCTOSITEITBHBIN MHTEPEC.

IIpu MccaenoBaHMY KOHEUHBIX pa3pelliMMbIX Ipyril ¢ C-3aMKHYTBIMA MHBApUAHTHBIMU TTOATPYII-
nami [1] BO3HUKIIM IpyNIibl, UMEIOLLYE CIeIyIolIee CTPOeHHE.

[yctb p,gy,975.+-sG, - PAITMUHBIE MPOCTBIE YMCIA, #; - MOKA3aTeslb YUCaa p 1o Mmoaymo g;[2],

m
N - I10Ka3arejb p 110 MOAY/IO ¥ = Hq, . Torz[a
i=l

G=(4-B)A(x),
rie Aw B -abejieBbl p-TPYIIIHL,

m
ANB=Z(A-B)=(4-B) .—_HZ,.,
i=t
npuyeM Z; - 2JIEMEHTapHas abejieBa IpyIna IopsaKa p", AlANB u B/ANB- MUHUMAIbHEIE
HOpMaJibHbIe TIOATpynnkl rpynnsl G/ AN B, ]A/ AN B[ = |B/ A nB! =p”, |x| =7, BJEMEHT X IeHCT-

BYeT Ha KaXJIOi 13 romrpyrn Z; HerpusomuMo, u C(Z;) = (4- B)A{x¥).

B npemaraemoii paboTe ToydeHbl HEOOXOMMMbIE Y JOCTATOYHBIE YCIOBUSI CYILICCTBOBAHMS TAKUX
TPy

MNonoxum A-B=P, ANB=Z, k;=nln, r,=rl/q, m; - nokazareip p MO MOLYIO 7 U
l;=n/m;.Torna m; =HOK{nJ-|j¢i} ul =H0,11{kj|j¢i} .

B nanbHeiiiieM Ham TOTpeOyeTcsl CIIeIyrollee BCIIOMOTaTe/IbHOE YTBEPXKIEHUE M3 alreOpbl Mar-
UL, UMEIOILIeE Y CAMOCTOSITETbHBINA MHTEPEC.

m
JIEMMA. D:415925+8,m - DA3MUHHBIE npocmble 4 U k€ N, wucno r=1—[q,- m H O,
i=1
n - nokazamens yucaa p no mooyar r, L -addumuenas epynna mampuy, nopsioka kn Hao noaem
GF(p). U nycmo A u B -mampuuywt uz L euda

X 0 .0 Y 0 .. 0
0 X .. 0 0Y .. 0

A= ,B= :
0 0 .. X 00 .. 7Y

ede Xu Y-mampuuybl nopsioka n, xapakmepucmuueckue MHo204AeHbLf(X) u g()) Komopuix 18A10Mm -

€5 MUHUMANbHBIMU MHO20OUACHAMU NePBO0OPA3HbIX KOPHEl F-ii cmeneHu U3 eOUHUYbl HA0 noaem
GF(p). Iloaoocum
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AHTOHOBB.A., YekaHoB C.T. O KOHeYHbIX p-rpynnax
C aBTOMOPPU3MOM crieLmasibHoro suaa

C (4,B)={TeL| ATB=T}.

n . : n .
unyems f(x)=x"-Y ax" - (- u g(»)=y"-Y By ~(~-1)". Toz0a |C,(4,B)|%1 mozoa u
i=2 =2

monvko mo20a, ko2da o; =(-1)"f,.,_; ond écex i=2,3,...,n, uny, 4ymo mo sce camoe, X V aensemes
xopnem muozounena g(y). B amom crayuae ICL(A, B)] = pkz".

HoxazareancrBo. Ilycts T e C;(A,B). Pazo6reM Mmatpuiyy ' Ha xBafpaTasie GOKH HOpSAIKa
n:T=(T;), i,j=L2,.,k.Ycnosue A'TB=T paBHOCWILHO TOMY, 410 X’ I;Y=T; msBcex i v j.

HOSTOMy, CC.TII/ILl—- aJIHTHBHAA IpynIa MaTpHull ropsjka », TO B CHIy TOro, 4YTO MarpHiia T cocrout

w3 k? 6noxos, |C;(4,B)| =|CL1 XY )lkz . TlosroMy B nanpHeiTeM IOCTATOYHO OrPAHMUHTCS CIyYaeM
k=1,1e. A=Xu B=Y.

Iposesem nugykwmo 1o ynciy m . Ilycte m=1, n =nu ¢, =q. 3amernm, gro ectn U u V — He-
BBIpOSK/IEHHEIe MaTpuiel, X, =U ™' XU u ¥, =V"'YV , 10 |CL(X,})|=[CL(X,Y)|. B camom pene, ecrm
TeCi(X,h)), Tom3

T=X\TY, =(U'XUYTV 'YV =UX' U YTV 'YV
cleqyer, 9ro
xuhrvly=wyrv-!
re. (UNYTV'e C.(X,Y). Orobpaxerwe T — U YTV~ smnsercs, ouesnmmo, Guexumeit
C (X1.}) ma C (X,Y), Te. |Cp(X,,1)|=|CL(X,Y)|. TosTOMY MOXHO CHMTATH, 4TO MATPHIE X H Y
ABJSIOTCS UMAKITHYECKHMH MATPHIIAMH, T.€.

0 0 .. (- 0 0 .. (-
X=10... a, ,Y=10... B
0 0 .. ¢« . 0 0 .. B,
Ipocras mpoBepka MOKa3kIBAET, 9T0 e X'TY =T, To B Marpuue I ymoboli psa, napanienbHbIH

rJIABHOM JHATOHATH, COCTOMT H3 OJUHAKOBBIX d/leMeHTOR. [ToatoMy |C (X, Y )] < pz""1 .

OGo3naunM 4epes ¢ Takolt aromopdusM rpymmbl L, aro % =X'TY mia moGoro TeL. U3
(p,9)=1 u |p|=q cnenyer, uto L=[L,p]® C,(p). Tak xak ¢ pelicteyer Ha [L,p] perynspHo, To B
cmwty Teopemet Mamke [L,p] pasnaraerca B mpaMylo CyMMy MHHHMATBHBIX @ -JIONYCTHMBIX TOX-

rpymn. Topsanox kaxnoi u3 Hix paser p”. Ilostomy |L|= P =p™pt, e pf =|C,(X,Y)|. U3 pa-

BEHCTBA 1* = sn+1 CIeAyeT, YTo ¢ jAenurcs Ha n. A tak Kak ¢ < (2n-1), 1o t€{0,n}.

Iycts

2 a a,
b a .. a4,

T = 2 l n l -
b, b,, .. a

npousBosibHas Matpuuia w3 C;(X,Y). PasenctBo X'TY =7 paBHOCHIBHO OJHOPOHNHOM CHCTEME
(2n-1) ypasnenuii ¢ (2n—1) HEH3BECTHEIMM a; H b; Buna

En:t,-a,. + Zn:sjbj =0,
i=1 j=2
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MartemaTtuka

' TIpUYEM B NEpBHIX (7 —1) ypaBHECHMAX, 3aHYMEPOBAHHBIX YMCIaMH k =2,3,...,n , BHINOIHAIOTCH PaBeH-

cTBa I ==l S, 42 =(-)™, ¢ =s;=0 npu i>k u j>n-k+2, t;=8, 4, TpH i<k m
8;=PBpk-j+3 TPE j<n-k+2, B creaylommx. (n-—1) ypaBHeHHAX, 3aHyMEPOBAHHEIX HHCIAMH
n+k, k=2,3,..,n, BHIONHSIOTCS PABEHCTBA 1, 4, = (=)™, 5, =1, ¢, = 5;=0 npH i>n-k+2 n
i>k, =@, ¢ 3 upni<n-k+2, s;=a, ;. UpH j<k,aBnocnenseM ypasHeHu: (C yueToM
nepBbix (n—1) ypaBHeHmit) Bee HeHyleBble Kodh(HIMEHTH HMeIoT BUA 1(f; -(-1)"2,4 ;).

Tax kak |C;(X,Y)|=p", To panr 310ii cucTeMB! HOMDKeH GBITH paseH (n—1). Boranras U3 ypasHe-
HAS, 3aHyMEpOBaHHOro uHcIoM (n+k), k=2,3,.,n, ypaBHeRHe, 3aHYMEPOBAHHOE YHCIIOM
(n+2-k), ymuoxernoe Ha (—1)", yGexxnaeMcs, 4T0 paHr CHCTeMBI paBeH (#—1) TOTAa M TOIBKO TO-
raa, xoraa o =(-1)" B0 -

Tlpeanonoxum Tenepb, aro m>1. Ecmma |C(X,Y)|#1, 1o iCL(X %y )I;tl. B cuny npeanoso-
JKEHHA MHYKLHY ICL( X% y% )I= pki2 mo_ pkm )

PaccmarpuBas neiictere @ Ha C;(X%,Y%), nomyunm paBeHcTBO k;n=sn; +t, T.€. I HenUTCs Ha
n;. B ciry npoM3BONBHOCTH i uMciio ¢ jemurca Ha HOK {n,.li =12,...m}=n. Ho torma u3 t<2n-1

MOJIy4aeM t=n.

OCHOBHBIM pe3yJIbTaTOM JaHHOH paboThl ABISETCA CEAYIOLIee YTBEPKACHHE.

TEOPEMA. I'pynia G ykKa3saHHOrO BbIIIE€ CTPOSHHSA CYILECTBYET TOTAA M TOJNBKO TOTAa, KOTAa
BBITOJIHAIOTCA CNICAYIONIIHE YCIOBHA:

a) eCJIM YHCJIO ¥ YeTHO, TO ¥ =2 H n=1;

m
b) ecnu 9HCIO 7 HEYETHO, TO Zn,- <n?

i=]

Hmbo m; <n ang moboro i=1,2,....m, 1160 HaiimyTcs

8

TAKHE YHCIA 1, 8),5950.,5,, » IT0 {p* =-1(modr;) mnd Beex i , Ho fp° #—1(modr) s moboro umcna s.
Hoxazatenberso. a). Heo6xommocTs. TIpeanonoxum, 9to ¢, =2 U x=x, -X,, Il |x|=2, a |x,]

HeueteH. Eciu anement x; nefictyet Ha A/Z u B/Z perynapHo, To s moGeix a€ A u be B Bbinon-
HAIOTCA paBeHCTBa a" =a'zy ®w b =b"'z, @A HekoTopeX z,z,€Z. Ho Torma

[a,5]" =[a"l b ] =[a’1,b'l:| =[a,b], T.e. x; meficTByer Ha Z TPUBMATEHO, 4TO HEBO3MOXKHO B CHITY
C(Z])=Pl<x2>. TTostoMy MOXHO cuntath, at0 Cy/z(x)#1. Us A/Z =[A/Z,%]xCy;z(x) u Mu-
HUManbHOCTH A/Z crnenyer, 4to x; AeiictByer Ha A/Z TtpuBmanbHo. Ecim nefictsue x; Ha B/Z To-
’K€ TPUBHAIBLHO, TO CHOBA NOJIYIHM [Z s xl] =1, 9ro HeBo3MOXHO. [ToaToMy x; nmelictByeT Ha B/Z pe-
rynspHo, u s moGkix ac A u be B6ynem nvets [a,b]" =[a"‘,b""]:[a,b"]:[a,b]_l , T.€. X
neicTyet Ha Z peryaspHo. Hotorma Z=2,,1.e. m=1u r=2. M3 p=1(mod2) cnenyer, aro n=1.
Jocrarousocts. Ecmu r =g, =2 1 p— Heuernoe npoctoe uncyo, o rpyma G = (({(a)x (z)A(BNA(x),
rae |a|=|b|=|z|=p, [¥|=2, [ab]=2z, [b,z]=1, da"=a, b =b"", u 2" =27, uckomas.

b). Heobxomumocts. Tak kak Z=P’=<|:aj,bk]| a;e 4, b eB), a A/Z u B/Z 3nemeHTapHEIE

m 2

aGeness rpymme nopaaka p”, 1o |Z|=]]p" <p™ .

i=l
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AHTOHOB B.A., YekaHoB C.T. O KOHEYHbIX p-rpyrnnax
C aBTOMOPU3MOM crieumnasibHoro Buaa

m
Jyt aeG nonoxuM @ = aZ . Tpennonoxam, uro x =] [, rae |x|=g;. s ynoGersa nepeii-
i=1
aeM B rpynne Z wm (akrop-rpymme P/Z x amauTeeHOH ¢opme 3amucd. BeiGepem B rpymmax
A/Z,B/Z u Z;,i=\,2,...,m, muxiieckue 6a3uckl, T.e. Mbl IPEATIONIATAEM, YTO

AlZ =é(ak), B/z=§(l7k), Z =Z::<zu>

—X _ = X _F X . .
M3 =0, b =bynzy=z;,npuk<nuj<n;
» ,
z=Yad, B=yhk =3
n = k9> Op = ks 2 = 2. V%
k=1 k=1 J=!

n ) n 3
rae f(H=0"- Za g ¥ u gO=0"- Z B; /1) — MuHEMATBHBIE MHOTOWIEHB! nepBooOpa3HbIX
=1 _ J=t

KopHeii crenenu r w3 1,a i (y)=(" - i%‘j 3/71) — MMHMMANBHEI MHOTOWIEH NIEPBOOGPA3HOr0 KOp-
P
Hs cTeneHy g; w3 | Hax monem GF(p). OtmernM, uto a; = B, = (1) u y, =(-1)"*!.
Iycts [a,,b,]= ZZ juv % - Torma T; =(t,,) - KBAIPATHAL MATPHIA OPAIKA 71, H ECIH Yepe3
i=l j=1
[a] u [b] o6osmaunrs koopmumaTHble cTONGLE! anemeHToB @ M b B Gasucax {d@,dp,...d,} M
{b,,b,,...,b,} COOTBETCTBEHHO, TO

[a.6]= 332l 7, 8],

i=1 j=1
He#icTBys 2leMeHTOM X Ha a U b, monydaem

[a",b"] ZZ( a] (X7, D[BD- 2,

i=l j=1
rne X — marpuua omeparopa x B Gasuce {a,,d,,...d,}, Y — MaTpuua omeparopa y B Gasmce

m
{b,b,,...,b,} , a ITpHX 03HauaeT TpaHcIOHKUpoBaHKe. B To xe Bpems, m3 x =] [x; crenyer, uto
o

(o] =lat] =55 1, 815 = 3 (el D57

i=] j=1 i=l j=1

ITpupaBHuBas K03 PUUHUCHTH IPH z:j , IOJTyJaeM, 4To A ;10601'0 i=1,2,...,m BBIIONHAIOTCA pa-
BEHCTBA

(X' T Y, X' TpY s X' T V) = (T, Tgseoes T ) X3 = (it Do s Tt + Vi Lo w00 Timy=1y + Vi Ty )-

Orciona nomygaemMm

L =10 X' T, Ty = X' T ¥ =0y Toon To =X To¥ =7T,, (%)

u (X%YT,Y% =T, . A Tak Kak x JeficTByer Ha Z peryispHo, To X' T,Y #T;). 310 paBHOCHIILHO TOMY,
uro C,(X%,Y¥)>C,(X,Y) mna moGoro momepa i. Ecim m;=n mis HekoToporo i, To U3
(X%, 14 )] = p" >|CL(X,Y)| e {L, p"} cnenyer, uro |C, (X, F)| =1

Kaxcaoe 3 pacumpernit GF(p)[X] n GF(p)[Y] usomopdno nomo GF(p") . O6o3naunm uepes

X H x, obpasel snemenToB X H Y npH coorBeTcTBYIOMMX H3oMopdusmax. Toraa x, =x s Heko-
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Maremartuka

TOpOro yucna ¢ U ecid X% gBnseTcs KOpHeM XapakTepucTHyeckoro MHorowiena Y% , o x % smns-
eTcs KOpHEM MHHHMAIBHOTO MHOTOWIEHa TSl X3!

Tak xak ICL (X4, Y% )' #1, TO B CUJTy JIEMMBI 2JIEMEHT X 9 gpseTcs KOpHEM MHHHMAJIBHOTO MHO-

5
rowieHa i x5 . Ho Bce KOPHH 3TOro MHOrowieHa MMeIOT Bua x37 , s=12,..,m;. Tlostomy

X% = xgﬂ’ xl""” zuts HeKoToporo uncia s, . Ho Torma p¥ =-1(modr) . A ms |C;(X,Y)|=1 anaso-

FHMHO CIIEIYET, YTO X; ! e spnsercsa KopHeM g(y), T.e. 1p* #—1(mod ) HH IIPH KaKoM s .
JHocrarounocts. IlycTe X, — neppooGpa3Hblif kopeHs r -ii crenend u3 | Hag moneM GF(p), a

n
fO= y"—Zoz,-y’"l ~ HOPMMpOBaHHBIH MHHMMAIBHBIH MHOTOWIEH Mif x,. Ecim Bce uucna m;
i=1
MeHslIe 1, To Yepe3 g(y) obo3HauMM HOPMHPOBAHHBIH MHHHMAJBHBI MHOTOWIEH 3JIEMEHTa X ',a
€CJIM BBITNIOJIHACTCS BTOPAd aJIbTEPHATHBA U3 IYHKTa b) yCIOBHA TeOpeMEI, TO uepe3 g(y) o6o3HauMM

HOPMHPOBAHHEI MHHUMA/IBHBL MHOTOWIEH 37eMeHTa Xj. U mycTh X ¥ Y — MMKIMYeCKHEe MaTpHILBI
nopszaka n Hag noyeM GF(p), y KOTOpBIX XapaKTepHCTHYECKHE MHOTOWICHH! paBHbI, COOTBETCTBEHHO,

f() n g(y). Torna C (X% ,Y%)>C,(X,Y) nna moGoro Homepa i H, CIIeAOBATENbHO, HANTYTCSH
Takue Matpuubl T, i=12,..m, wro (X¥)T,Y% =T,, wo XT,Y#T,. Marpumet T; mns

Jj=2,3,...,n; Haiiniem no ¢opmynam (*). Ipexnonoxum, gro g(y)=y" —Zn: ,B,-yH H eci x=ﬁx,. s
i=1 . i=l
i ,
rae |x|=g;, 10 K="= 7, 7! _ MurMMansHEL MHOTOWTeH i X, . Torma HCKOMO# ABIAETCS
=
rpynna
m
G= ((H(ak)XHH< y)V“H(bk)Vv(
i=1 j=l1
rae Iak|=|bk|=’z,.j|=p11nﬂ BoeX ).k, |x|=r, af=a,, bi=b, W zj=z,, Upn k<n u

J <n; , COOTBETCTBEHHO,

n
=ﬁa"", bg=ﬁbﬁk’ m,—sz"H a, av]=fmIHzf§'?"“",
=1

k=1 i=l j=1
rae f,, —3MEMEHT U3 % -¥ CTPOKH M v -ro cTonbua Ma'xpuum T;; . Teopema iokasana.
IpuseneM HekoTophie MpuMephl. B nanbHeiimeM uepez x 0003Ha4WM mepBooOpasHBIH KOpeHb
crenend r u3 1 Hapy noneM GF(p).
L.Iycte p=2, ¢;=3, q,=7 ¥ q;=31.B stom cmyqae m; =15, my =10, my=6,a n=30.
Tax kak m; <n @1 moGoro i, To B 3TOM ciTy4ae rpyrma G CyIecTBYeT.

2. Ecmn p=2, ¢=3 ¥ ¢;=5,T0 my=2 u m=n=4. Tak Kak x"3=x3'22, xS =x"n

xV#x%* wu nna kakoro @, To YCJIOBHE TE€OpEMBI BBITIONHAETCA WA ¢ =1 W, ciefoBaTensHoO, rpynmna
G cymecTByeT U B 3TOM ClIydae.

3. TlpenmonoxuM Temeps, 4ro p=2, q;=7, q,=5 U g¢3=3. Torma m=4, my=6,
my=n=12. Ecim y - mnepBooOpasHelii kopeHb crenmesd 105 w3 1 nan GF(2), ToO

. S I ‘l = ..T = .5
yelx A7 5B ser={0,L..,10}. W xP=3? u  x°=)"?  cremyer, w0
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AHTOHOB B.A., YekaHoB C.T. O KOHe4HbIX p-rpyrnnax
C aBTOMOPGU3MOM CrieLmnasbHoro Buaa

13.2° 1.2

ye{x ,x”’zsl sel}. Am x7 =" cnenyer, uto ye{x ,x”’zsI seI}. Iostomy t=13-2° nas

3
1 _x132

Hekotoporo se€l . Tak kak x™ = , TOTpynna G B 3TOM CIy4ae He CYLIeCTBYET.
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