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ON LOCAL SOLVABILITY OF LINEAR EVOLUTIONARY
EQUATIONS WITH MEMORY
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JlokazaHa JioKajbHasl OMHO3HAYHasl pa3pelinMMocTh 3amauu Komm ais
JIMHEHOTO 3BOJIIOLIMOHHOTO YPaBHEHUSI C CEKTOPUATbHBIM OMEPaTOpoOM U C
WHTErpaJIbHbIM OMepaTopoM TMaMsATh B OaHAXOBOM MpOCTpaHCTBe. Pesynbrar
paboThl TPOWLIIOCTPUPOBAH Ha MpUMeEpe HauyaJbHO-KPaeBOMl 3agauud st
HUHTErpo-audhepeHIIMATEHOTO YpaBHEHMS ¢ YaCTHBIMU MPOU3BOJHBIMU.

Karouegwie caoea: 960AHOUUOHHOE YpaeHeHue, uHmeepo-
JuppgepenyuaivHoe ypasHerue, ypasHeHue ¢ NAMAMbIO, CEKMOPUANBHbL
onepamop, AHAAUMUHECKasi NOAYepYNNa ONepamopo8

The authors prove the local unique solvability of the Cauchy problem for
linear evolutionary equation with sectorial operator and with integral memory
operator in the Banach space. The result is illustrated on the example of the
initial boundary value problem for integro-differential equation with partial
derivatives.

Keywords: evolutionary equation, integro-differential equation, equation
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BBenenue

3agavya Komwu Al 3BONIOIMOHHBIX YPABHEHUI SIBAsSIETCSI aOCTPaKTHOU (hopMoil HayallbHO-
KpaeBbIX 3ajay AJsl ypaBHEHUI B YACTHBIX MTPOMU3BOMHBIX, B €CTECTBEHHBIX U TEXHUUECKHUX HayKax
YacTO OMUCHIBAINMX pa3nuuyHbie mporecchl [1-3]. IIpu 3ToM 4yacTo BCTpedyaroTCs CUCTEMBI C
MaMsThlO, TTOBEIEHUE KOTOPBIX HE OMPENENsIeTCsl [ETUKOM COCTOSSTHUEM B HACTOSIIIUUA MOMEHT, a
3aBUCUT OT Bce <HUCTOPUMU> CUCTEeMBbI (CM. IO 3TOMY moBoay [4]).

B naHHoit1 pabote paccMoTpeHa 3agada Koy aias abcTpakKTHOTO JIMHEHHOTO 3BOJTIOLIMOHHOTO
ypaBHEHHUS C TMaMsTblo B OaHaxoBoM mpocTpaHcTBe. C TOMOIIBIO MPUHIIMINA CXKUMAKIIMX
OTOOpaXeHWil JoKa3zaHa OJHO3HAUYHAs JIOKaJlbHAsl pa3peliMMOCTh 3TOW 3alayd B CMBbICTE
Kjaccuyeckux peureHuid. TlojlydeHHBIN pe3yabTaT MCHOJb30BaH TMPU HUCCIENOBAHWM HadalbHO-
KpaeBoil 3amauyu JJisl MapaboJuyecKoro UHTerpo-auddepeHInaIbHOTO ypaBHeHUs ¢ aMSIThIO.

B mepcrniekTuBe pe3ysibTaThl pabOTHI MO3BOJISIT C OJHOU CTOPOHBI MEPEUTU K PacCMOTPEHUIO
TOJIYIMHEWHBIX JBOJIOIIMOHHBIX YPAaBHEHWIN C MaMsAThlO, a C JAPYroil CTOPOHBI - WUCCIENOBATh
ypaBHeHUs1 Co0O0JIEBCKOTO TUTIA C TTaMSIThIO.

1. IlpenBapuTelbHbIE CBEAECHUS

B 3TtoM maparpade n3noxeHbl UCMOIb3yEMbIE TPU MOJYYEHUU OCHOBHOTO PE3yJAbTaThl (PaKThI
W3 KJIACCUYECKOU TEOpUU MOJYTpyII omnepaTtopoB (cMm. [1]).
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O6o3naunM gepe3 p(A) pe3osbBEHTHOE MHOXKECTBO omneparopa A, a 4epe3 o(A) — ero cuexrp.

Omnpenesnenne 1. BymeM masmiBaTh JUHEHHBIN 3aMKHYTHI ILIOTHO ONPEAE/ICHHBIN omeparop A
B DaHAX0BOM HPOCTPAHCTBe X CEKMOPUAALHBIM, ECJTH CYIIECTBYIOT KOHCTAHTH a E R, K € Ry u
O € (§, ) Taxkme, 9TO CEeKTOp

Sa,0(A) = {u € C: |arg(p — a)| < O, p # a} C p(4),
mpuieM

_ K
(e — A) 1”L(X) < h—al Vi € Sa0(A).

3ameuanue 1. B monorpadwuu [1] oneparop A Ha3BIBaeTCH CEKTOPHAILHBIM, €CJIH YCIOBHIM
onpenenenus 1 yaosiaerBopsier omeparop —A. ABTOpH AaHHOR paboThl 6YAYT NPUIAEPKUBATHCH
6osee yooOHBIX Miid HUX (GOPMYIMPOBOK.

Onpenenenne 2. Angaumuueckas noayepynna B 6aHAXOBOM IPOCTpaHCcTBe X — 3TO ceMeiCTBO
HeIPEepHIBHBIX JHHEHHBIX onepaTopos {T'(t)}:>0 B X, yI0oBIETBOpPAIONIEe YCIOBHSM:

1. TO) =1, TA)T(s) =T(t+s) ma t > 0,5 > 0.
2. T(t)x » z upu t = 0+ qa Vz € X.

3. OroGpaxenne t — T'(t)z aHAIUTHIECKA IPOLOJKIMO B HEKOTOPYIO 00JIACTH, CONEPIKALILYIO
MHOkecTBO {t € R: ¢ > 0} ana Bcex z € X.

Hngunumesumanonvili 2zenepamop L 3T0l HOIyTrpynnsl OIpeaeasaercs CAeAyIomuM o00pas3oM:
1
Lz = im —(T@#)xz — x).
t—0+ t( (t) )

Ero o6nacte ompesenenuss D(L) cocroutr u3 Bcex £ € X, Jnsd KOTOPHIX 3TOT mpepen B X
cymecTByer. ByzeT ncronb3oBarhea obosnauenne T'(t) = e,

Teopema 1. FEcau A — cexmopuasvhuiti onepamop, mo A — unpurumesumasvHsili zenepamop
GHAAUMUNECKOT NOAY2PYNNIDL {eAt}tzo, 2de

1

At 1t

= —A

21'/(}‘ )" reMdA,
r

I' — xonmyp 6 p(A), maxoti wmo arg A — O npu |A\| = oo. ITIpu smom e’* moorcro

anaaumuuecku npodoadcums é cexmop {t € C : |arg t| < €}, codeporcauuti nosoarcumervryro
BEUWECTNEEHHYIO TOAYOCD, U

IC>0 VE>0 |lef] < Ce®, |lAet| < geat

Haxoneu,

d

EeAt = Ae?t Vvt> 0.
Omnpegenenne 3. Ilycre —A — cekropumanbubiit oneparop, Repy > 0 npm Bcex p € o(A).
HoaoxuMm g mwoboro o > 0

1

A s / 19-le~Atr, D(A%) = R(A™%), 4°=(A—%)7",
0
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A% — toxxnecrBenHbIi omepaTop B X .

Teopema 2. Fcau —A — cexmopuaavhnviti onepamop ¢ X, Reu > 0 npu ecex u € o(A), mo dan
a106020 @ > 0 onepamop A™* ecmov ozpanusennviti auretinoit onepamop 6 X, unsexmusHuil u
ydoeaemeopaowuti coommowenuam A~*AF = A~(+B) pyy 0 >0, B> 0.

Teopema 3. Ilyems —A — cexmopuaavhuiti onepamop, inf{Reu : u € o(A)} > § > 0. Tozda
Va>0 3Ca>0 Vi>0 A% 4| < Cut e,

Ecau npu amom 0 < a < 1, z € D(A®), mo

A%zl
o) 4o

VE>0 (e - Dz| <
Ompepnenenne 4. Ilycte A — cekTopuasnbabI oneparop B 6aHaxoBom mpocTpascTee X, A; =
al — A, rne a > sup{Rep : u € 0(A)}. Jas xaxzgoro a > 0 nonoxum X = D(A$) u Hagennm
npocrpancTBo X HopMmoit rpacdhuka ||z]|o = ||ATz||, z € X2,

Teopema 4. FEcau A — cexmopuasvnniii onepamop 6 banaxosom npocmparcmee X, mo
X — fanazoeo nocmpancmeo ¢ Hopmoti || - |la 0aa a > 0, npuvem X° = X. [aa
a > B > 0 npocmparcmso X® ecmv naommoe nodnpocmpancmeo 6 XP, npuuem,
COOMBEMCMBYIOUEE BAOHCEHUE HENPEPBIEHO. Ecau A umeem KOMNAKMHYIO DPE30ALEERMY, MO
saoocerue X* C XP xomnaxmuo npu o > > 0.

2. DBOJIUMOHHOE YpaBHEHME C MaMSThIO
[Iycrs X — 6amaxoso mpocrparcrso, X(T) = C([0,T); X), |ullx@) = tn[lg.)jg] llu(®)llx.
€10,
Onepatop (Ju)(t) nmeer Bug

(Ju)(t) = /k(s)u(t —8)ds = /k(s)u(t —s8)ds + /k(t + s)u_(—s)ds,
0 0 0

rae u- — 3ajanHasg Ha R_ (DYHKIHSA, ONHCHIBAIOIIAY <HCTOPHIO® CHCTEMBI. PaccMoTpum 3amady

Komm
u(0) =u € X (1)

AJid 9BOJIIOITHOHHOI'O YpaBHEHUA C IIAMATHIO
a(t) = Au(t) + (Ju)(t). (2)

Ee pemenuem na ortpeske [0,7] masmmaerca bymkmus u € C((0,T);X) n C([0,T}; X),
yAoBsieTBopsifomas yciosuio (1) u ypasuenuio (2).

OCHOBHRIM PE3YJIETATOM JAHHON PabOTHI SIBJIAETCH J0KA3ATEIbCTBO OAHOZHAYHOMN JIOKAJILHOMN
Pa3pemmuMOCTH ITOM 381849,

Teopema 5. Iycmv A — cexmopuasvhnti onepamop, Rey < 0 das ecex p € o(A), u_ €
Ll(R_;X), ke L1(R+). Ecau

AN >0 Vt,s>0 |k(t) — k(s)] < Nt — s,

mo npu nexomopom T > 0 cywecmeyem eduncmeennoe pewenue 3adaxwu (1),(2) na ompesxe
[0,T].
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Zoxazameavcmeo. PaccMoTpuM BCIIOMOTATENHHOE YPABHEHHE

a(t) = Au(t) + g(2). (3)

ITonoxum

g0 = /k(S)u_(—s)ds €X, 0<dé<1],

B(T) = {g € X(T) : g(0) = g0, llgllx) < llgollx +1, llg(t) —g(s)lx < Milt—s|’ Vs,t € [0,T]}.
Ipu g € B(T) pewenwue 3amaun Kommw (1) mns ypasnenus (3) umeer sug,

t
u(t) = ettug + / eAlt=9) g(s)ds, 4)
0
TIO9TOMY B CHJIy TeOpeMbl 1
[u@®)ll < Clluollx + Ctligllx) +1) = K1+ Kot VE€[0,T]. (5)

Hanee, ipu £t > s > 0, npuMensis TeopeMy 3, MOLYIUM

lu(®) — u(s)llx < (AP — Netougl|x+
8

t
+ / 1469 — 1)eA6=Tg(r) | xdr + / et g(r) | xdr <
0

L]
- T
CsCrosi™*(t = 9 luallx + CsCrostt = lolweey [ s
0

+C(t — 9)llgll x(r) < Ka(t —5)°s", (6)

CsCr—s

K3 = C5C1_5|uoll x + ( T—3

T 0) (lgollx + DT.

Oupegennm va B(T) omeparop

o0

[@g](t) = / k(s)u(t — s)ds,

0

rae dyuakunus u onpenensiercs dbyskuueit g u3 sagaqum (1), (3) mo popmyne (4). Mmeem ouesnanoe
pasenctBo [®g](0) = go. Hanee, ucmons3ys repasencrso (5), momayanm

t oo
I[@gl(B)llx < /Ik(S)I Nu(t - s)llxds + / k(¢ + 5) — k(s)] - lu-(=3)llxds + llgollx <
0 0

t2
< max [k(s)] (Klt + Kza) + Ntllu_ |z, _x) + lgollx <

< kllo@,)CluollxT + (lgollx + 1)T?) + NTlju—lz,®_;x) + lgollx < lgollx +1,
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npu 3uadermu T, wmembmem kaxgoi w3 xomcranmt (3C||uolx|lkllow,)) ™ (BC(lgollx +

1)”’“”0(}1{4_))_%, (3N [Ju—|| LI(R_;X))_I. 31ecs uCHONB30BaH TakXke TOT (DaKT, YTO TebIEepoBa
¢yHKIMS HempephIBHA, a HEmpepblBHAY BILUIOTH A0 Hyas GyHkums kiacca Li(R,) asnsercs
OTpaHUYeHHON.

Kpowme Toro, B cuny Hepasencrsa (6) mpu t' > ¢

t t
I[2g](2) — [2g](¢)lx < / [k()llu(’ — s)llxds + / k() llu(t’ — s) — u(t — 5)||xds+
t 0

[ o] K t,
# [ 0 +.) = K+ 9)lu-(-s)lxds < ~elo,) (Fale = 9)+ G20 =)
0

t

t—s)l-9|
el K — 17 LT 4 N~ Ol < Kale 1)

0

Taxum o6paszoMm, umeem aedicrsue oneparopa @ : B(T) — B(T) npu sei6pansom T
Jns npousBosbHBIX bYHKIWM g1, 92 € B(T) BomonaseTcs

t t—s
[[@9:](2) — [2g2] ()l x < / k(s)ds / lle4¢=*"Dg1(r) — ga(r)]llxdr <
0 0

t
T2
< Cllg1 — g2llx(r) /(t — 8)k(s)ds < Cllkllcwr,)llgr — 92”X(T)'2_-
0

IloaTomy, ecim HOMHUMO BHINIEYTIOMAHYTHIX OrpaHudeHnil Ha T OyZeT BHIMOJHATHCA HEPABEHCTBO
T < W”i'(]{“‘)‘, TO Ha COOTBETCTBYIOMIEM IIOJIHOM MeTpuyeckoM mpocrpancrse B(T) ¢
+

METPHKOH, IOPOXKIeHHOH sup-HopMmoii, ® — cxxumaronmit oneparop. CrenoBaresnsbHo, IO TEOPEME
0 CXKUMAIOIeM o0Tobparkenun HAHAETCS €JUHCTBEHHbIH s1eMent ¢; € B(T'), Takoit uro g; = $g;.
B aroMm ciyuae ¢pynkuus

¢
u(t) = etug + /eA(t"s)gl(s)ds
0

ABJIAETCA ONHOBpeMeHHO pemerueM 3axa4 (1), (2) u (1), (3), Tax kax g;(t) = (Ju)(¢).

C apyroit cropomsl, ecnu v — pemenwe 3agaum (1), (2), To HerpyAHO HOKa3aTh, 4TO
g(t) = (Jv)(t) — menogsmxkuaa Touka oneparopa P, nmexamasa B mape B(T). Orciona ciexyer
€MHCTBEHHOCTD pernenus 3aga4um (1), (2). O

3ameuanue 2. Bce orpannuenus Ha T onpenensaiuch TOJBKO ONEPaTOpoM A, 3HaYeHHEM U U
byHKUMAME k ¥ Uu_.

3ameuanue 3. Eciu TpeGoBaTh HENPEPHIBHOCTH W3MEHEHUs MPOLECCa, OMUCHIBAEMOrO 3aJadel
(1), (2), To HEOGx0mMMO B yCIOBUSA TeopeMbl mobasuth Tpebosanus u_ € Li(R_; X)NC(R_; X),
u—(0) = up, tme R_ = R_ U {0}.
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3. Ilpumep

B kadecTBe mpHMepa NpPUMEHEHHs HOJYYEHHOTO abCTPAKTHOTO pE3yJbTara PacCMOTPUM
HAYAJIbHO-KPAEBYIO 3312y

u(:z;,()) = ’U,()(.’E), T E Qa (7)

u(z,t) =0, (z,t) €00 x[0,T], (8)

Jyist MapaboJITdecKOro MHTErpo-1uddepeHuaIbHOr0 YPABHEHNUS C IAMATHIO
o0
ut(z,t) = Aulx,t) + /k(s)u(m,t - 8)ds, (z,t) € 2 x[0,T], 9)
0

B mwmeape Q x [0,T], rae orpamwvennaa obmacts @ C R™ umeer rmajakyio rpanuny. B
npocrpancree X = Lo(€2) oneparop Au = Au ¢ 067aCTBIO ONIPEEIeHAs

D(A) = {u € H}(Q) : u(z) =0, = € 39},

Kak u3BeCTHO [1], stBisiercs cexTopmanbubiv, npudeM Rep < 0 mpu Beex p € o(A). Iosromy,
33188 repaepoBy mHa Ry dbymkmumo k € Li(Ry) u taxyio dbyskmmo u_(z,t), 910 u_ €
L1(R_; Ls(9?)), momyumm cymecTeoBanme emuncTeerHoro pemenua u € C1((0,T]; L2(Q2)) N
C([0,T); L2(S2)) 3amaun (7) — (9) npu mocrarouno majom T > 0.

Paboma nposodusacy npu purancosoti noddeporcke PODH, epanm N07-01-96030-p_ypas_a
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