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OBPATHAA 3AHAYA AJAd YPABHEHUA XODDA

A.A. Baszumoesa

VYpaBHeHre Xodda ONuChIBaeT IMHAMMKY BBITy4YHMBAHMSI IBYTaBPOBOM
Oasniku. BriepBbie paccMoTpeHa oopaTHast KoadulineHTHas 3a1a4a, MOACIUPY-
Io111as1 9KCIEePUMEHT, B pe3yJibTaTe KOTOPOro MpH JAOMOJHUTEIbHBIX U3MEPEHU-
SIX U3y4aeTcsl He TOJIbKO NMHAMUKa BbIYyYMBaHUS, HO 1 CBOICTBA MaTepualia
Oanku. [TokazaHo cyliecTBOBaHKME €NMHCTBEHHOTO PEIlIeHUs] 3TOl 3a1ayu.

KiroueBrle cinoBa: ypasnenue Xogpgpa, gpazosoe npocmparncmeo, obpamuas 3a0aua

BBenenue

VYpaBHenue Xoddpa
Mg + Uty = ou + fud (1)

MOJIeJIMpYeT BbINyYMBaHUE ABYTAaBpOBOW OalKy MpU MOCTOSIHHOW Harpyske. YpaBHeHue (1) usy-
YajoCh Ha pa3HbIX MHOXECTBaX U B pa3aM4yHbIX acnekTax (cM. [1 - 5] u 6ubiumorpacduio tam).
OaHako, HECMOTPSI Ha pasjMuMe aclekTOB BO BCEX LIMTUPOBAHHBIX paboTax, MOAXOM K UCCAen0-
BaHMIO ypaBHeHUs (1) onuHakoB. YpaBHeHue (1) penyuupyercs K aOCTpaKTHOMY MOJIYJIUHEHHOMY
ypaBHEHUIO CODOOJIEBCKOTrO THUIIA

L4 = Mu + N(u), (2)

rne L u M - ymmueiiabie, a N — ,Boo0ine roBops, HEJUHEHHBIH OHNEPATOPHI, AEHCTBYIOIUE W3
mpocrpancTsa Y B npocrparcTBo §. IlpoctpancTea i u § 0OBIYHO 0aHAXOBBHI M TIOAOUPAIOTCS
TaKAM 06pa3oM, 4ToOBI KyHHpOBAaTh Te WM MHBIE Kpaesble [1 — 4] wim kakue-HuOyap Ipyrue
[5] ycnoeusa. Ipuuem, mapamerpst «, 8 € R, xapakrepusywmue cBoificTBa MaTepuasia 0anku, u
A € R, xapakTepusyiomu# HArpy3Ky, IPEAIOIAraloTCs] H3BECTHREIMHE.

Mexnay TeM, du3nuecku OCMBICIEHHOM ABJIAETCA 3a/a4a HAXOXKACHHUS HE TOJBKO PelleHust
ypaBHenus (1), HO 1 TAPaMETPOB @, [ /15 TOrO, 4TOOLI y3HATH PAIMYNSA MEXKY WMEIOIAMCS Ma-
TeprajoM OaJIK¥ M IpenmnoaraeMuiM. Takue 3a1a4M OTHOCSTCS K 0OPATHBIM MM HEKOPPEKTHBHIM
3a/{a4aM, TEOPHS U TMPHUIOXKEHU KOTOPHIX B HACTOAIIEE BPEMS JIOCTATOYHO IIOJHO pa3spaboTanst
(cMm. [6 — 8] u 6ubsmorpaduto Tam). OHAKO HCCTEOBaAEe OGPATHBIX 33/1a4 AJiA ypaBHeHuH co6o-
JIEBCKOTO THIIa HAXOAWTCHA cefdac B HadaibHOM crazuum [9], [10], mpuyueM mo Tpaauunuu mepBbHIME
U3y4aroTcs JmHelHbe 330491, CTaThd COMEPKUT IepBoe ucciieqopanne koaddurmentaon odbpar-
HOM} 33J[94u JI7IF TIOJIYJIMHEHHOro ypaBHeHusd cobosieBckoro Tuma. OCHOBHOE COAEPIKAHHE CTATHH
COCTOHMT M3 [IByX YacTel, B MepBOil HaXOAUTCS ITOCTAHOBKA NPSAMON 3aa4y ¥ OTHOCHIIIHNECS K HEl
Pe3y/bTaThl, OYEePIHYTHIE U3 [2]; a BO BTOPO#M — MOCTAHOBKA M PACCMOTDEHHME 0OPATHON 3a7adm.

1. IIpamasga 3amada
B mosmoce (0,1) x R umerca pemenve ypasuenus (1), yA0OBIETBOPSIONIEE KPAEBbIM

u(0,8) = u(l,t) =0, teR (3)

¥ HaYaJIbHOMY

u(z,0) =uo(z), =z €(0,l) (4)

4 BectHuk HOYpl'Y, Nel5(115), 2008



A.A. bagas3urtoBa

ycmoBusaM. CHauana Heobxogmmo 3amady (1), (3) pemymwmposars k ypasueruio (2). Jna sroro,
o

ciaenys [2], BBejeM B pacCMOTpEHHe NpPOCTPAHCTBa, ik =W21 ng§ =Wy 1 (3mece m masee Bce
yHKIHOHAJIBHBIE IPOCTPAHCTBA OIpezeneHsl Ha unTepsaie (0,0)) u 3agamum oneparopsi

l l
< Lu,v >= / Auv — ugvg)dr, < Mu,v>= a/uvd:c,
0 0

N(u),v >=ﬁ/u3'vd:v Yu,v W3,

rge < -, > — CKaJsIpHOe Npou3BesieHHe B cmbicae Lo, Oneparopet L, M € L(UF), a N €
C*®(U;F). Io mocrpoenuto oneparop L dpearomsmos (r.e. ind L = 0), a oneparop M (L,0)-
orpanmded. Kpome toro, cnektp o(L) = {Ap: A = A — (%)2, k = 1,2,...} oneparopa L
BEIIeCTBEHEH, AUCKPETeH, KOHEYHOKPATEH WM CTYINAeTCs TOJMBKO K TOUKe —0o. Takum obpasom,
penykuus 3azaqm (1), (3) — (4) k 3agaqe

u(0) = uo (5)

nns ypasHenus (2) 3akomuena. Bexrop-dymkmmo u € C1((—7,7);4), yaoBmeTBOpSIONIyIO0 ypas-
Henwio (2) mpu HekoTopoM T € R} Ha30BeM pemeHmeM 3TOTO ypaBHEHHs, & €CJIM DELIeHHe BIO-
GaBoK yzmoBmeTBOpsier ycioBuiO (5), To GymeM HasblBaTh ero pemenmeM 3axauum (2), (5). Ecuu
ker L = {0}, To ypaBHenue (2) TpUBHAIBHO PELyIMPYETCS K SKBUBAJEHTHOMY €My YDABHEHUIO

i = F(u), (6)

e oneparop F = L~1(M + N) € C®(4) no nocrpoeruto. CyInecTBOBaHME €IUHCTBEHHOTO JIO-
KajbHOro pemenna ¢ € C°((—7,7);U) 3amaun (2), (5) npu m06oM ug € Y — pe3ynbrar Kiaccu-
geckolt Teopembl Kommu. [Ipyroe geno, ecimm ker L # {0}. B aroMm ciyuae moe3HBIM OKa3bIBAETCS
cenyrolee MOHATHE.

Onpeaenenune 1. Muoocecmeo P C i nasveaemes Pasosvim npocmpancmeom ypasrerus (2),
ecau

(i) aroboe pewenue u = u(t) ypasnenusa (2) aeorcum e P xax mpaexmopus, m.e. u(t) € P npu
ecex t € (—1,T);

(i1) npu a0bom ug € P cywecmeyem eduncmeennoe pewenue 3adavu (2), (5).
Teopema 1. ([2]). ITycmo

(i) A # ("T’“)2 Tozda asosvim npocmparcmeom ypasnenus (1) cayoscum sce npocmpancmeo

(is) A= ( 1’2&)2, Henyaesvie Kosppuyuenmo a, B ydosasemsoparom coomuowenuro aff € Ry. To-
eda gasosvim npocmparcmeom ypasrenus (1) cayocum npocmoe muozoobpasue M = {u €
U < au+pBud, xp >= 0}, 20e uepes {x1} 0603nauens opmonopmuposannse cobemeerve
Pynryuu, coomsemcemeyrouue cobemeennvim snanenuam {Ag} onepamopa L.
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OOpaTHasa 3amava aaa ypasHenns Xodgdoga

2. OOpatHag 3amava

Hns ypaBHeHuit (1) paccMoTpum oOpaTHyro 3agady (3) — (4) ¢ JONOJHUTEIbHBIMU YCIOBU-
IMU

A+ B)u(z1,0) =, x1 € (0,1) (7)
()‘ + A)ut(m%O) = '(wb’ I € (Oal) (8)

31ech @, 1) IOKa3bIBAIOT U3MEHEHNE CKOPOCTH B TOYKAX T U T2 OAJIKU B HAYAJAbHBIN IPOMEXKYTOK
Bpemenu. Iloncrasisis npaByio 9acts ypasuenus: (1) npu t = 0 B (7), (8), moaysaem cucremsr
ypaBHEHHH OTHOCUTEILHO ¢, [3

{ aug(z1) + Bul(z1) = ¢ 9)
aug(z2) + Bug(za) = .

Hnsi cucrem ypasrenwii (9) Bocnonssyemcs npasmwiom Kpamepa
(i) Ecmu A = ug(z1)ud(z2) — uo(z2)ud (1) # 0, To CymecTByeT emuHCTBEHHOE Demenue a, [
KaXKJI0¥ M3 CuCTeM ypaBHeHwi# (9), mpuyem

o= oud(z2) ;1/11!8(931)’ = Yug(r1) ; ‘PU0($2); (10)

(ii) Ectu A =0, ¢ = 9 = 0, 10 cymecTByeT 6eCKOHEYHO MHOrO ap peuleHuil a, [; eciau xe
@ wm P # 0, TO pelieHus HE CYIMECTBYET.
Hac marepecyer cayua#t, xorma o, 8 € R\{0}, mosroMy AONOSHWTESLHO NPEAHOIAraeM

oud(z2) # Yud(z1) 1 puo(za) # Puo(x1).

Jlemma 1. Iycmo A # (’rl—’“)2 Tozda npu amobwzx ug € U, @, ¥ € R maxuz, wmo up(r1) #

0, up(x2) # 0, uo(z1) # Fuo(zz), wud(ze) # bud(z1) u puo(zz) # Yuo(x1) cywecmeyem
eduncmeennoe pewerue obpamnol 3adavu (1), (3) — (4), (7) - (8).

Hoxasameavcmeo. B cuiy yciosuit ug(z1) # 0, ug(z2) # 0 u uo(z1) # tup(z2) onpeenurens
cucrembt A = ug(z1)uo(z2) (uo(x2) — uo(x1))(uo(x2) + up(21)) He pasen mymo, a npu ud(z2) #
Yud(z1) u pue(z2) # Yuo(z1) Ko3bdunmenter o, B € R\{0}, mosTomy B crsty Teopems! 1 pemerne
obpaTHO# 33/1a491 CyLIECTBYeT M €JUHCTBEHHO I J00BIX ug € 4. Od

PaccmotpuMm Temeps ciaydait HerpuBHagbHOro sapa ker L. JIna BrIIOIHEHU YCIOBH Teope-
MsI 1 He0O6x04uMO, UTOoOB! pemrenns cucreM (9) 6bum Bee opsoro 3uaka. Y3 (10) cremyer, uro mis
TOro, 4Tobbl @, § > 0, JOMKHO GLITH BBHITOJHEHO

ud(z2) — Yud(z1) > 0
Yug(x1) — pup(z2) >0 (11)
uo(z1)uj(z2) — uo(z2)ud(z1) >0

pud(z2) — Pud(z1) <0
Puo(z1) — puo(z2) <0 (12)
ug (1) ud(22) — uo(z2)ud(z1) <0,

a J1g Toro, 4tobet a, 8 < 0
pud(z2) — puid(z1) > 0

Yuo(z1) — puo(z2) >0 (13)
ug(z1)uj(z2) — uo(z2)ud(z1) <0
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A.A. Baga3uroBa

i Qud(x2) — Yud(z1) <0

Puo(z1) — puo(z2) <0 (14)
uo(x1)ud(@2) — uo(a2)ul(z1) > 0.

O6o3naurm vepes DT 06/1aCTh JONYCTUMEIX 3HAYEHWH (o, 1), IpH KOTOpHX a > 0, § > 0
(T.e. Bcerna BepHa oxHa u3 cucreM HepaseHcTs (11) wmm (12)), a gepe3s D~ obnacrs JOMYCTUMBIX
3HadeHuit @, ¥, upu koropsix & < 0, f < 0 (T.e. Bcerjja BepHa OfHA U3 CHCTeM HepaseHCTB (13)
wa (14)). Beegem MHOXKECTBA

0 < ug(z1) < up(z2)
0 < —ug(z2) < ug(z1)

A =
ug(z1) < ug(w2) <0
0 < —up(z1) < up(zs)
" 0 < ug(w2) < —uo(z1)
2[2 — U()(wz) < ’U,o(.’L'l) <0

0 < ug(z2) < up(zy)
0 < wuo(z1) < —uo(z2)-

OKaSLIBaCTCH, 4To

sttt < o < (2222)30, ecomm ug(z1), uo(z2) € A

" uo(®1) up(z1)
o= (15)
(Lelzzlysyy < o < 20002) oy oo wp(z1), wo(z2) € 2,
a
(5383) << ﬁf)% ecmn (1), uo(x2) € A
o= (16)

szl < o < (X222)30,, ecom uo (1), uo(z2) € 2.
Jniga npuMepa HaiieM o6acTH HOMYCTUMBIX 3HAYEHWH o ¥ 1), IPU KOTOPHIX permenud o, § > 0
B ciaygae A > 0, To ects paspemum cucremy (11). B zaBucumocru or 3aK0B ug(r1) ¥ Uo(z2)
BO3MOXHBI 4€THIPE CIIydast:

(i) Hycrs ug(z1) > 0, up(z2) > 0. Torma ug(x1)+ue(x2) > 0 1, 1718 TOro, YTOGH! BHIIOIHSIIOCH
A > 0 mHeobxomumo ug(z2) — up(x1) > 0, To ecTb mosyumica ciygait 0 < up(z1) < up(z2).
B srom ciygae cucrema (11) SKBUBaJIEHTHA HEPABEHCTBY

Uo($2)

W)

(i) Hycrs up(x1) > 0, up(z2) < 0. Torma ug(z2) —up(z1) < 0w, Jy1g TOro, YTOOGH! BHIIOIHSLIOCH
A > 0 meobxomumo ug(xs) + ug(z1) > 0, To ecth momyumsics ciayqait 0 < —ug(z2) < ug(z1)-
B sroMm ciyuae cucrema (11) 3KBUBAJIEHTHA HEPABEHCTBY

ud(@2)

up(Z2)
up(z1) <¥< ud(z1)

uo(xz)
uo(z1) "

<P <

(iii) Mycrs up(z1) <0, up(x2) > 0. Torma uo(z2) —ue(z1) > 0 u, Auisi TOro, 9YTOOH! BHIIOIHSIIIOCH
A > 0, reobxomumo up(z2) +ug(x1) < 0, To ecrh momyumics caydait 0 < ug(za) < —uo(z1).
B srom ciyqae cucrema (11) 9KBUBAJIEHTHA HEPABEHCTBY

u%(:vl)"o up (1)

Cepus <MaremaTuyeckoe MOJAeJTUPOBAHNE U NMPOrPAMMHUPOBAHUE», Bbil. 1 7



OoOpaTrHaa 3anava ajasa ypaBHenusa Xodgdga

(iv) IIycrs u(z1) < 0, u(z2) < 0. Torma u(zy) + u(rz) < 0 u s TOro, YTOOH BBHIIOJHSIOCH

A > 0, seobxomumo u(zz) — u(z1) < 0, To ecth nomyumics cuydait 0 < —u(zry) < —u(z2).
B srom cayudae cucrema (11) sKBUBaIEHTHA HEPABEHCTBY

HED) p< (z2)
uj(z1) up (1)

Amnanorunaso paspemaiorca cucremsr (12) — (14).

Hycts ® = DT UD ™. U3 BCero BHIIECKA3AHHOTO CJIEAYET

Teopema 2.

(i) Iyemo \ # (’er)2 Toz0a npu aobux ug € 44, ¢, P € R maxuz, wmo up(0) # 0, up(l) # 0,

up(0) # uo(l), pud(l) # Yud(0) u pug(l) # Yuo(0) cywecmeyem edurcmeenroe pewierue
obpamnot 3adawu (1), (8) - (4), (6) — (7).

(1) Hycmo X = (zrl.kz)Z Toz0a npu a0bwz ug € i, @, P € D maxuz, wmo up(0) # 0, up(l) # 0,

u0(0) # Fuo(l) u < (pud(l) — wud(0))uo + (Yuo(0) — wuo(l))ud, 3 >= 0 cyusecmayem
eduncmeennoe pewenue u € U, a, f € R\{0}, af € Ry obpamuoti sadavwu (1),(8) — (4),

(7) - (8).
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