YOK §19.8

OB ONTUMAJIbHbBIX MO PUCKAM U COXANEHUAM CUTYALUAX
B UIPE ABYX JIUl

H.I. Condamoea’

PaccmaTpuBaerca Oeckoannmuonaas urpa asyx Jjun. KadecrBo ¢yHkimmo-
HUPOBAHUA UT'POKOB OLCHUBACTCH YCTHIPEXKOMIIOHCHTHBIM BCKTOPDHLIM KPUTEC-
pHeM, Te YIUTBHIBAIOTCS WCXO0 (BHIUTPBINI), PUCK U COXAICHUsT HTPOKoB. Pac-
CMOTPECHBI MOHATHA ONITUMAJIBHBIX chyaum“a GCCKO&HHHHOHHOﬁ HI'PBI «C TOIKHA
3pPeHN» TAKHX BEKTOPHBIX OneHOK. Ilpueenen npumep. Ha ocHoBe mpuHmmma
TAPAHTUPOBAHHOTO PE3YIALTATA U GYHKIINH CORAJCHHA, BBeIeHHONH CIBHIEKEM,
GopMANIN3OBAHO PeHICHNE PACCMATPUBAEMOIl UTPbI. Y CTAHOBJICHO CYIIECTBOBA-
HHIE JAHHOTO PCIICHUA,

Knroueswie crnosa: cmpamecus, pagHogecie no Hsmy, MAKCUMUH, COMUCATIEHUE RO
Casudncy, prck no Banvoy.

Beeaenune. PaccMoTpuM MaTeMaTHUCCKYIO MOJACIb KOH(INKTA, KOTOPAs MPEACTABIACT CO0OH Oec-
KOQIMIMOHHYIO UTPY ABYX JIHI] C JOIIOJIHUTEIbHBIM YIETOM PUCKOB U cokaneHuH [ 1, 2]:

<{Xi }ie{l,Z}a L G, x0), 9, (3, %5), R; (x;), Ré (xi)}ie{l,2}> . (D

B (1) npeanonaraem, uTo Kax bl i-bIii HIPOK BBIOHPACT «CBOKOY» CTpaTeruio X, € X; < compR™ ; B pe-

3yJbTaTe BO3HHMKACT cUTyamus X =(x;,X,)€ X; XX, ; ckamapusle pyHkumun f,(x;,x,) (i€ {L,2}) Bour-

PBIIIA HTPOKOB MPEAONATAIOTCS HEMPEPHIBHBIMH HA IPOU3BEICHAN KOMITAKTOB X, X X, .
Cumyayuonnoe coxcanenue no Cs8uoxcy 015 i-20 uepoxa ONPEACTIAM KaK

@,(x) =xm_€a)?ﬁ(x1,x2)—ﬁ(x1,xz) (ie{L2}).

Cmpameeuyeckuil puck no Banvdy i-2o uepoxa nonoxum

R;(xl.):max min f;(x,x,)— min f,(x.x,) (i,ke{lL2},i=k).
XE€X; xp€Xy X €Xy

Cmpamezuueckoe coxcanerue no Creudzxicy

R (x,) = max @,(x;,x,)— min max @,(x.,x,) (i,ke{1,2},i#k).
xkEXk X €A xp€X

OrmeTum, uTo prck 1o Bambay R) (x,) u coxkanenue no Capumky Rj (X, ) A KaKIOTO M3 HTPOKOB
(i€ {l,2}) ompeacacHbl Kak CTPATCTHYCCKUE, TO €CTh SBISIOTCS CKATSPHBIMH (PYHKIUSIMU TONBKO OT
BeIOpaHHOU cTparerun X; € X,. Beaeacrsue menpepsiBHOCTH (YHKIHMH f,(X;,X,) H KOMIIAKTHOCTH
MHOKECTB X; BCC YKA3aHHBIC MAKCHMYMBI U MHHHMYMBI CYINCCTBYIOT, IpUdeM (QYHKIMU @(X1, X3),
i i .
R (x;), Rs(x;) (ie {l,2}) 6yayT HEPEPHIBHBIMH.
B urpe (1) urpox i OLgHUBACT CUTYALIUIO (X1, X;) BEKTOPHBIM KPUTCPUECM
i i
(60 5). (5%, R (), R (). )

MPUYCM 3HAUCHUE TICPBOH KOMIIOHCHTHI fi(X1, X,) OH CTPpEeMHUTCH (3a CUCT BBIOOPA X; € X)) MAKCHMHU3UPO-
BaTh, 4 3HAYCHHS OCTATBHBIX KOMIIOHCHT KEIACT HOTYIUTh BOZMOXKHO MCHBIITUMH.

1. OnTHMaJIbHBIE CTPATErHH € y4eTOM PHCKOB U coxaneHuii. MccmenyeM: KakoBBI 3HAUCHUS
KOMITOHCHT BEKTOPHBIX OLICHOK (2) MPH YCIOBHUH ONTUMAIBHOCTH CTPATCIHHA UTPOKOB?

OOLICPUHATHIM HOHATHEM ONTHMATBHOCTH B OCCKOATHULIMOHHOW WUIPE SBILICTCS KOHLICIILHUS PaB-
Hoecus (o Hamy). MenHo, mycTh OeCKoaIUIMOHHAA UIpa ABYX JIUL B HOPMaTbHOH GopMe OMUCHIBA-
€TCA YIOPAA0UCHHBIM HAOOPOM:

<{Xi}ie{1,2}a{fi (xlaxz)}ie{1,2}> s 3)

rAe KaKIbIH /-H UTPOK OLIEHUBAET CHUTYALIUIO (xl,xz) JIAHHOM UTPHl 3HAUYECHHUEM «CBOCH» CKaApHOU

¢dyHKIMY BEIATPBIIA f;(X,X,) .

! Connatora Hatanbs TeHHAbeBHA — CTAPIIHIA HpeNoaBaTeNh, Kadeapa MaTeMaTHKH U QU3uKH, MOCKOBCKHMIA ToCyJapCTBEHHBIH 0GMacTHOM
T'YMaHHTapHBIH HHCTATYT. E-mail: solnata@pochta.ru
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Condamoea H.I'. 06 onmumanbHbIX MO PUCKaM U COXalleHUsIM cumyayusx
e uzspe deyx nuy,

Vmeepocoenue 1. Ecnn B GeckoanuuuoHHON urpe aByx muu (3) curyauus (x),X5) SBIACTCA pas-
HoBecHoi (mo Hamry), To ects

AGTx5) 2 A(a.x3)  Vhe X,

L(.x5)2H(4.5)  VnelX,,
TO CHUTYALMOHHBIC COKaaeHus o COBHIDKY B CHUTYaLMH PaBHOBECHs (X ,X5) paBHEI HyT0. BepHo u
obOpaTHOE, ecnu ¢l.(x1* ,x;) =0 (i€ {l,2}), To curyarus (xl* ,x;) OvaeT paBHOBecHOH mo Harmy.

JaHHOE VTBEPIKICHUE Cpasy CIEAVET U3 ONpeAcacHUH paBHOBecHs o Homy u curyanmuoHHBIX co-
skaneHu# o CaBHIKY.

Vmeepocoenue 2. Ilycte B OeCKOATMIMOHHON UTpe ABYX JHL (3) CTpaTerus HMEpBOrO UrpoKa xl*

v . . %
SIBIIAETCS] MAKCUMUHHOM, TO €CTh max min f(x;,X,) = min f(x;,X,) .
XEX] XEX, XEX 5

v 1 E3
Toraa crparermueckuii puck nepsoro urpoxka Ry, (x; ) =0.
* v
AHaTIOrU4HO, €CIIU CTPATETH BTOPOTO HTPOKA X, SBSIETCS MAKCHMHHHOH, HIMECHHO

. . *
max min f,(x;,x,) = min f,(x,x,),
x26X2 xleXl xleXl

v *
TO CTPATETHYECKUH PUCK BTOPOTO MI'POKa Rﬁ (x,)=0.

Taxcke U3 paBeHCTBA HYIIO CTPATETHUECKOTO PUCKA HTPOKA CIEAYET, UYTO €0 COOTBETCTBYIOLIAS
cTpaTerus OyACT MAaKCHUMHHHOM.

Vmeeporcoenue 3. Ilpeanonaoxkum, 4T0 B aHTArOHUCTUUECKOH HIrpe <{X Siens S (xl,x2)> byHKIMI
BBIMTPBIINA TEPBOrO wrpoka  fi(x,x,) = f(x,X,), GYHKOHI BBIUTPHIIA BTOPOTO HUIPOKA
S (x,%,) =—f(x,x,) ucuryauus (x;,x5) SBIICTCS paBHOBECHOH (ceamoBoit Toukoit). Torna

1) cutyanuonHeie coxaneHus 1o CIBHIKY B CHTYalluHd PaBHOBECHS PaBHBI HYIIO, TO €CTh
@ (x,x3) =0 (ie{L2});

2) cTpaTerMuecKue PUCKH Mo Bampay A7 paBHOBECHBIX CTPATCTHH paBHBI HYIIO, TO €CTh
Rl(x))=0 (i€ {1.2});

3) ecmu (x{1,%5;) 1 (x,,X5,) — ABC PABHOBCCHBIC CUTYALMHU (CEIIOBBIC TOYKH), TO OHH DKBHBA-
JACHTHBI i1 OOOMX WIPOKOB «C TOYKH 3PCHHS» 3HAYCHUM (YHKIUH BBIUTPHIIA, TO €CTh

e e\ _ e e
SOa1.x51) = f (%2, %) .
Taxum 06pasoM, A7s MOOBIX PABHOBECHBIX CHTYALMii (CCAMOBBIX TOUCK) (X;,X5) AHTArOHUCTHYC-

CKOM HIPbl MEPBBIC TPH KOMIIOHCHTBI BEKTOPHBIX OLCHOK ( £ .%5), 0,6 ,x5), R (xF), R (x¢ ))

(i€ {,2}) curyammii (x{,x;) wurpel a1 OOOMX WIPOKOB COBMAJAKOT (C YYCTOM paBEHCTBA

e ey _ e e
S (51 ,%3) == £1(x7,%3) ).
[MpoumarocTpupyeM «BaXKHOCTH» YCTBEPTOM KOMITOHCHTBI BEKTOPHOM OICHKH CHTYAITHH PABHOBE-

CHSl aHTArOHUCTHYCCKOH HIPhI HA MPUMEPE MATPHIHON UIPHL.
PaccMoTpuM KOHEUHYIO (MATPHUHYIO) HIPY

<X1:{xll,...,x{”},Xz:{x§a~~’x}27}”4:(a’7)> @

¢ JEUCTBUTEIBHON A1 X7 - MATpULEH

ay G4 4y,
a a
21 22 2
A= : "
aml amZ amn

r7e cTpaterus X, € X; TEPBOro UTPOKA O3HAYAET BBIOOD i-OH CTPOKH MaTpwubl A, cTparerus xj € X,
BTOPOTO HI'POKa €CTh BBIOOP j-OT0 CTONOLA 3TOH e MATPHULIbL, 3HAYCHUS (PYHKIMHA BEIUTPHILIA HTPOKOB
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B CUTyauuu (X;,X3) ONPEACISMIOTCS SMEMEHTOM a

fi(xll.:xg):f(xliaxé.):ajj: f‘z(xll.:xg):_f(xliaxé. :_alj . (5)
dopMaTH3yeM MATPHYHYH) HIPY C YY€TOM PHCKOB H COMKAJIEHHI
k i / i /
Fo=((Xihagya=(o {0 =(a)), (B DR DR (o). R3],

roe X, = {xll,...,xlm} — MHOXKECTBO CTPATEeTHH MEPBOrO Urpoka, X, = {xé,...,xé’ } — COBOKYIIHOCTb CTpa-

Marpuupl 4 :( l]) MMEHHO,

TETHI BTOPOTO MIPOKA, 3HAYCHHS (DYHKIMI BHIMIPHIIIA UTPOKOB B CHTyamuu (X;,X3 ) ONPEACICHBI Bbl-

mie.
OmnpenenuM MaTPULBl CHTYALIHOHHBIX COXKAJICHUH HWIPOKOB M HUX PUCKH MPU BBHIOOPE COOTBETCT-

-~ 1 -~
Byromux crpateruil. Matpuna @, = (%) CUTYALIMOHHBIX cOxaneHnd mo CIBUIKY AN HEPBOTO HIPO-

Ka BBIUHCISICTCS CIICAYIOIIAM o6pa30M'

:¢1(x1, ) maxfl(xl,xz) fl(xl,xz)— max a, —d;,
xleXl S ,,m}

2 N
JUTS1 BTOPOTO UTPOKa KOMITOHEHTH! MaTpunsl @, = (%. ) CUTYAILHOHHBIX COXaIeHUH 1m0 CIBHIKY €CTh
2 _ IooJN [ IooJN
@5 =@,(x,x5) = max f,(x;,x5) = fr(x,x3) =a; — min _a,
.X,'%EX2 ]E{la 5”}
Crpareruueckuii puck no Baneay i1 mepBoro urpoka npu BoIGOPE CTPATCTHH X, PABEH

R! (xl) max min fl(xl,xz)— min fl(xl,xz)— max —min g, — mn a,,
XIEXI €X2 %EXZ le{l, ,m}je{l, ,} ]E{l, ,n}

JJTsL BTOPOTO UrPOKa IIPH PEATH3ALIHN CTPATCTHH X3 CTPATCTHUCCKHil puck 1o Baapay

R? (xg)—max mlnfz(xl, ) mmfz(xl,xz)— max g, — min max da,.
x26X2x16X1 xleXl lE{l, -5 } ]E{la 5”}16{15 M }

Crpareruyeckoe coxanenue no CoBHIKY A1t ICPBOrO UIPOKA MPH BHIOOPE CTPATCTHH X, PABHO

1 |
R (xl) = max (ol(xl, ) min max (ol(xl,x2 )= max @,— min max
xjeX, xeX xjex, Je{Lon} efl..m} jellny ¥
JTS1 BTOPOTO MTPOKa MPHU PEATH3ALMH CTPATCTHH X5 CTPATETHUYCCKOE COXKAICHHE 110 CIBHIKY

R; (xé') =max @, (xl",xg) — min max e, (x1 . X5 /)= 2 min  max 2
HEX xJeX, xex { - ,m} je{lon}iell,... }
IMpuseaem onpeaencHue cea10BOM Touku MarpudaHo urpsl (4). Ilycts 3axana matpudHas urpa (4),

rae 3HadeHus (GYHKIHH BRIMTPHIIIA IEPBOTO MTPOKA B CHTYaIMH (X;,x]) onpeaenehsi B (5).

.* ok
Curyarus (xl’ ,X5 )e X, XX, aBnsgeTcs PaBHOBECHOHU (CELTOBOM TOUKOM UTPHI), €CITH

SO x) )< f(xy Lx ) S f(x .x)
v _k <~
JUISL BCEX CTPATETHH X; € X| HePBOTO UrpoKa U 000U CTPAaTEeruu x§ € X, BTOPOTo UTrPOKa.
B marpuunoii ¢opMe MOCICAHES YCIOBUE HMMEET BHI W < al_*]_* < a. AL BCEX
ke{l,...m}, te{l,...n

IHpumep. PaccMOTpUM aHTATOHHUCTHYCCKYIO (MATPUUHYIO) HIPY, B KOTOPOH V KOKIAOTO MIPOKA IO
4yeThIpe IUCTHIX cTpaTerny. Mrpa 3agana Marpunei:

7 -1 4 1

4 2 3 2
A=

2.2 5 2

4 -3 7 =2
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N 2 2y 2 Ay 3 2y 3 4 N
B mannoii urpe ueteipe paBHOBecHs (x7,x3),(x7,%x5).(x7,x5),(x],X5), OpHIeM B KaXIOH pas-
HOBECHOH CHTYallMU BBIMTPBHILI MIEPBOTO UIPOKA (IIPOUTPHILI BTOPOT0) PABCH ABYM ¢ IHHHIIAM.
BorancauM cTpaTeruuecKue COXKaICHUS HTPOKOB /ISl PABHOBECHBIX CTPATCTHI!
1,2y ple 3y p2i.2y p2o4
Ry (X)), Rs(x7), R5(x3), R5(x3).
KomrionenTsl Matpuusl P, = ((p;) COKaICHUM (CUTYAILMOHHBIX) TICPBOTO UTPOKA BBIYUCISICTCS IO

dbopmye:

a..

1 _
@y =maxa, —a,;.

IMoayuacm
11

W L W O
n O O W
B O O =

0

Dnementsr Matpuisr O = (%2) COKAJICHHH BTOPOTO UTPOKA OTIPEACIIAIOTCS PABEHCTBAMU:

2 .
¢ij = max(— aij) — (_aij) =a; - m]m a

J

je

37€Ch YIUTBIBAEM TOT axT, uto f, (x;,x;) = —a, . [losTomy

113 0 5
, 120 1 0
@2 =
00 3 0
7 0 10 1

CormacHO NPHHIUITY MHHAMAKCHOTO COXAJICHUS MOTyJacM:
~ 1 _ ~ 2 _
minmax ¢, =4, minmax g, =3.
i J J i
Hcrone3ys paseHcTBa

1o iy _ 1 ~ 1 2007y = 2 2
Ri(x)) = m?x @ — min m]a_lx @; 1 R5(xy) = m?x @y — mjl_n mlax @ »

HAXOIUM CTPATETHUECKUE COKATCHHS:
L2y Pli3yv—1 R2(x2) — 204y _
Ry(x)=0, Rg(x7)=1, R§(x3;)=0, R5(x3)=2.
Crie10BaTEMBHO, CYIIECTBYET ¢IMHCTBCHHOE PaBHOBECHE (X,X;) B JAHHOH HTpe, A KOTOPOTO
BCE PHUCKH H COKATIECHHS KXKJOTO HIPOKA HYJIEBHIC.

2. S-onTHMAJIBHBIE 0 PUCKAM H COKAJEHHSIM PABHOBECHBIE CTPATErHH
Hcxoanoti urpe (1) moctaBuM B COOTBETCTBHUE JBS ABYXKPUTCPHAIBHBIC 33a4H:

Iy = (X5 R ()= REGR)3)
rac X{ — MHOKECTBO PAaBHOBECHBIX CTPATCTHIA IEPBOTO UIPOKA,

Ty = (X5 R ()~ RE (5)})
rac X5 — MHOKECTBO PAaBHOBECHBIX CTPATETHId BTOPOTO UIPOKA.

Onpeoenenue 1. PaBHOBECHBIC CTpaTeruu X, € X, MepBOro M X5 € X5 BTOporo Urpokos B urpe (1)
HA30BEM S-ONTHUMAIBHBIMH 110 PUCKAM H COXAJICHUSM, €CITH OHH SBIISIOTCA MaKCHMaIbHBIMU 1o Criei-
Tepy s 3agad I'; u I’y cOOTBETCTBEHHO.

Teopema 1. Ilycts B urpe (1) BHIIONHEHO:

1) maoxkecTBa X| M X, BBIYKJIBI U KOMITAKTHEL;

2) ¢ysxmus f,(x;,x,) HempepeiBHA Ha X, XX, W BOrHyTa IO X; MPH TIOOBIX (PUKCHPOBAHHBIX
3HAYCHUAX X, € X,
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3) bynkums f,(x;,x,) HenpepeiBHAa HA X, X X, M BOTHYTa 10 X, AJs KaXA0ro X, € X .

Torza B (1) cymecTBYIOT S-ONTHMaIbHEIE PABHOBECHBIE CTPATETHH IS K&XKJOTO HIPOKA.

JlaHHOE YTBEPAKICHUE CIEAYET U3 JOCTATOUHBIX YCIOBUH CYIIECTBOBAHMS PABHOBECHBIX CHTYaLUH
B OECKOAIMIIMOHHOM Mrpe ABYX JIUL, KOMIIAKTHOCTH MHOXKECTBA paBHOBeCHH 1o Hamy u cBolicTB Mak-
cumanbHeIX o CrieHTepy pemeHni A1 MHOTOKPHUTEPHAIBHBIX 331a4.

Teopema 2. Tlycts x{ € X, x5€ X5 €CTh S-ONTHMAIBHBIC [0 PUCKAM M COXKAICHHUSIM PaBHOBEC-
HBIC CTPATCTUH UIPOKOB.

Toraa x; sBnsieTcst MakcuMHUHHBIM 10 CrielTepy peeHueM [3] Y4eTBIPEXKPUTEPHATBHOMN 3a1a49u
* e 1 1
I = <X1 aXza{fl(xlaxz)a_%(xlaxz)a_RV(xl)a_Rs(x1)> .
COOTBETCTBEHHO X5 OYAET TakKe MAKCHMHHHBIM 10 CrreTepy peieHneM 1UIst 38191

1—‘; :<Xl :nga{fZ(xlﬁx2)3_¢2(x13x2)3_R5(xz)a_Rsz'(xz)> .

3aknroueHune. PaccMOTpeHHbIE YTBEPIKACHHS U IPUMEP MOKA3BIBAIOT: JOOABICHUC PUCKOB U COXKa-
JICHUH UTPOKOB K MX (DYHKLHSIM BBIMTPBIIICH MO3BOMSCT B PSIAC CIVIACB BBIACIUTD B HTPE €OUHCIGEH-
Hoe pagrogecue 1o Hamry.
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ABOUT OPTIMUM ON RISKS AND REGRETS SITUATIONS
IN GAME OF TWO PERSONS

N.G. Soldatova'

Non-cooperative game of two persons is considered. Quality of functioning of players is estimated
by four-component vector criterion. Here an outcome (payoff), risk and regrets of players are consid-
ered. Concepts of optimum situations of non-cooperative game from the point of view of the stated vec-
tor estimates are considered. The example is given. Solution of game is based on the principle of guar-
anteed result and function of regret used by Savage. Existence of this solution is established.

Keywords: strategy, Nash equilibrium, maximin, Savage regret, Wald risk.
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