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ABHAA PASHOCTHAA CXEMA PELLEHWUA OQHOMEPHOIO
KBA3SWIMHEUWHOIO YPABHEHUA TEMNJIONPOBOAHOCTH

A.B. lepeHwmeiiH', M.3. Xaiipucnamoe®

IMpemaraeresi YHCJICHHBIA METON PCLICHUS TpeThed cMCLIAHHOH 3aJadu
AJISI OTHOMEPHOTO KBa3HJIHHEHOro YpaBHeHHs TeILTONPOBOTHOCTH Mapabosu-
YeCKOro THIA, OCHOBAHHBIH HA HCMOJb30BAHUH SIBHOH PAa3HOCTHOH ¢XeMbI. 3a-
BHCHMOCTh KOX(PPHIHEHTOB YPABHEHHsI OT TeMIIEPATYPhI MPEOI0JIeBACTC BBe-
JAC¢HHEM HOBOI HCKOMOH (PYHKIMU — ePBOOOPA3HOH TEMJIONPOBOIHOCTH.

Knioueswie cnosa: menﬂonpoeodHocmb, KeQzuNuHelHoe ypasHenue menionpo-
eoOHocmu, AGHbIE PAZHOCHIHbBIE CXEMbBL, ANNPOKCUMAYUA.

B Hacrosimeit paboTe NCTIONB3YIOTCS HIACH, U3NOKCHHBIC B padoTax [1, 2], B KOTOpEIX OblIa TIpea-
JoykeHa U 060CHOBaHA SIBHAS YCTOWUMBAS cXeMa TS THHEHHOTO YpaBHEHHsI TETTONPOBOTHOCTH.

ITocTanoBKa 3agaun
PaccMoTpuM cieqyoliyo IOCTaHOBKY TpeThel CMeIIaHHOM 3a/1audl T OJJHOMEPHOTO OJHOPOAHO-
To KBa3WIHHEHHOTO ypaBHeHUH [3]:

c(u)%—z::gix[q(u)g—zj, 0<t<T, O<x<L,
u(x, 0) = ¢(x),
—(q(u)g—uj = 4, (u(0, 0)(6, —u(0, )+ 0. (1)
X x=0
[q(u)g—”j = 3, (u(L. )(6, ~u(L, 1)+ O,
X x=L

e u =u(x, f) — uckoMas GyHKIus (Temreparypa ctepkusa), 0Sx< L, 0<r<7'; L — jyivHa CTepKHS;
T — KOHCUHBIH MOMCHT BPeMCHH, c(1) — 3amaHHas O0BEMHAs TEIUIOSMKOCTH MAaTepHana CTCPIKHS,
q(1) — 3ajaHHas TETUTONMPOBOAHOCTD MaTepualia CTep KIS, @(x) — 3aJaHHas GpyHKIHS HAYATLHOTO pac-
TIPSICIICHUST TEMITePATYpPBl CTOPXKHS;, A, (#) — KOXDOULIMEHT TEIUTOOTAAYN Ha JICBOM KOHIIC CTCPIKHS,
A, (1) — K03(PUIUCHT TeTUIOOTAAYH HA MIPABOM KOHIIC CTeP)KHS, 6, — TeMIiepaTypa BHOIHEH cpebl Ha
JIeBOM KOHIIe CTep:KII, 6, — TeMIlepaTypa BHELIHeH cpe/bl Ha MpaBOM KOHIe CTepxkiHsa, (J, — MoIl-
HOCTb TIOTOKA TEIUIA HA JIGBOM KOHIIC CTepXkHsA;, (J, — MOIIHOCTH IIOTOKA TeIUIa HAa IIPABOM KOHIIE
crepkasa. Oyakimm c¢=c(u), q=q(u), 4 =4wm) n A =2 (1) npeamonaraioTcs HENPEPHIBHBIMA
(YHKIMSIME TEMIIEPATyPhI, 3a/TaHHBIMHU TS BCEX 3HAYCHHH TeMIIepaTyphl.

3ameHna nckoMoii pyHKIHHI

[MockonbKy B ypaBHCHUH TIPUCYTCTBYCT WICH q(u)g—u , TO yIOOHO cAenaTh CACAYOUIYIO 3aMeHY'
x

G) = [q(£)d¢ .
0

Torna nns Gyakimn G OTYYHUM ypaBHEHHE
dG 9°G
—=a’(u)—, 2
ot ox

' TepenmTelin Apkamuii BacuibeBUd — JOUEHT, KAaHAMAAT (H3UKO-MATEMATHUECKUX HayK, Kadeapa MpUKTamHON MaTeMaTuky, HOwmHo-

VpanbcKUii TOCY 1apcTBEHHEI YHHBEPCUTET.
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9()
c(u

rae a(u) = — KOhDUIUCHT TEMITCPATYPOTIPOBOTHOCTH.

Oyukiusg G(u) sapasercs CTpOro MOHOTOHHOH (YHKIHEH TeMIlepaTyphl.

BriBoa paGounx ¢gopmyst
Ha mmockoctu (x, ) Hcmons3yeTcsl paBHOMepHas ceTka [2]

1
WOy =W, X O, @, :{xi :(i_fjh’ i=12 .. N},

a)'z' = {t] = ]Ta ] = O: 1: }:
L o N o
rae h= N — [Iar Imo nepeMEeHHOM X, 7 — IIar 1o nepeMeHHOU t . Illa6mon npejraracMou CXCMbI IIpea-
CTaBJICH HA PUCYHKE.

Mycets G, (1) :G[(i —%jh, rj — 3HaueHUA PyHKIMM (G B CCUCHUM X :[i—%jh. 3amuimeM ypas-

1
HeHue (2) U1 TOUKU [(z —Ejh, rj , 3AMEHHB BTOPYIO MPOHU3BOHYIO IO MPOCTPAHCTBEHHON KOOpANHA-

TC Ha COOTBECTCTBYIOICC PA3HOCTHOC COOTHOIUCHHUE!
4

A
t+T o ____ %_T _________________________
|
Py ﬂ(Jr%j
T
|
PR Goo (G G -
I
ol
v,
|
. 0 1 2 X 1% Xy N N+1
—r ¢ | ¥
' 2h ih Nh=1L
LLla6noH pa3HOCTHON CXeMbl
dG,(1) G, () -2G,(0)+G, ()

2 .
=a“(u; ,te|0;7],i=2,..,N-1. 3
4T =d (W) 5 [0: 7] (3)
Anmnpoxcumupyem 3HadeHus G, (f) 1 G, ;(f) ¢ TOUHOCTBIO JO WICHOB NEPBOrO MOPSIKA MATOCTH:

-

da, dG
G () =G, (0)+—(0), G,y (1) = G,y (0)+ —L1(0)1 .
B pesynbrate ypasHenue (3) Hpeo6pa3yeTc;1 K BUIY
O )[ 1(0)+ Gy 0) +[dG’ =1 (0)+ L ((»jrj @

NN dG._,
TTorpenrHOCTh aNMPOKCUMAIH OKA3BIBACTCA paBHOU O h—z , JaXe €CIA MPOU3BOJHBIC 7(0) u
1

da,
—1(0) ppIuMcnMIOTCA IO GOPMYTaM HepBOro MOpAAKa TOUHOCTH.
4

Pernenmem ypasHeHus (4) sBiseTcst QyHKIUSA
24 (u;)
-ty
G.(1)=(G,(0)=B)e " +At+B, 1e]0;1],
GL(0)+G,,(0) 4. h?
2 2a°(u;)
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rie 2( o (0) o ()j,




MaTtemaTuka

Jns o0o3HAUYCHUS 3HAYCHUIN CeTOUHOHN ammpokcuMaly GyHKIMKH (G Ha CICTYIOMEM BPEMEHHOM
crioe OyJeM UCIONTb30BaTh BepxHHuid HHJAeKe (+1), a Ha mpepayIeM — BepxHuil uuaekce (—1), Ha cre-

1
AYIOHIEM IIOJTYHEJIOM BpEMEHHOM CJIOC — (4‘5 , 4 Ha IPSAbIAYIICM IMOJYLEIOM BPEMCHHOM CJIOC —

1 dGg,
3 (cM. puUCYHOK). 3amuileM Teneph Pa3HOCTHBIC ANNPOKCHMAIIMK AJ1S TIPOU3BOAHBIX 7(0) "

dG,

—=(0):
o (0)
1 1 1 1
+— -— +— -
dGi—l (O) — (;i(—lzj B (;i(—lzj dGi+l (O) — Gi(+12j B Gi(+12j
dt T Codt T '
OxoHUaTeRHO pacueTHas GopMysa mproOpeTacT BU
207 (u;)
1) _ TR
GV =(G, - B)e +AT+B, ®)
1 1 1 1
+— - +- - 2
re A= Gl.(_fj - Gl.(_fj + GZ[HZj —G,.(JrlZJ , B= Gt G _y. }ZZ :
2t 2 2a°(u,)

Jns pacdeta 3HaueHul GpyHKIMK (G Ha BPSMEHHOM CJIOC =7, a TAKXKE /IS BBIYHCICHHUS 3HAYC-
HUH (PYHKIMY B MONYTICTBIX CITOMX IO BPEMEHH MOKHO BOCTIONB30BATEHCS (POpMyTaMu:

a7 2d%(uy)

TG +G,
G (t)=Ge " +|1-e ¥ % (6)
(+1) _awy) _atwy) G +G
G ¥=Ge " +|l-e ¥ —H— (7)

Jns npumenenus dopmyan (5)—(7) HeoOxoauMo N0 AaHHOMY 3HaueHHIO (G, HallTu Temmepartypy u; Ta-

Ky10, uto G, = Iq(f)df . B crry moHOTOHHOCTH hyHKIMH (G(1) 3TY 33789y MOKHO PCLIHTh METOIOM
0

JICIICHUS OTPE3KA TIOTIONAM (TAXOTOMUH).

ANNpPoKCHMAIHS KPAeBbIX YCIOBHId

JIns1 BRITIOTHEHNMS KPACBBIX YCIIOBHI BBSICHBI (PMKTUBHEIC y3JTbI ¢ HOMepamu 0 u N +1 (cM. pucy-
HOK): CHauaJjla pacCUMTHIBAIOTCS 3HAUEHHs HCKOMOI (PYHKIMH BO BHYTPEHHHMX TOYKAX, MOCIe Hero Mc-
XOJIS M3 KPaeBBIX YCJIOBHUH 3aJal0TCS €¢ 3HAUCHUS B (PUKTUBHBIX Yy3/1aX.

[Nepermem kpacBoe YCJIOBHC Ha JIGBOM KOHIIE B 3a1a4¢ (1) ¢ y4eToM 3aMEHBI MCKOMOM (HyHKIHH:

oG
——  =A4,0))(6,-u(0,))+0,. 8)
ox x=0
- oG
O6o3HauumM vepes G~ QyHKIHIO, 00paTHYIO K GYHKITHH (G, IPOU3BOTHYIO En aTpOKCUMHUpYEM
Xl x=0
G -G, G, + G,
Pa3/eIeHHOM Pa3sHOCTHIO G _G=G , a3Hauenne G(0,1) — moxycymmon G(0, 1) = % To-
X x=0
/14 yeinoBue (8) MOKET OBITh 3alMACaHO B BHAC
G, +G G, +G, G, +G
_2_G1+%.G gl =4 gl 191—G_1 11140, 9)
h h 2 2 2
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O6o3Haums z =G [%j

, 13 (9) momyurM ypaBHEHNE OTHOCUTCIBHO Z :

2@,
2.G(2)-4(2)(6-2)= 2240, (10

Cuawnraem, uto ¢yakimu q(u), c(u), A4(u) u A.(u) 33amaHBl TAOTUYHO Ha HEKOTOPOM KOHEUHOM
MHO)KECTBE TOYeK ocH TeMmeparyp. IIycTb 5TO MHOXKECTBO TOUEK €CTb MHOXKECTBO HHCEN
{z, =0, z,, ..., z,,} . J\na BeIuMCIICHNA (YHKLUMH B OCTAJbHBIX TOUKAX TEMIICPATYPhI UCHONB3YSTCS Ky-
CYUHO-JIMHelHas ammpokcuMmanys. [lostomy ypaBHeHue (10) Ha KaxaoM NpoMexyTke [z;;z,4],

i=1, m—1 gBisercsa B 00IIeM CIydae KBaIpaTHEIM. HecmoKHbIe BBIKIAAKH TIO3BOJISIOT 3aIHCATh €T0 B
BHAE

Az +Bz+(C=0, (11)
rae
A= 9(z;11) —9(2)) n A4(Zi01) — A4 (2)) ’
(zin —z)h Zin T4
B :%. 922 —9(zin)7; _ A(z1) =4 (2)) 6, + 4(2)z = 4(Z:1)7; ’
h Zi1 T E Zi1 T E Zin T %

z; 2
c =%( J4(@)0E - g(z,)z, + L) =0 —] A mACGm 20
0

Ziy — % 2 Ziy1 % h

Ecmu z° — kopeHb ypasHenns (11), npuHaaiexanmii IpoMeskyTKy [z;: z,,, |, TO HckoMoe 3HaueHue G,
B (PMKTUBHOM y3Jie ¢ HoMepoM 0 OyaeT paBHO

G, =2G(z")-G;.
PaccysxaeHus A1 IpaBoro KOHLA CTSPKHS aHATTOTUYHBL.

Pe3y.]'lI>TaTBI YHCJICHHBIX pacueToB
I[.JTS[ HPOBEACHU paCUCTOB B3ATa CJCAYIOMAA TPCThA CMCIIaHHasd 3a/1a4da:

c(u)%:g—x[q(u)%j, 0<t<T, O<x <L,

u(x, 0)=g,,

—[q(u)g—uj = 4,10, 0)(6, —u(0, D)+ 0. (12)
X x=0

[q(u)g—”j = 2, (u(L. 1)(8, ~u(L, 1))+ O,
x x=L

e T =100 c, L =1 M @ = 22°C, 6 = 1400°C, 6. = 1400°C, Q, =10’ Tx/(v’c) ,

0. =0 Jix/(m>c), a byskmam c(u), q(u), A(u) u A.(«) 3amans B Tabm. 1.

Ta6nuua 1
3HauYeHUA BXOAHbIX NapaMeTPOB 3a4auu, ABNAWUXCA PYHKLUUAMU TeMNepaTypbl

Temmeparypa, °C

Iapaverp 0 100 | 200 | 300 | 400 | 500 | 600 | 700 | 800 | 1000

c(u), 10° Tox/(m®-°C) | 3,414 | 3,568 | 4,040 | 4,347 | 4812 | 5,272 | 5,886 | 7,286 | 7,218 | 7,218

q@), ow/(-°C) | 22,5 | 234 | 248 | 26,7 | 272 | 27,7 | 28,1 | 286 | 27 | 27

A (), To/(m>-c°C) | 100 | 100 | 110 | 120 | 130 | 140 | 150 | 160 | 170 | 170

A @), /(v®-c-°C) | 100 | 120 | 130 | 140 | 150 | 150 | 150 | 150 | 150 | 150
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MaTtemaTuka

Pe3ynbTaThl YACICHHBIX PAcyeTOB IO TPSUTOKCHHON CXeMe TIPUBSICHBI B Talm. 2. B cBa3M ¢ Tewm,
YTO TOYHOE pelneHHe 3a7auu (12) HEen3BeCTHO, NMPOBOAMIOCH CPABHCHHUC PCLICHUA, MOJIYUYCHHOTO MO
MPeATOKEHHOM cXeMe, ¢ pellieHHeM, NOTyUeHHbIM [0 YHCTO HEeSIBHOW cXeMe, KoTopas ABiIgeTcs Oesyc-
JIOBHO ¢cxoseiicd [3, 3].

Tabnuua 2
MakcumanbHaa OTHOCUTeNnbHasa MOrpewHoOCTb PelleHUa B CPaBHEHUU € PelueHUeM nNo YUucTo HeABHOM cxeme
Bemuunna mmara mo BpEMCHU T,¢C
Yueno y3mos N 0,01 0,05 0.1 0,5
40 4,7-107 4,5.107* 1,52-107° 1,72-107°
60 L,12-107 L,12-107 1,19-107 2,18-107°
80 9.9.-107* ,0-107° 1,06-107° 2,15-107°
100 7.5-107* 7.7-107 87-107* 2,25-107°
150 4,2-107 4,7-107 5,9-107* 2,43-107°
200 2,7-107* 3,4-107* 5,0-107 2,67-107°
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EXPLICIT DIFFERENCE SCHEME FOR THE SOLUTION
OF ONE-DIMENSIONAL QUASI-LINEAR HEAT CONDUCTIVITY EQUATION

A.V. Herreinstein', M.Z. Khayrislamov’

Numerical method for the solution of the third mixed boundary value problem for one-dimensional
quasi-linear heat conductivity equation of a parabolic type based on the use of explicit difference
scheme is given. Dependence of coefficients on temperature is overcome by the introduction of the new
required function that is a primitive integral of conductivity.

Keywords: thermal conductivity, quasi-linear heat conductivity equation, explicit difference
schemes, approximation.
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