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The thermal state of the elements of heavily loaded tribo-units is among the most

important parameters a�ecting their performance. The temperature of the lubricating layer

of bearings determines to a large extent their load-bearing capacity. The heat balance

equation used to estimate the temperature of friction pairs fails to yield the temperature

�elds and the regions of their maximum values. This fact makes our problem important.

We examine a mathematical model and a method for calculating the thermal state and

thermohydrodynamic characteristics of heavily loaded sliding bearings, taking into account

the non-Newtonian properties of the �uid as well as the heat exchange processes between

the lubricating layer and the surrounding moving surfaces of tribo-units. To solve the energy

equation, we propose to use �nite di�erence approximation methods. To create the di�erence

analogs of the energy equations for some structural elements and thin lubricant layers, we use

the Pismen�Reckford scheme of implicit alternating directions. We present the calculated

hydromechanical characteristics of the connecting rod bearing of a heat engine. We obtain

three-dimensional distributions of temperature in the lubricant.

The results show that, if we allow for convective heat transfer in the radial direction,

the processes of heat exchange between the lubricating layer and the surrounding moving

surfaces enable us to determine more accurately the mean lubricant temperature and the

thermal stress of a tribo-unit as a whole. Our method can be used to assess the performance

and e�ciency of heavily loaded tribo-units of piston and rotary machines.

Keywords: bearing; generalized energy equation; partial di�erential equations; boundary

value problems.

Introduction

The problem of improving the reliability and durability of friction units in machines
has always been a major challenge of modern engineering. The rising power of thermal
machines and the rising demands for durability and fuel e�ciency result in the increased
loading of tribo-units (TU). In this regard, it is important to choose methods for solving
concrete problems, as well as to create methods for physical and mathematical modeling
of friction and the wear of friction units.

Modern mechanical engineering is based on advanced technologies. Innovative
computational methods and computer technologies allow engineers and researchers to
simulate and calculate TU for di�erent machines and consider a number of design,
operation, and other parameters a�ecting the performance of friction units. However,
the thermal processes occurring in a heavily loaded bearing are of great importance for
understanding the performance of friction units. Usually they are treated on the basis
of a solution to the generalized energy equation (heat transfer equation) for a thin layer
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of viscous incompressible �uid between two arbitrarily moving surfaces. This equation
involves both convective heat transfer in the lubricant and heat transfer by conduction.

Thus, our research aims at developing models and algorithms to solve the problems of
TU dynamics taking into account the temperature distribution in the lubricating layer, the
non-Newtonian properties of the lubricant, and the geometry of friction surfaces bounding
the thin lubricating layer.

1. Solution

To solve the stated problem, consider a circular cylindrical radial bearing, where the
bearing (bushing) 1 and the journal 2 rotate round the axes OiZi, with i = 1, 2 passing
through their centers Oi with absolute angular velocities ωi. The lubricating layer of non-
Newtonian �uid is bounded by the surfaces of the bearing and the journal (see Fig. 1).
Here x = rφ with r ≈ r1 ≈ r2, where r1 = r1(φ, t) and r2 = r2(φ, t) are the radii of
bushing (the inner surface) and the journal; φ is the angular coordinate measured from
the axis O1X1 rigidly fastened to the bushing. The axes Ox and Oz of the coordinate
system Oxyz, in which we consider the processes in the lubricating layer, lie in the plane
of the reference surface, and the axis Oy is perpendicular to it. The external force F (t)
depending on time t acts on the pin in the plane Oxy in the central cross section z = 0.

Fig. 1. Coordinate systems for solving the heat problem

To determine the �eld of hydrodynamic pressures in the thin lubricating layer, use the
generalized Reynolds equation [1�3]. For a non-Newtonian �uid we can write it as
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where φ and z are the angular and axial coordinates; ρ̄ = ρ/ρ0 is the dimensionless density;
ρ0 is the density of the Newtonian �uid; p̄ = (p− pa)ψ

2/µ0ω0, ψ = h0/r2, z̄ = z/r2 with
−a ≤ z̄ ≤ a, and t̄ = ω0t are the dimensionless hydrodynamic pressure, relative radial
clearance, width coordinate of the bearing, and time; h0 is the radial adjusting clearance;
a = B/D is the relative width of the bearing; µ0 is the characteristic viscosity of the
lubricant; pa is atmospheric pressure; B, D = 2r2, and r2 are respectively the width,
diameter, and radius of the pin; ω̄21 = (ω2 − ω1) /ω0 is the dimensionless angular velocity
of the pin. The dimensionless thickness h̄ of the �lm and its derivative ∂ h̄

/
∂ t̄ are de�ned

as
h̄ = 1− χ cos (φ− δ) , ∂ h̄

/
∂ t̄ = −χ̇ cos (φ− δ)− χδ̇ cos (φ− δ) ,

where χ is the relative eccentricity and δ is the angle of relative position of the center line,
furthermore,

ϕ̄k =

∫ h̄

0

ȳk
/
µ̄∗dȳ, k = 0, 1, 2,

where µ̄∗ is the dimensionless non-Newtonian viscosity of the lubricant, which is a function
of shear rate, temperature, and pressure; �nally, ȳ is the dimensionless coordinate across
the lubricating layer.

Use a multigrid method to integrate (1) with the Swift�Stieber boundary conditions,
taking into account the presence of sources of lubrication (holes or grooves) on the friction
surfaces [4]:

p̄(φ, z̄ = ±a) = 0, p̄(φ, z̄) = p̄(φ+ 2π, z̄), p̄(φ, z̄) ≥ 0 on (φ, z̄) ∈ Ωs

p̄(φ, z̄) = p̄s, S = 1, 2..., S∗,

where the region Ωs stands for a source of lubricant, in which the pressure is constant and
equals the supply pressure p̄s, while S

∗ is the number of sources of lubrication. Express
the dependence of viscosity on the shear rate and pressure as [5, 6]:

µ̄∗ =


µ̄1 · exp (β · p̄) , I2 < 104 c−1,

µ̄ · I(n−1)/2
2 · exp (β · p̄) , 104 < I2 < 106 c−1,

µ̄2 · exp (β · p̄) , I2 > 106 c−1.

(2)

The parameter n characterizes the degree of non-Newtonian behavior and β is the pressure-
viscosity coe�cient of the lubricant, which is a function of temperature.

According to the model (2) in region 1 (with I2 < 104 c−1) the lubricant behaves as
a Newtonian �uid with viscosity µ1 (Tp, p). In region 2 (with 104 < I2 < 106 c−1) viscosity
decreases following a power law. In region 3 (with I2 > 106 c−1) the lubricant is considered
as a Newtonian �uid with viscosity µ2 (Tp, p).

Let us express in a dimensionless form the equations for the velocities of a volume
element of the lubricant and their derivatives:

V̄x =
ϕ̄0y

ϕ̄0
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(
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)
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(
ϕ̄1y −

ϕ̄1

ϕ̄0

ϕ̄0y

)
h̄n+1 · 1

a

∂p̄

∂z̄
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µ̄∗ , k = 0, 1, 2, (3)

∂V̄x
∂ȳ
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Write down the �ux of the lubricant across the sections of unit length along the x and z
coordinates as

q̄xy =

∫ ȳ

0

V̄xdȳ; q̄zy =

∫ ȳ

0

V̄zdȳ.

The generalized energy equation (heat transfer equation) for the lubricating layer of
viscous incompressible �uid, accounting for small thermal conductivity along the x and z
axes, is [6�8]

ρc0
∂T

∂t
+ ρc0

(
Vx
∂T

∂x
+ Vy

∂T

∂y
+ Vz

∂T

∂z

)
− λ0

∂2T

∂y2
= Ds, (4)

where ρ, c0, and λ0 are the density, speci�c heat, and thermal conductivity of the lubricant
(taken to be constants); Vx, Vy, and Vz are the components of the velocity vector of a volume

element of the lubricant; Ds = µ∗
[(

∂Vx

∂y

)2
+
(

∂Vz

∂y

)2]
is a dissipative function.

Introduce the following notation: T̄ = T/T0 is the dimensionless temperature at a point
of the lubricating layer; T0 is characteristic temperature; ȳ = y/h, h̄ = h/h∗0, ψ = h∗0/r,
V̄x = Vx/ω0r, V̄y = Vy/ω0r, V̄z = Vz

/
ω0r, µ̄ = µ/µ0, where h

∗
0 is the characteristic thickness

of the �lm for the central position of the pin, Pe = ρ0ρ̄c0ω0∆
2
0/λ0 is the Peclet number,

kT = ρ0ρ̄c0T0ψ
2/(ω0µ0). In this case, we can write the energy equation for the lubricating

�lm of the bearing with non-Newtonian lubricant in dimensionless form as
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∂ȳ
− V̄z

∂T̄

∂z̄
+

1

Pe
· 1

h̄2
· ∂

2T̄

∂ȳ2
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where

D̄ = −1

h

[
ȳ
∂h

∂t̄
+
∂(h̄q̄xy)

∂φ
+ h̄

∂q̄zy
∂z̄

]
. (6)

This di�erential equation is linear with respect to derivatives. The coe�cients of the
convective terms depend on φ, ȳ, z̄, and t̄. The equation is parabolic in time, and so we
impose initial and boundary conditions.

Determine the distribution T̄1(φ1, R2, t̄) of temperature in the bushing, where R2 is
the radial coordinate (see Fig. 1), by solving the equation for transient heat �ow, which
in cylindrical coordinates and dimensionless variables becomes

∂T 1

∂ t̄
= ᾱ1

(
∂2T 1

∂R
2

1

+
1

R1

∂T 1

∂R1

+
1

R
2

1

∂2T 1

∂φ2
1

)
. (7)

Here R1 = R1/r and T 1 = T1/T0; furthermore, ᾱ1 = λ1/ (c1ρ1r
2ω0) is the dimensionless

coe�cient of heat transfer from the bushing to the environment, with r1 ≈ r2 ≈ r, while
ρ1, c1, and λ1 are the density, speci�c heat, and thermal conductivity of the material of
the bushing.

54 Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå è ïðîãðàììèðîâàíèå≫



ÌÀÒÅÌÀÒÈ×ÅÑÊÎÅ ÌÎÄÅËÈÐÎÂÀÍÈÅ

Introduce coordinate system Ox1y1z1 and dimensionless variables

ȳ1 = (R1 − r1) /(r3 − r1) =
(
R̄1 − 1

)
/(r̄3 − 1), r̄3 = r3/r,

where r1 and r3 are the radii of the inner and outer surfaces of the bushing. Then (7)
becomes
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)
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Similarly, determine the distribution T̄2(φ2, R2, t̄) of temperature in the pin by solving
the equation for transient heat �ow, which in cylindrical coordinates and dimensionless
variables becomes

∂T 2
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2

2
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1
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Here R2 = R2/r and T 2 = T2/T0; furthermore, ᾱ2 = λ2/ (c2ρ2r
2ω0) is the dimensionless

coe�cient of heat transfer from the pin to the environment, while ρ2, c2, and λ2 are the
density, speci�c heat, and thermal conductivity of the material of the pin.

In coordinate system Ox2y2z2 introduce the dimensionless variables

ȳ2 = (R2 − r4) /(r2 − r4) =
(
R̄2 − r̄4

)
/(1− r̄4), r̄4 = r4/r,

where r4 is the radius of the inner surface of the bushing. Then (9) becomes
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dt̄
= ᾱ2

(
1
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2
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∂ȳ2
+

1

[r̄4+(1− r̄4)ȳ2]
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)
. (10)

Let us state the boundary conditions to integrate the heat subproblem (5), (8),
and (10). Since the temperatures of the lubricant and the bushing are periodic in the
circumferential direction, we have

T̄ (φ, ȳ, t̄) = T̄ (φ+ 2π, ȳ, t̄), T 1(φ, R̄1, t̄) = T 1(φ+ 2π, R̄1, t̄).

On the outer surface of the bushing assume the free convection hypothesis

∂T 1

∂R

∣∣∣R=r̄3
=
α1r

λ1

(
T̄1
∣∣
R̄=r̄3

− T̄c

)
.

On the common surface of the lubricant and the bushing impose the continuity condition
for the heat �ux (the coupling condition)

∂T 1

∂y1

∣∣∣∣
ȳ1=0

= − (r̄3 − 1)
λ0

λ1hψ

∂T1
∂ ȳ

∣∣∣∣
ȳ=0

.

On the surfaces of the lubricant shared with the sleeve and spike impose the equal
temperature condition

T̄ (φ, ȳ = 0, t̄) = T1(φ, ȳ1 = 0, t̄− t̄c), T̄ (φ, ȳ = 1, t̄) = T̄2(t̄− t̄c).
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2. Finite-Di�erence Approximation for the Equations
of the Thermal Subproblem

Express (5), (8), and (10) in the dimensionless form:

∂T̄

∂ t̄
= K1

∂T̄

∂φ
+K2

∂T̄

∂ȳ
+K3

∂2T̄

∂ȳ2
+K4, (11)
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∂ȳ1
+K7
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, (12)
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= K8

∂2T 2

∂ȳ22
+K9

∂T 2

∂ȳ2
+K10

∂2T 2

∂φ2
. (13)

Here we put
T̄ = T̄

′
,

K1(φ, ȳ, t̄) = −V̄x, K2(φ, ȳ, t̄) = −D̄,K3(φ) =
1

Pe · h̄2
, K4(φ) =

Ds

kT · h̄n+1
,

K5 = ᾱ1
1

(r̄3 − 1)2
, K6(ȳ1) =

ᾱ1

((r̄3 − 1)) [1 + (r̄3 − 1)ȳ1]
, K7(ȳ1) =

ᾱ1

[1 + (r̄3 − 1)ȳ1]
2 ,

K8 = ᾱ2
1

(1− r̄4)2
, K9(ȳ2) =

ᾱ2

(1− r̄4) [r̄4 + (1− r̄4)ȳ2]
, K10(ȳ2) =

ᾱ2

[r̄4 + (1− r̄4)ȳ2]
2 .

For generality, we also replaced ȳ, ȳ1, ȳ2 ⇒ y and T̄ , T̄1, T̄2 ⇒ T .
Express the system of equations for the two-dimensional distribution of temperature

in the lubricating layer, bushing, and pin in the operator form

Tt̄ + A · Lφ(T ) +B · Ly(T ) = C · Lφφ(T ) +D · Lyy(T ) + E, (14)

where

T =

 T̄
T̄1
T̄2

 , A =

 −K1

0
0

 , B =

 −K2

−K6

−K9

 , C =

 0
K7

K10

 , D =

 K3

K5

K8

 , E =

 K4

0
0

 ,
Tt̄ =

∂T̄

∂ t̄
, Lφ(T ) =

∂T̄

∂φ
, Ly(T ) =

∂T̄

∂ȳ
, Lφφ(T ) =

∂2T̄

∂φ2
, Lyy(T ) =

∂2T̄

∂ȳ2
.

For the �nite di�erence approximation, denote by lφ = 2π, lz = 2, and ly = 1 the
lengths of TU elements along the coordinates φ, z, and y and choose the grid with the
coordinates (φi, z̄j, ȳk, t̄n) of the nodes, where

φi = (i− 1)∆φ (i = 1, 2, ...N, ∆φ = lφ/(N − 1)) ,

z̄j = −1 + (j − 1)∆z (j = 1, 2, ...M, ∆z = lz/(M − 1)) ;

ȳk = (k − 1)∆y (k = 1, 2....K, ∆y = ly/(K − 1)) ;

t̄n = n∆t̄ (n = 0, 1, 2, ...) .
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The step and the number of mesh elements depend on the direction: (N + 1) = 96,
(M + 1) = 25, and K = 20. At each time step we introduce arrays with elements. The
one-dimensional arrays are

h̄i,

(
∂h̄

∂φ

)
i

,

(
∂h̄

∂ t̄

)
i

, p̄∗i = p̄∗i,j=19,

(
∂p̄∗

∂φ

)
i

=

(
∂p̄∗

∂φ

)
i,j=19

,

(
∂p̄∗

∂z̄

)
i

=

(
∂p̄∗

∂z̄

)
i,j=19

,

(K3)i , (K4)i , (K6)k , (K7)k , (K9)i , (K10)k , (Q1)i = (Q1)i,j=19 , (Q2)i = (Q2)i,j=19 .

The two-dimensional arrays are

µ̄i,k = µ̄i,j=19,k,
(
V̄x
)
i,k

=
(
V̄x
)
i,j=19,k

,
(
V̄z
)
i,k

=
(
V̄z
)
i,j=19,k

,(
∂V̄x
∂ȳ

)
i,k

=

(
∂V̄x
∂ȳ

)
i,j=19,k

,

(
∂V̄z
∂ȳ

)
i,k

=

(
∂V̄z
∂ȳ

)
i,j=19,k

, µ̄∗
i,k = µ̄∗

i,j=19,k,

(q̄xy)i,k = (q̄xy)i,j=19,k , (q̄zy)i,k = (q̄zy)i,j=19,k ,
(
D̄s
)
i,k

=
(
D̄s
)
i,j=19,k

,
(
D̄
)
i,k

=
(
D̄
)
i,j=19,k

.

To construct the di�erence analogs of (14), we apply the Pismen�Reckford method
[9�12] with a two-step di�erence scheme. Let us discretize (14), using for all derivatives
the simplest central di�erences

∂T̄

∂φ
=
T̄i+1 − T̄i−1

2∆φ

,
∂2T̄

∂φ2
=
T̄i+1 − 2T̄i + T̄i−1

∆2
φ

.

Firstly, consider the discretization scheme of the heat equation (8) for the bushing.
Divide the time step into two half-steps (Figure 2):

Step 1 (by φ)

T̄
n+1/2
i,k − T̄ n

i,k

∆t̄/2
= K5 · Lyy(T )

n
i,k +K6 k · Ly(T )

n
i,k +K7 k · Lφφ(T )

n+1/2
i,k .

Step 2 (by y)

T̄ n+1
i,k − T̄

n+1/2
i,k

∆t̄/2
= K5 · Lyy(T )

n+1
i,k +K6 k · Ly(T )

n+1
i,k +K7 k · Lφφ(T )

n+1/2
i,k ,

T̄
n+1/2
i,k − T̄ n

i,k

∆t̄/2
= K5

T̄ n
i,k+1 − 2T̄ n

i,k + T̄ n
i,k−1

∆2
y

+

+K6k

T̄ n
i,k+1 − T̄ n

i,k−1

2∆y

+K7 k

T̄
n+1/2
i+1,k − 2T̄

n+1/2
i,k + T̄

n+1/2
i−1,k

∆2
φ

,

(15)

T̄ n+1
i,k − T̄

n+1/2
i,k

∆t̄/2
= K5

T̄ n+1
i,k+1 − 2T̄ n+1

i,k + T̄ n+1
i,k−1

∆2
y

+

+K6 k

T̄ n+1
i,k+1 − T̄ n+1

i,k−1

2∆y

+K7 k

T̄
n+1/2
i+1,k − 2T̄

n+1/2
i,k + T̄

n+1/2
i−1,k

∆2
φ

.

(16)

Express (15), (16) as

a1T̄
n+1/2
i−1,k + b1T̄

n+1/2
i,k + c1T̄

n+1/2
i+1,k = d1T̄

n
i,k−1 + e1T̄

n
i,k + f1T̄

n
i,k+1, (17)
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Fig. 2. Scheme of calculation by the implicit method of alternating directions. Arrows indicate

the directions the scheme is implicit in

a2T̄
n+1
i,k−1 + b2T̄

n+1
i,k + c2T̄

n+1
i,k+1 = d2T̄

n+1/2
i,k−1 + e2T̄

n+1/2
i,k + f2T̄

n+1/2
i,k+1 , (18)

where

a1 = −K7k

∆2
φ

, b1 = 2

(
1

∆t̄

+
K7k

∆2
φ

)
, c1 = −K7k

∆2
φ

, d1 =

(
K5

2∆2
y

− K6k

2∆y

)
, e1 = 2

(
− 1

∆t̄

− K5

∆2
y

)
,

f1 =
K5

∆2
y

+
K6k

2∆y

, a2 = −K5

∆2
y

+
K6 k

2∆y

, b2 = 2

(
1

∆t̄

+
K5

∆2
y

)
, c2 = −K5

∆2
y

− K6 k

2∆y

, d2 =
K7k

∆2
φ

,

e2 = 2

(
1

∆t̄

+
K7k

∆2
φ

)
, f2 =

K7k

∆2
φ

.

Similarly discretize the energy equation (5). Divide the time step into two halves:
Step 1 (by φ)

T̄
n+1/2
i,k − T̄ n

i,k

∆t̄/2
= K3 i · Lyy(T )

n
i,k +Kn

2 i,k · Ly(T )
n
i,k +Kn

1 i,k · Lφ(T )
n+1/2
i,k +K4 i.

Step 2 (by y)

T̄ n+1
i,k − T̄

n+1/2
i,k

∆t̄/2
= K3 i · Lyy(T )

n+1
i,k +Kn

2 i,k · Ly(T )
n+1
i,k +Kn

1 i,k · Lφ(T )
n+1/2
i,k +K4 i

or
T̄

n+1/2
i,k − T̄ n

i,k

∆t̄/2
= K3 i

T̄ n
i.k+1 − 2T̄ n

i,k + T̄ n
i,k−1

∆2
y

+Kn
2 i,k

T̄ n
i,k+1 − T̄ n

i,k−1

2∆y

+

+Kn
1 i,k

T̄
n+1/2
i+1,k − T̄

n+1/2
i−1,k

2∆φ

+K4 i,

(19)
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T̄ n+1
i,k − T̄

n+1/2
i,k

∆t̄/2
= K3 i

T̄ n+1
i,k+1 − 2T̄ n+1

i,k + T̄ n+1
i,k−1

∆2
y

+Kn
2 i,k

T̄ n+1
i,k+1 − T̄ n+1

i,k−1

2∆y

+

+Kn
1 i,k

T̄
n+1/2
i+1,k − T̄

n+1/2
i−1,k

2∆φ

+K4 i.

(20)

Express (19, 20) as

a3T̄
n+1/2
i−1,k + b3T̄

n+1/2
i,k + c3T̄

n+1/2
i+1,k = d3T̄

n
i,k−1 + e3T̄

n
i,k + f3T̄

n
i,k+1 + g3, (21)

a4T̄
n+1
i,k−1 + b4T̄

n+1
i,k + c4T̄

n+1
i,k+1 = d4T̄

n+1/2
i−1,k + e4T̄

n+1/2
i,k + f4T̄

n+1/2
i+1,k + g4, (22)

where

a3 =
Kn

1 i,k

2∆φ

, b3 =
2

∆t̄

, c3 = −a3, d3 =
K3 i

∆2
y

−
Kn

2 i,k

2∆y

, e3 = 2

(
1

∆t̄

− K3 i

∆2
y

)
,

f3 =
K3 i

∆2
y

+
Kn

2 i,k

2∆y

, g3 = K4 i, a4 = −K3 i

∆2
y

+
Kn

2 i,k

2∆y

, b4 = 2

(
1

∆t̄

+
K3 i

∆2
y

)
, c4 = −K3 i

∆2
y

−
Kn

2 i,k

2∆y

,

d4 = −
Kn

1 i,k

2∆φ

, e4 =
2

∆t̄

, f4 =
Kn

1 i,k

2∆φ

, g4 = K4 i.

The discretization of the heat equation (10) for the pin follows the same pattern.
Step 1 (by φ)

T̄
n+1/2
i,k − T̄ n

i,k

∆t̄/2
= K8 · Lyy(T )

n
i,k +K9 k · Ly(T )

n
i,k +K10 k · Lφφ(T )

n+1/2
i,k .

Step 2 (by y)

T̄ n+1
i,k − T̄

n+1/2
i,k

∆t̄/2
= K8 · Lyy(T )

n+1
i,k +K9 k · Ly(T )

n+1
i,k +K10 k · Lφφ(T )

n+1/2
i,k ,

T̄
n+1/2
i,k − T̄ n

i,k

∆t̄/2
= K8

T̄ n
i,k+1 − 2T̄ n

i,k + T̄ n
i,k−1

∆2
y

+

+K9k

T̄ n
i,k+1 − T̄ n

i,k−1

2∆y

+K10 k

T̄
n+1/2
i+1,k − 2T̄

n+1/2
i,k + T̄

n+1/2
i−1,k

∆2
φ

,

T̄ n+1
i,k − T̄

n+1/2
i,k

∆t̄/2
= K8

T̄ n+1
i,k+1 − 2T̄ n+1

i,k + T̄ n+1
i,k−1

∆2
y

+

+K9 k

T̄ n+1
i,k+1 − T̄ n+1

i,k−1

2∆y

+K10 k

T̄
n+1/2
i+1,k − 2T̄

n+1/2
i,k + T̄

n+1/2
i−1,k

∆2
φ

.

Express the latter equations as

a5T̄
n+1/2
i−1,k + b5T̄

n+1/2
i,k + c5T̄

n+1/2
i+1,k = d5T̄

n
i,k−1 + e5T̄

n
i,k + f5T̄

n
i,k+1, (23)

a6T̄
n+1
i,k−1 + b6T̄

n+1
i,k + c6T̄

n+1
i,k+1 = d6T̄

n+1/2
i,k−1 + e6T̄

n+1/2
i,k + f6T̄

n+1/2
i,k+1 , (24)
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where

a5 = −K10k

∆2
φ

, b5 = 2

(
1

∆t̄

+
K10k

∆2
φ

)
, c5 = −K10k

∆2
φ

, d5 =

(
K8

2∆2
y

− K9k

2∆y

)
,

e5 = 2

(
− 1

∆t̄

− K8

∆2
y

)
, f5 =

K8

∆2
y

+
K9k

2∆y

, a6 = −K8

∆2
y

+
K9 k

2∆y

, b6 = 2

(
1

∆t̄

+
K8

∆2
y

)
,

c6 = −K8

∆2
y

− K9 k

2∆y

, d6 =
K10k

∆2
φ

, e6 = 2

(
1

∆t̄

+
K10k

∆2
φ

)
, f6 =

K10k

∆2
φ

.

Write down the groups of equations (17) and (18), (21) and (22), (23) and (24) at all
internal nodes of the grid for all t̄ > 0. This splitting reduces the problem to systems of
algebraic equations with tridiagonal matrices. At step 1 we solve the system for each row
(the series of points with �xed k) and at step 2 we solve the system for each column (the
series of points with �xed i).

We begin by integrating the energy equation with the boundary conditions re�ecting
the frequency of temperature change in the circumferential direction and the equality of
temperatures on the surfaces of the lubricating layer shared with the journal (the Dirichlet
conditions). Their di�erence analogs are

T̄ n
i−1,k = T̄ n

i,k, T̄
n+1/2
i−1,k = T̄

n+1/2
i,k , T̄ n+1

i−1,k = T̄ n+1
i,k , T̄ n

i,1 = T̄
(τ−τc)
1 i,1 , T̄ n

i,k = T̄
(τ−τc)
2 .

Applying the sweep method �rst in the circumferential direction, we write the recurrence

T̄
n+1/2
i+1,k = ξi+1,jT̄

n+1/2
i,k + ηi+1,k.

Using the formulas of the left sweep, �nd the coe�cients ξi+1 and ηi+1 for all i and k, then
perform the sweep in the radial direction.

The experience of many researchers has shown that implicit schemes of the method of
alternating directions allow for big time intervals and speed up calculations in general.
Douglas [10] successfully implemented a three-step scheme to integrate this kind of
equation and showed that the scheme of the second order of accuracy O(∆2

t ,∆
2
x,∆

2
y,∆

2
z)

is certainly stable.

3. The Results

The �rst results concern the dynamics of the connecting rod bearing of an internal
combustion engine of type 13/15.

During the calculation, at each point in time we obtain the three-dimensional
distribution of temperature in the lubricant. The distribution of temperature along the ȳ
coordinate is shown in Figure 3, where for each element of the system "journal � lubricating
layer � bushing" we chose 20 mesh elements.

The solution rests on a �nite di�erence approximation. We neglected journal tilting.
Solving the equation for hydrodynamic pressure, we allow the viscosity of the lubricant to
depend on the second invariant of the shear rate and the resulting temperature distribution.
Calculations show that the maximal temperature of the lubricating layer is found in the
region of the largest hydrodynamic pressures.
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Fig. 3. The distribution of temperature along the y coordinate

The results show that the heat exchange processes between the lubricating layer and
the surrounding surfaces with convective heat transfer in the radial direction (see Fig. 3)
reduce the mean temperature of the lubricant by 5 to 7 degrees. These results agree with
the data of [13,14].

Conclusions

(1) We presented a model and an algorithm for calculating the thermal hydrodynamic
characteristics of heavily loaded bearings. They enable us to account for the processes of
heat exchange between the lubricating layer with the properties of a non-Newtonian liquid
and the elements of tribo-units.

(2) We proposed a solution algorithm based on a two-step di�erence approximation and
an implicit scheme of the method of alternating directions, using which we can signi�cantly
increase the time intervals and decrease the running time of the calculation.

(3) The results show that in the design of heavily loaded tribo-units the models and
algorithms we developed enable us to account for the rheological properties of the lubricant,
the temperature distribution in the lubricating layer, and the thermal state of tribo-units
as a whole.
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ÌÎÄÅËÈÐÎÂÀÍÈÅ È ÎÖÅÍÊÀ ÒÅÏËÎÂÎÃÎ
ÑÎÑÒÎßÍÈß ÑËÎÆÍÎÍÀÃÐÓÆÅÍÍÛÕ
ÒÐÈÁÎÑÎÏÐßÆÅÍÈÉ

Þ.Â. Ðîæäåñòâåíñêèé, Å.À. Çàäîðîæíàÿ

Òåïëîâîå ñîñòîÿíèå ýëåìåíòîâ ñëîæíîíàãðóæåííûõ òðèáîñîïðÿæåíèé ÿâëÿåòñÿ

îäíèì èç íàèáîëåå çíà÷èìûõ ïàðàìåòðîâ, âëèÿþùèõ íà èõ ðàáîòîñïîñîáíîñòü. Òåìïå-

ðàòóðà ñìàçî÷íîãî ñëîÿ ïîäøèïíèêîâ ñêîëüæåíèÿ âî ìíîãîì îïðåäåëÿåò åãî íåñóùóþ

ñïîñîáíîñòü. Èñïîëüçîâàíèå óðàâíåíèÿ òåïëîâîãî áàëàíñà äëÿ îöåíêè òåìïåðàòóðû

òðèáîñîïðÿæåíèé íå ïîçâîëÿåò íàéòè ïîëÿ òåìïåðàòóð è çîíû èõ ìàêñèìàëüíûõ çíà-

÷åíèé. Ýòèì îïðåäåëÿåòñÿ àêòóàëüíîñòü çàäà÷è. Â ñòàòüå ðàññìîòðåíà ìàòåìàòè÷åñêàÿ

ìîäåëü è ìåòîäèêà ðàñ÷åòà òåïëîâîãî ñîñòîÿíèÿ è òåðìîãèäðîäèíàìè÷åñêèõ õàðàêòå-

ðèñòèê ñëîæíîíàãðóæåííûõ îïîð ñêîëüæåíèÿ. Ïðè ýòîì ó÷èòûâàþòñÿ íåíüþòîíîâñêèå

ñâîéñòâà æèäêîñòè, ïðîöåññû òåïëîîáìåíà ìåæäó ñìàçî÷íûì ñëîåì è îêðóæàþùèìè

åãî ïîäâèæíûìè ïîâåðõíîñòÿìè òðèáîñîïðÿæåíèÿ. Äëÿ ðåøåíèÿ óðàâíåíèÿ ýíåðãèè

ïðåäëîæåíî èñïîëüçîâàòü êîíå÷íî-ðàçíîñòíûå àïïðîêñèìàöèè. Ïðè ïîñòðîåíèè ðàç-

íîñòíûõ àíàëîãîâ óðàâíåíèé ýíåðãèè äëÿ îòäåëüíûõ ýëåìåíòîâ êîíñòðóêöèè è òîíêî-

ãî ñìàçî÷íîãî ñëîÿ áûë ïðèìåíåí íåÿâíûé ìåòîä ïåðåìåííûõ íàïðàâëåíèé Ïèñìåíà-

Ðåêôîðäà. Ïðèâåäåíû ðåçóëüòàòû ðàñ÷åòà ãèäðîìåõàíè÷åñêèõ õàðàêòåðèñòèê øàòóí-

íîãî ïîäøèïíèêà òåïëîâîãî äâèãàòåëÿ. Â ïðîöåññå ðàñ÷åòà áûëè ïîëó÷åíû òðåõìåðíûå

ðàñïðåäåëåíèÿ òåìïåðàòóðû â ñìàçî÷íîì ìàòåðèàëå.

Ðåçóëüòàòû ïîêàçàëè, ÷òî ïðè ó÷åòå êîíâåêòèâíîãî ïåðåíîñà òåïëà â ðàäèàëü-

íîì íàïðàâëåíèè, ïðîöåññû òåïëîîáìåíà ìåæäó ñìàçî÷íûì ñëîåì è îêðóæàþùèìè

åãî ïîäâèæíûìè ïîâåðõíîñòÿìè äàþò âîçìîæíîñòü áîëåå òî÷íî îïðåäåëèòü ñðåäíåèí-

òåãðàëüíóþ òåìïåðàòóðó ñìàçî÷íîãî ìàòåðèàëà è òåïëîíàïðÿæåííîñòü ñîïðÿæåíèÿ â

öåëîì. Ðàçðàáîòàííàÿ ìåòîäèêà ìîæåò áûòü èñïîëüçîâàíà ïðè îöåíêå õàðàêòåðèñòèê

è ðàáîòîñïîñîáíîñòè ñëîæíîíàãðóæåííûõ òðèáîñîïðÿæåíèÿ ïîðøíåâûõ è ðîòîðíûõ

ìàøèí ðàçëè÷íîãî íàçíà÷åíèÿ.

Êëþ÷åâûå ñëîâà: îïîðà æèäêîñòíîãî òðåíèÿ; îáîáùåííîå óðàâíåíèå ýíåðãèè;

óðàâíåíèÿ ñ ÷àñòíûìè ïðîèçâîäíûìè; êðàåâûå çàäà÷è.
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