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KBAJIPATYPHBIE ®OPMYJIbI BBICOKOTI'O ITOPAJIKA
AIIITPOKCUMAIINN

A.A. Cunaes

B pabore npesaraercs MeTos OCTPOEHUsT KBAIPATYPHOH (HhOPMYIIbl BHICOKOTO HIOPSII-
K& aIIPOKCUMANUU JJIsl HIUPOKOro KJacca objacTeil, OCHOBAHHBIN HA ITPUOIMAKEHUH [/~
KO (hyHKITMH HA IIOCKOCTH MOJIYJIOKAJIbHBIM CIJIAZKUBAIONUM CILTAMHOM UIH S-CILIARHOM.
[omynokanbHble crmaskuparomue coaaitipl Obimu Beemenbl J[.A. CumaeBbiv. Pamee pac-
CMATPUBAJMChL U NPUMEHSINCH ciutaitubl 3-i1 u 5-it cremenn. Hacrosmast pabora mocssi-
IeHa HCIOIb30BAHUIO S-CILTAfHOB Oosee BBICOKHX cTereHeii. Ilogsmenne ycroiiumpbix S-
crtaiinos Kmacca C° (TOMBbKO HENpPepBIBHLIX ), COCTOANINX H3 HOJHHOMOB BBHICOKOH CTeNeHH
n (n = 9,10) DO3BOMMWIO TOAYIUTH KBaIparypHble (opMyasl 10-ro u 11-ro mopsiakos ai-
npoxcumaruu. Ilpennonaraercs, dro unrerpupyemas (yHKIug npuHaiiexur xiaccy CP
(p = 10,11) B HECKOJBKO BOJMBINEH 0BNACTH, YeM HCXOTHASA OBIACTH, [0 KOTOPOH BeIeTcs
unuTerpuposanue. [Ipennonaraercs Takzke, 9YTO rpaHuna obIACTU 3a/1aHA IAPAMETPUYIECKH,
YTO IO3BOJISET C BBICOKOH CTEIEHBIO TOYHOCTH yuecThb rpanutly obsacru. [lomobubiii moaxo/
BO3MOXKEH U JIJIdl IIOCTPOeHUd KyHATypPHBIX (hOpMYyJI.

Kaouesvte c1066: annpokcumMayus; cnaatinst; unmezpasss; K6aopamypHsie Gopmyios;

qucAeHHble MEMOdbL.,

BsBenenue

Teopusi kBaypaTypHbIX (OPMYJ HAIPaBJIEHA Ha IOJy4UeHUEe HIPUOIHKEHHBIX (POPMYJT J1Jis
BBIYMCIICHNS MHTErPaJIa, MAKCUMAJILHO TOYHBIX IIPK HauMenblieM gucie y3iuo0s [1-4]. Cocrasubie
kBaiparypable popmyssl (dopmysa Tpateruii, CUMIICOHA U T.II.) MOXKHO MHTEPIIPETUPOBATEH KAK
dOPMYITBI, TONYIEHHBIE € TOMOIBIO0 TPUOTIKEHNT HHTErPUPYeMoil (hyHKITNN WHTEPIOIAITNOH-
HBIM cItaitnom tuna Jlarpamxa (nokanbabiMu ciiaiinamu). Mcnobp3oBanue riobaibHbIX CIuiafi-
HOB TaKzKe IIPUBOJUT K KBajapaTypHbIM (opmysiam [5, 6]. PyHKIMI MHOTHX [HEPEMEHHBIX MOTYT
6bITh HpUBIMKEHBl CyMMO npoussejeHuii QyHKIMA 0/HON IlepeMeHHON [7], 4T0 HpuBOAMT K
MTOCTPOEHMIO KBAAPATYPHBIX U KyOaTypHBIX popmMyn. OTHAKO, CYITIECTBEHHBIM HEIOCTATKOM HC-
TTOJTB30BAHNS TVIOHATBHBIX CILTAMHOB ABISETCS OTCYTCTBHE YAOOHBIX aJITOPUTMOB X HOCTPOCHUSI
JUId cotydas BbICOKUX creneneii (poiuie 3, 5). Ocraercsa 60JbLION TPYAHOCTBIO ANMIIPOKCHMAIMI
UHTerpupyeMoil yHKIMU B OKPECTHOCTH I'paHulipl obacru [8, 9].

Ha mnockoctu paccmarpuBaerca orpanndenHas obsacts {1 ¢ rpanuneii v = 9L, Ilpeamona-
TAeTCs, ITO TPAHWITA 33/IaHa TaPAMETPHIECKN

v A2, 9(0), |t € o, 5]},

rme 2,9 € C'7 — 3azamnpie mepuogmueckue dymkmum, T.e. #(a) = #(3), §(a) = §(B) , mep-
Bble 1Ipou3BOjHBbIE DYHKIINK 10 T, % yA0BJIeTBOpA0T ycaosuio l'enbiepa ¢ nopsgaxom € > 0. B
HECKOJIBKO 0oJibImeil obmacTu ()5 paccMarpuBaerca riaaaxas dpyuxnus f € C*H re. oma mveer
HEIPEPLIBHBIE OTPAaHUYeHHEbIe 12 + | HacTHbIe mpon3BogHble. KBamparyprnaa popMyaa uMeeT BU:

N
// P pdady | = [ S enf(B) ) + 00, (1)
Q k=1

2013, Tom 6, Ne 4 87



J.A. Cunaes

e ¢, — Beca, P — y3nel KBagparypHoit popMyanl, h — mar pa3buenusa. 31ech k — HOMEp TO-
JIHHOMA, COCTABJIAIONIETO CILTAfH, OTBEYAIONEro Touke Pr, a ¢ — unrerpaa mo obmactu {2 ot
ykazaioro nosunoma [10, 11]. Tomonnurensiio 6ygeM IpeanosaraTh, 9To UCXO/asd HyIKIud
TaKOBa, YTO OHA OIPEeIeHa B HeCKOIBKO Gombinett obmactn {15, comepKaiyio obmacTs {2 ¢ coxpa-
HEHUeM KJiacca U HOpMbL. J[JI1g IpocToTh MOYKHO CUUTATh, 9T0 TAKOBON 00/IACTHIO SIBJAETCS KPYT.
[Ipobiiema, ¢ KOTOPOIl MBI 3/I€Ch CTATKHUBAEMCs, COCTOUT U3 JIBYX MOMEHTOB. Bo-11epBBIX, KaK yHU-
dunupoBaTh BeIYUCIeHEE HOJIBIIOIO YUCIa TAKUX HHTEI'PAJIOB 110 3a1aHHoK obacTi. Bo-BTophIX,
Kak ¢ GOJIBINON CTEMeHbIO0 TOYHOCTH YIeCTh BHUJ TPAHUIELI 00gacTh ). DTH mpobiaeMbl permaeM,
CBOJTA C TIOMOTITLIO (hopMymel I'prtia wHTErpas mo obsactu §2 K COOTBETCTBYIONIEMY HHTETPATY IO
rpanutie obaacru v = 0L,

1. OpsOMepHbIil S-crtaiin kaacca CF

PaccMorpmy Ha oTpeske [a, b] pasaoMepryto cetky {@x =i @ =a+kh, h=(b—a)/K —
mar cetku. PaszobnéM oTpesok [a, b| 1ma rpynnot, ana sToro speaém na |a, b emé onny pasmomep-
y1o cetky {{M}=E &M = a+1H, H = mh,m € N . 3aecb m GpuKCHpoBano, HHACKC M B 0003Ha-
yenuu & B fanbHeiimem 6yaem oyckars. Takum 06pasoM, epexost U3 OfHOM IPYIILL B APYLIYIO,
MBI OCYIIECTBISEM CABHUI CHCTEMBI KOOPAUHAT U PACCMATPUBAECM KazK Bl [-ii O TMHOM HA OTpe3-
ke [0, H] . ITycrn suasdermsa npub.imKkaemMoit by ma 91oif cerke § = (Yo, Y1, - - -, Yx ) € RETL
Obosnaunm qepes

n
Pg=<u:u(x)=a+ax... +apr? + Z a;x

i=p+1
MHOZKECTBO ITOJTHHOMOB CTeIleHH 72 ¢ (PHKCHPOBaHHBIME Ko3ddunuenTaMa ag, a1, . - - , @p. Pacemor-
puM dYHKIHOHAT
M
l 2
o) = (w(& + kh) = Ymire)
k=0

B knacce Pg umercs Takoil HOTHHOM ¢, KOTOPBIT MUHIMU3UPYeT (hyHKIHOHA

M

o' (u) = Z(U(ﬁl +kh) = Yoy )? — min(apy1,. .., an)
k=0

U YJOBJIETBOPLAET CJCAYIONIUM YCJIOBUAM:
1
dh = gy (H),d = gi_\(H),...d, — Hgl@l(H) mpul =1,...,L —1. (2)

B cayuae nepuopmueckoro S—cmnatiaa 31eck upu | = 0 Bemosneno g;_1(H) = gr—1(H). Tak

KaK
1
ab = g1(0),d4 = g)(0), ..., al, = %gfm(()), ampum =0,1,...,p,

To ycaoBus (2) ecTb YCAOBHA I[VIAJKOH CKJIEHKH JIBYX IIOC/I€J0BATEIbHBIX IIOJMHOMOB. B

HEIePHOIIecKoM ciydae Koadpdurmenter a, al, . . ., ag BAIATOTC HAYAJBHBIMU  YCJIOBUSIMHE
(»)
Yos Yy« -+ %1. Moxkuo mpeamosaraTb, 9TO 3HAYCHHUS 33MAHHON (QYHKITUN ) MU3BECTHBI C HEKO-

TOPO#l TOYHOCTbHIO, HAIIPUMED, OHM €CTh Pe3yJibTaTbl Kakux-jubo u3mepenuii. Byjaem mpemnosia-
raTh TOT/A, 9TO ¢ YMEHbIeHueM mmara it 0yaer yBeIHInBaThCad TOYHOCTh M3MEPEeHHsd, & HMEHHO,

1B CJIy4dae ecJIn HKIHUA 3aJaHa T&6JII/ILIGI7I TO Yo S (p) MOZKHO BBIYHCJJIHTDH C IIOMOIIBI (POPMYJII
’ » S0 » J0

YUCIEHHOTO M pepeHnnpoBatrs BRICOKOIO HOPsIKa annpokcumarmu (eM. [12]).
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6yaeM mpeanonarars, uro ecau dynxuus f € C?Hla,b] 3amana B y31ax paBHOMEDHOI CeTKH
Tp = a+khk =0,1,..., K cBouMu 3HadeHnsME Y, 0 |yp — f(2r)] < CAUHY Bnecs L — anmeno
IPYIIL, 1Ia KOTOpLIe pa3bura ucexoimnad Tabiauna sinaderuil npubankaeMoil dyuknum, Wik Yucso
[IOJIMHOMOB, COCTABJISIONHX cItaiin. Kpowme roro, 3mech M + 1 — KoH4ecTBO TOYEK OCPEIHEHNS,
m + 1 — KOIU9IecTBO TOUEK, BXOJANIHX B O0JACTL OIpeneseHus [-ro MOImHOMA g, & — TOUYKA
MpUBS3KHU mMoaunHoMa g;, M — m + 1 — unca0 TakuX TOUYEK, 3HAYEHUS KOTOPLIX YYACTBYIOT IIPH
OLpeeJIeHUN JIBYX COCEIHUX IIOIHHOMOB, cocTaBisomux S-cunajin, M > m + 1 ([12]).

Omnpegnenenue 1. S-cnaatinom naszosem Gyrryuro Sy, v (X), Komopas cosnadaem ¢ noAUNOMOM
g1(x) na xaostcdom ompeswe & < x < &14q.

CucreMa TUHEHHBIX aJre0panIecKux ypaBHeHnH, KOTOPOH JOIKHBI YIOBICTBOPATE KO(ppU-
I[UEHTLL IIOJUHOMOB S-CIIAHA, COCTOUT U3 YPABHEHUI JABYX BHJOB: &) yPaBHEHU CKelKu s
KazKJI0l I1aphl [OC/Ie]0BATe/bHLIX HOJUMHOMOB (2); 6) ypaBHeHuil jjis onpejgesnenns Koadduiu-
€HTOB TIPH CTAPIIHX CTENCHAX TOITHOMOB 110 K03(ODUIMeHTaM TPy MIaAmmx cremensx. Creraem
3aMeHy mepeMeHHbIX d; — aht, i = 0,1,...,n.

O6o3naunM gepes

M M
!
. . ) ) n!
Sj:E K, PJ:E yml+kkp+]v Jj=1...,n—p acﬁim (3)
k=0 k=0
Smece | = 0,..., L — 1 — womep nommuaOoMa, mpudeM ecau [ = 0, TO B IMEPHOAHIECKOM CIydae

BBIpasKeHHe df,c_l O3Ha4YaeT dﬁ_l. B nasnbreiiniem, eciim 9TO He BBI3OBET IIyTAHUIIBI, MbI Oy/eM
OIyCKATh BOJIHY HAJ| IEePEMEHHBIMU (Y. BallMIIeM CHCTeMY TS OmpeereHus KoshhuiuenTon
IOJTMHOMOB B MaTpuuHoil opme. st aToro obosznauum depes

Serl RN S2p+1 Sgp+2 e Sn+p+1
Ag = , A= )
Sy oo Suip Swipti oo Som
I m m?... mpP mp 1 mpt2 U
0 1 2m... pmP! (p+)mP (p+2)mPtt ... pmnt
BO - . s Bl -
o 0 0 ... 1 chm Chym® ... Chm"P

Baeck mpamoyrosbabie MaTpuisl Ag n By umeror pasmeproctr (n—p) X (p+1) u (p+1) x (n—p)
COOTBETCTBEHHO, PA3MEPHOCTH KBaapaTHbIX Marputt A1 1 By (n—p) x (n—p)u (p+1) x (p+ 1).
IIycrn, xpome Toro,

i 4 (e
P a a

Pl = :2 u X = :1 , Xi= p:“ ytae [=0,1,...,L—1. (4)
! 7 |
L ap af,

Torpa ypaBHeHust a) CKJICHKU JJid KazK 101 aphbl II0CIe 0BaATe/bHBIX IIOJIHHOMOB (2) IPpUMYT BHU/;:
BoX§+ BiX) = x{t (5)

a ypaBHeHus 0) Jiuid oupegeneHus Ko GUIMeHToB IpU CTaPIIMX CTENeHIX IOJUHOMOB 110 KO3(]h-
durnmenTaM Py MIAJNINX CTelleHAX:

AgXi+ A xt =Pt (6)
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2. CymrecTBOBaHIE U €AUHCTBEHHOCTDL S-ciniaiiHa kjacca CF

[Mpeamonozkum, yro m u M raxossl, yro marpuna A; umeer obparuyio. Torna uz (6) mosy-
qaeM, ITo

X| = ATUP - AXS @

e A = Al_le. [oacrasum Boipazkenne 11 X, 5 (5). Torja nonyauM peKyppeHTHOE COOTHO-
menne, cpsapiBatoniee p + 1 mmammnnx xkosdgpdunmenton [ + 1 momumoma depes p + 1 maaammx
KO3 DHUITHEHTOB | HOJHHOMA:

XM =vuxi+ ot (8)

re W = By AT P marpuma yeroitunsoctn U = By — B1 A7 Ag mveer pasmeprocts (p + 1) x

(p+1).
Paccmorpuy cHada a HeTepHOAMIeCKuH caydaii. 3a1aIuM HATATbHBIH BEKTOD

0 ! 1 » \'
XO - ( yovhyOw"viT[hpyo ) )

Iyle 3HAYCHUA IPOU3BO/HbIX, BXOAAIIHX B X , MOIYT GBITH BBIMHC/ICHD! IPHOJINKEHIO C BBICOKOL
CTEIEHbI0 TOYHOCTU C HOMOIIbI0 hopMysn uuciaennoro pudpepentuposanus. Ilonbzyscs dop-
mynamu (7),(8), nocrenosarensno maxomum X\, X3, ..., X7 Tem campiv e xosdbdummentor
IIOJIMHOMOB, COCTABJISIFOIIUX CILIANH, OJHO3HAUHO OLPEe/e/IEHEL.

Teopema 1. ITycmo wucaa m, M, p,n maxosn, wmo detAy £ 0 . Toeda dan moboti Gynryuu
f(x), sadannoti na ompesxe [a,b] ceoumu snavenusmu Yy, 6 mourar xp = a+kh,h = (b —a)/K
u nanaavhozo eexmopa XS cywecmeyem eduncmeenibid nenepuodudeckull cnaatin S Yl(@)
xaacca CF.

B nepuonmaeckoMm ciaydae npuMmeHss peKyppenTHyto dhopmyny (8) L — 1 pas, mosyumm:

L
Xo =Xy =UXy ' 40 = UUXF 2+ 052 4 0 = = Uh XG4 UhsesTh
s=1

OTKYJa
L
X =(E-UH"y ubsest,
s=1

L-1
3arTeM IOCAeJ0BaTeNbHO HaxomumM X ?,X&, ..., X777 . Tem cambIM Bce KOIPPUIHEHTHI IOTHHO-
MOB, COCTABJISIIONINX IIEPUOSHICCKUN CILTAMH, OHO3HAYHO ONPEIe/ICHEI.

Teopema 2. ITycmo wucaa m, M, p,n maxoen, wmo detA; #£ 0 u cobemeenmbie “UCAE MOMPU-

uywn U ne pasnor koprio cmenenu L us edunuybe (3decv L — 4ucao noauwnomos, CoCmMasasouus

cnaain). Tozda dan awboti dynkuuu f(x), sadannoti na ompeske [a,b] ceéoumu snaverusmu Y

6 moukar rp = a + kh,h = (b — a)/K cywecmeyem eduncmeennvili nepuoduseckudi cnaalin
oyl (@) xaacca CP.

3. YcTof4YmBOCTH M CXOAMMOCTD S-ciuiaiina kjaacca CP

Teopema 3. ITyems nepuoduueckas dynxuyua f(x) € C*a, b], u nyemo evinoaneno yciosue

|flzk) —ye] < Coh™THHe =>0 . (9)
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ITycmu, kKpome mozo, wucaa m, M, p,n maxoew, umo det Ay #£ 0, u cobemeennvie 3naNenus Mam-
purst U no modyao menvwe edunuybt, m.e.

Nl <1, i=1,...,p+1. (10)

Tozda nepuoduseckuli cnaatin S) 3 € CPla, b] ¢ ysaamu na pasnomepnoti cemre umeem dederm
n—7p, udaa x € |a,b| cnpasedauevl caedyrougue ovenku;

r)— — z)| < C, - i r=0,1,...,n; 11
f(r) ddmr gL’M Chn+1 r p)

c£E npu r=p+1,...,n; 6 omom cayuae g0<7“>(£z) = QOW(fl +0) .

Amnajioruutble yTBEPK IeHUs CIPABEJIUBLL U JJis HEIlepUoAndecKoro caydad (cm. [12]).
Cob6cerBennble ancaa MaTpursl U onpegensrorcs u3 ypapHeHnAs

det(U — \E) = 0. (12)

Jna caydas manbix 3aadenuit M (npu 3 < M < 20) B pesysnbrare pacdera ObLIN IOy 9€HbI
3HaueHus cobcTBennbIx uncea Marpunsl U, Kak nokazano B ciyuagax n = 3 u n = 5, juis obecie-
YeHHsl YCJIOBHs YCTORUUBOCTHU, T.e. BbIIOJHeHus HepasercTsa (10), HeobX0uMO IIePEeKpBIBAHIE.
DTO 03IIAYAET, 9TO UMEIOTCS TAKHE HJTEMEIITLI MCXOAIION Tab ULl 3IIatdennii (PyIKITHT, KOTOPLIe
YYaCTBYIOT B OlIpejieieHiH KO3 PUITUEHTOB He MEHee JIBYX COCEJIHUX IIOJTMHOMOB, COCTABJISIONTHX
citaiin. Ecin mepekpbiBanne j1ocTarodno HobIIoe, TO 9TO B PAjle CHy4YaeB ABIeTCH U J0CTa-
rounbiM yeaosueM [13]. Ha npakruke manbosiee yrorpeOuTeIbHBIMA SIBJSIIOTCS T CIUTARHDL, J11s
IOCTPOEInd KOTOPDLIX HCIONIL3YeTcd 11ebosbinoe yncyo Touek ocpesureiind M. Hexoropoie manbo-
Jlee MHTepecHble [0JTydeHHble 3HaueHusa m u M moxHO Halitu B Tabaure padorst [12]. [Tokasano,
groBcayaae p=0un =M, 1 <m < M —1 marpuna U ecrs uucio, pasmoe 0. B stux ciaygaax
S —crmadiiel 06,1a1a10T BLICOKIME AMTPOKCHMATTHONHBIMA CBOMCTBAMHI U YAOOHBI, HAIPUMED, /1
nocrpoerust GOPMYJI YHCIEHHOrO HHTerPUPOBaHUA (KBAIPATYPHBIX, KyOATYDHBIX).

4. ®yHIAMEHTAJBHBIN S-CILIaiiH

OynaMenTaabHbll HepuogudecKuil S-cunaiin B (r) — 910 S-CrLnadiH, MOCTPOEHHBIH 110 J1AH-
K+1 . _ D
M Y = (Yo, Y1, - -+, Yk) € R suna: {y; = 84504, =0,1,..., K}, &;; — cmmson Kpomexepa.
Jlerko BuAeTDh, 9TO JUHeHHAd KOMOMHAITSA

K
S(@) = y;By(x)
Jj=0
apagerca S-coiaiinom, npubmmxaromuM garaesie {y;i = 0,1,..., K}. Henepuoguueckue ¢ys-
JAMEHTA/IbHbIE CLIANHBL IOLOMHIAIOTCS CILIANHAME ¢ HAYaIbHBIME YCIOBIAME Y, Yo, . . ., 4P (0),

npuHUMatomuMH 3Haderns 0 mam 1.

5. JIByMepHBIil OJYJIOKAJbHBINA CIVIAKUBAOIIUI CIIJIaiiH
KJjiacca C?

5.1. IlocTtpoenue p — r — S-cnjaiiHa Ha Kpyre

Bynem paccmarpuBaTh Ha €UHUYHOM KPyre HOJSAPHBIE CETKH:

{QOZ = ’Lh1|l = O, 1, .. .,Kl}, {(I)k = I{,’H1|k] = O, 1, .. .,Ll},Hl = mlhl,Kl = mlLl,thl = 271',
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{7’]' - ]h2|.7 =0,1,..., K2}7 {Rl - lH2|l =0,1,.. '7L2}7 Hy = m2h27K2 - m2L27K2h2 =1

Bynem crpouts annpokcumaruio dpynknuu (@, 7) Ha Kpyre Ipu yeJaoBU#, 9T0 PyHKIH f UMeEeT
n+1 IPOU3BOMHEIX [0 IEPeMeHHBIM 7 u ¢, To ecth f € CUHD[0,1] x [0,27]. Myers {y;; =

flps,ry), i=0,1,...,K;, j=0,1,...,Ks} — 3HauecHHus B y3/1ax CeTKH, 10 KOTOPBIM Oymer
IpPOBOMNTELC ammrporcuManus. 1lpu gkaxkaom j = 0,1,..., Ky mocrpouM mepHoan<decKuit S-
ciutaita S;(¢) Ha orpeske [0, 27| o samanueiv {y;;)i = 0,1,..., K1 }. Kaxasri u3 stux crnaifnos

anupokcuMupyer byHKIH0 f(@, 7;) Ha OKPYKHOCTH C PAJULYCOM T'j, IPUIEM B CHILY T€OPeMbl 3
0 CXOAUMOCTH

(1) o nl-
S; (gp)—wf(go,rj) <COR{TTH u=0,1,....,n ,p€|0,27].
Hanee duxcupyem nponssosbuoe @ € |0, 27| Pacemorpum nabop {z; = Sj(@)|7 =1, ..., K2, 20 =
Yoo}, Yoo — sHadeHnme (pyHKIuEM [ B Hadage KOOPAHMHAT. Takxke OOO3HAYMM depes zé,...,zép )

3HAYEHNs, [OJIydaeMble II0 HEKOTOPOMY aJrOpPUTMYy 110 Habopy {2;}, KoTopble IpubInZKaior

@, r)|r=0, - - -, fﬁm (@, 7)|r=0 ¢ mopsakaMu n, ..., (n + 1 — p) coorsercrBenHo (Hampumep, ¢ 10-

Motbio Gopmyst ynciaerHoro auddepeHnupoBatus BEICOKOro nopaaka, cM. [12]). Ilo nabopy {z;}
(p)

M 2),...,%5 crpouM Sgz(r) — Henmepropmdeckuii S-cimaiin Ha orpeske [0, 1]. Bygem caurtars, 4o
mo < Ma(y . DTO TapaHTHPYET, UTO COOCTBEHHBIE 3HATEHHS MATPHUILI U/ MO MOIYIIO MEHBIIE
et Torpa, nocrpoennoii g @ crnaiin Si(r) 6yzer ammpoxcumuposars dynkmmio f(9,r)
upu r € [0, 1].

Omnpejnenenne 2. Hazosém p — r- cnaatinom dynwyuto S(p,r), snavenue xomopot npu ato-

Gux  u T onpedessemea no cacdyrowemy aszopummy: no nabopy {z; = Sj(p)lji=1,..., Ky,
20 = Yool zé,...,zém empoum Sy(r), samem noaazaem S(p,r) = Sy(r), dpyeumu crosamu

S(p,r) = {Sp(M{z; = Sip)| j=1,.... K2, 20="yoo}}

OueBuaHO, UTO STOT CILTaiH MOXKHO audepeHImpoBaTs Mo r 1 pa3 B 060 TOUKe, He
IpuHALIekKame ceTke, To ecTb r # R;. Ilpm r = R; onpenenuM IPOM3BOAHYIO CJIELYIOIIHM

obpazoM:
14 14

- —0,1,....,p.
500 r) =355, r+0), v=01...p

Omnpenenenne 3. Hasoeém npouseodnot nopadka [ no p om p — r-cnaating (= 1,...,n)
PpynryuIo %S(gp,r) HO eQUHUNHOM KPY2e, KOMOPAA DPAGHA © — T-CRAGTHY, NOCMPOEHHOMY NO

nabopy
dr )
{o = SN 7 =1, Ko, 20 = yoo}-

Kak u B ciryuae ¢ mpousBogHOM 110 7, 110j1 IIPOM3IBOJHOMN 110 ( B TOYKaX ¢ = P nonumaercd
sHauenue B Touke @ = Py + 0. Hakoner, MOXKHO BBeCTH HOHATHE CMELIAHHON IIPOU3BOJTHOM.

. . putv
Onpenenenne 4. [lod cmewannot npouseodnot 8‘71—8@5 (;p, 1) nonumaemeca nPouseodHas no-

padka (L no v om npouseodnoti nopadka v no @ om S(p,r), 2de npoussodnbie mpaxmiyOmca
cozaacho onpedesenuam 2 u 3.
5.2. CxomuMocTh ¢ — r — S-cijiaiiHa

O6ozuaunm h = max(hy, ha).

Teopema 4. Iycmv mi/M; < o, mo/My < Gou f € CPHD(0,27] x [0,1]. Tozda dan
Y — r-cnaating S(, ) cnpasedsuss, OuerKy;
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ortv ortv

S(va r)— (’97"“(’9@”

D flo,m)| < Ch™ Y0 2de v >0, 0<putv<n  (13)

AHaIOrHYHO MOXKHO BBECTH IIOHATHE U T — (p-crinaiina [14].

5.3. Ilonyuyenme S-cmiaiiHa Ha Kpyre Kak gBHOH (PYHKIHUU ABYX IepEeMEHHBIX

Byaeum o6o3nauars dpyumaMmenTansubie criaiiue oo ¢ kak Ci(), a dyngamentanbuble crmaii-
HBI 110 apryMenty 7 kax Dj(r).

S(p,r) = {Sp(M{z; = Si(p)l J=1,..., K220 = yoo}} = Sp(r).

B cBowo ouepenn
)

Ko Ky Ki—1 Ki—-1 Ko
Sp(r) = 2Di(r) =Y Di(r) > yuCile) = > Y 4i;Cal0) Dy(r) (14)
5=0 5=0 =0 i=0 j=0

_ . / .,
(3mech orpannuuBaemcst ciaydaem p = 0; B ofmeM caydae 106aBJISIOTC CIaraeMble sz]o(r) +

ot z;.p ) Djp(r), rue dbyngaMenTanbablii ciaiin g, orsedaer HylteBoMy HabOpy 2j I z;.p ) — 1).
[Ipennocientee paBeHCTBO coexyer u3 oupenesenus Habopa {2; = Sj(p)} u pasnoxkenus mo

dyHIAMEHTATBHBIM CILTAMHAM
Ki1—-1

Si(@) = Y viuCilp)-
i=0

Temneps paccMOTpUM YKPYIHEHHYIO ceTKy Ha okpyzxmocru {®p = kHy| k = 0,1,..., L1}, rme
Hi =mihy u{R =1H| [ =0,1,..., Lo}, tne Hy = mahy. Paccmorpum Bus S-crinaitna B
HEKOTOPOM IIPOU3BOJBHOM CeKTOpe 310l cerkm: ¢ = kHy+ @, r=IHo+7, tne |p| < Hyu |[r] <
Hy. B aToMm cexTope pyHTaMEHTATbHBIE S-CILTANHEBI COTJIACHO ONPEIETEHNI0 TPEICTABISIOTCS B
BUJIE [TOJIUHOMOB N-#i CTEIeHn:

Cily) = > chd?,  Dyi(r) =Y dl.
p=0 q=0

Ioxcrapnsst 91u Beipaxkenus B dopmyny (14) ans dbyukuuu S((p, r) 1 MeHdAs TOPSIOK CyMMUPO-
BAHUA, [TO/TYIHM:

Ki—1 K5 n n n n Ki—1 K5 n n
— y iosp J P ATy kl ~p~q
S = D>y @ Y AT =Y N FFUY D yediy) = > D ap @
=0 5=0 p=0 g=0 p=0 ¢g=0 =0 5=0 p=0 g=0

Takum 06pa3oM, MOKA3AHO, 9TO HA KAXKJIOM IIPOU3BOIBHOM CeKTOpe (byHKIMA S, 1) mpeacras-
JIFeT IIOJMHOM T-H CTEIeHU BHA

n o n Ki—-1 Ky
S(eur) =32 @™, wae dp = 3 Y yachudy, (15)
p=0¢=0 i=0 j=0

wnu criaiin-pyHKIuo aByX nepemensbix [14]. 3amerum, 4To B Bhlpakenus g Kosbdurme-
kl .

TOB (I, BXOJAT 3HAYEHUZ BCEX Yij, COJACPAANUXCA B Kpyre. AHATOIUYHbIC BBIDAMKEHUA MOKHO

[OJIYYUTH J/Id BCEX MHOTOMEPHBIX 00J1aCTell, IPeACTaABILIONMUX cOD0 TEH30PHbIE IPOU3BECHI

OQHOMEPHBIX, HallpuMep, AJs IPpAMOYIOJbHUKA U TOPa.
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IIpeacrapienne ciutafina Ha Kpyre B BHJAEC Pa3I0KEHHd II0 OTHOMEPHBIM pyHIaAMEHTAb-
HBIM CILTafiHaM (14) II03BOJILET OLIPEIC/INTh [IOHATHE CMELIaHHON! IIPOU3BOSHON 1JId N1BYMEPHOIO
CILJIaliIia.

. . . +v
Omnpenenenne 5. [1od cmewannoti npoussodnoti 08ymeprozo cniating 8?5—w5(g0m), 2de 0 <

WHv<n, nonumaemca caedyiouas KOHeUHad CYMMa

Ki—-1 Ky

dV
> Zywd 7 Cilw) 5 Djlr),

=0 7=0

COCMOAULAA U3 POPMAADHBIT NPOUSGOOHHBLT OM COOMBEEMEMEYIOUUL PYHOAMERMEALHIT CNAGT-
HO8 N0 P U T.

D1y POPMYTY MOKHO PACCMATPUBATEL KaK (POPMYITY UHUCIEHHOTO mupDepeHITHPOBAHIS, OC-
HOBAHHYIO Ha NpUOIHKEHNN JIBYMEPHOH! (DYHKIHUH ITOTYJI0KAJIBHBIM CIVIAXKUBAONITUM CILJIARNHOM.
Bcé To xe camoe BepHO U Jjid T — (p-CILTaiiHA.

5.4. IlosmydyeHume KBaaApaTypHBIX (POPMYJ AJd OJHOMEPHBIX MHTETPAJIOB

IMomcraBuM BBIpazKkenune S-criiaiina depe3 QyHIaMEHTATbHEBIE CILTANHBl B HHTETPAJ:

B B K K
/A S(w)dw/A iz;ini(w)dwiz;ciyi, (16)

e

Li—1 n

B
ci/AC’ d:vfzz s+1

m=0 s=0

— MCKOMBIE KOXDDHUITMEHTEI KBAAPATYPhl. 3/7ech ay° — $-# K0a(hDUITMEHT M-TO TMOATHOMA B $-M
dbyHmamenTanbHOM Ciutaiine (T.e. mocTpoeHHoM 10 Habopy ganubix {yp = 0| k=0,1,..., K},
rje 0;x— cumsos Kporekepa). 3amerun, 4T0 B HELEPHOUUECKOM CJlydae yKas3aHHble (yH1aMeH-

Ta/IbHBIE CILTARHBI JONOJHAIOTCS CILTANHAMY C HAYAJBHBIME YCJIOBUAMHU Y, - - - ,yOp , IPUHUMATO-
mpmu 3Hadenns 0 uwim 1. Dru dpopmynsr umeror (1 + 1)-it mopsgoK annpokcuManum.

5.5. IlosydyeHue kBaapaTypHBIX (bOpMyJ A ABYMEPHBIX HHTErPAJIOB
Ha Kpyre K

IMoscraBum B MHTErpas O eMHAYHOMY KPYTY BbIpaxKkeHue  — r-civiaiina B suge (14):

-1 K>

2w 1 27 1
J[ stenan~ [ [ sryrarag - b v [ Citondo [ Dyt

=0 5=0

Orcioma mogydaem:
Ki—1 Ky

/KS(QO, rdQ =" ediyy, (17)

=0 5=0
e
271' -1 n HH+1

Ci = d@—zzzmﬁil,

0 m=0 k=0
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1 Lot1 ey Lo+l .H, no
dj = / Dj(ryrdr = Z / rD;(rydr = Z / (u+ &) Z b uldu —
0 s=0 /& s=0 /0 q=0
Lo+1 /H2 n Lo+l n 1 s
Do) BB SULTELERAUTIES 3 ol A e ]
q q *72
s=0 70 q=0 s=0 ¢=0 q-+ 2 g+ 1

, " ) ) , )
Bnec a1 bl — k-1t 1 ¢-it Ko9hDUTHEHTHI M-TO U $-T'0 TIOJTHHOMOB B i-M U j-M (byHIaMeHTaIbHOM
IePHOAUTIECKOM CILIaiine Ha okpyzkuoctu [0, 27| u nenepuauaeckom cintaiine ma orpeske [0, 1] co-
orBercTBenHO. 3necy Hy = 27/, Hy = 1/ Ly. @yanavenranbubtii nepuognaecknii crraiin C; ()

cTpouTcd 1o mabopy mannnix {yr = dx| k = 0,1,..., K1}. Henepuonuuecknii pynnamenrans-
ublil citaita Dj(r) crpourcs no Habopy gamubix {yr = 05| k =0,1,..., K2y, ... ,yém}, rie
dik— cumpon Kponekepa, 4y, - - - ,yém npuHAMAaT 3HadeHus jgubo 0, nubo 1.

5.6. KBagparypHuble pbopMysbl A5l ABYMEPHBIX OJHOCBA3HBIX O0JacTeit

Ha mmockoctn paccMarpuBaercs orpaHmdeHHas obmacth ) ¢ rpammneii v = ), roe v —
BaMKHYTas CAMOHEITePECEeKAIONIAasIcd KyCOTHO-TIaKad Kpupas. [Ipenmnonaraercd, 9To rpaHnna 3a-
mama mapamerpuyaeckn: {7y = {Z(t), 7(t)}t € [, B8]}, e 7,7 € C* - zanannbIe TepHOTIIecKHe
dynxmmu, re. r(a) = z(F),y(a) = y(5), nepsrie npoussoanbie DYHKIUNA T, Y YIAOBIETBOPIIOT
yeaosuio Tesbiepa ¢ mopaakom £ > 0 (6bITh MOXKET 3a UCKJIIOUEHHEM OT/Ie/IbHBIX TO4UeK ). Byuem
IPE/IIoIaraTh TakzKe, uTo gpyaknua [ onpenenena u (n + 1) pas menpepoisao auddpepennupyema
B HeCKOJLKO bospieii obmactu §2s. s mpocTors! HymeM CUHTATE, 9TO 001aCTE §25 ecTh Kpyr K
pamuyca R.

IlocTpoenne annporcuMupyomei ceTku OyaeM MPOU3BOIUTEL CaeayiommM obpasom. Ilome-
ctuMm obsacth ) B kpyr K paamyca R ¥ BBeJIEM TOJAPHYIO CHCTEMY KOOPIWUHAT, CBI3AHHYIO C
TMEHTPOM KPyTra. BymeM paccMaTpuBaTh B KpyTe paaunyca R MoJsgpHble CeTKH:

{QOZ':’ih1|’i:O,l,...,Kl},{qu:I{]Hl,l{]:O,l,...,Ll},

(r; = jhalj = 0,1,..., Ko}, {Ri = lHs,1 = 0, 1,..., Ly}, (18)
Hy =myhy, Ky = my Ly, Kihy = 27, Hy = mahg, Ko = maLa, Kohy = R.

IIycrs wi; = f(pi, ) — cyxenne dyuxuun f na pasaomepuyio cerky (18). ITo Tabmuie snauenuit
Usj CTPOMM IIOJIYJIOKAJIBHBIN CIVIQKMBAIOMIUN criais S (¢, ), cocToamuil U3 MOJUHOMOB 12 —OM
CTelleHH, HALPUMED, © — Q-Cllaiil, oupe/enennblii Ha BceM kpyre K. U3 ouenku (13) crenyer,
uro S ammpokcumupyer dyukuuio f ¢ nopagkom O(h™HY) rne h = max(hy, hy) B obmactu Q.
IMoacraBum B mHTErpan mo obmactu () BRIpasKeHHe Mg 1 — (O-CILTaliHa B BUJIE:

Ki—-1 Ky

//Q S(p, r)d§2 = //Q S, ryrdrdp = Y > Uy, (19)

i=0 j=0
e

¢l = //Q Ci()Dj(ryrdrde. (20)

Bamerum, 4To Bbipazkenue B (20), crosdinee 1107 3HAKOM MHTErpaJia, eCTh Mpousse/ienue dbyHKIuii,
KaxK/1asg 13 KOTOPBIX 3aBUCUT JIUIIL OT OJHOMN IIepEMEHHOM, YTO BECbMA CyIiecTBeHHO. [IpuMensTs
dopmysbl Tuna (17) cranopurcst Hey 0OHO, TaK KaK DAHUNa 7y Oyzer IPOXOJUTh BHYTPH YACTH
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cexkropos (cM. 1. 5.3). Ilpousseném yuusepcasuzanuio splancienus uarerpanos B (20). s ux
BBIUKCTeHUs npuMeHnM Gopmyry ['puna—Crokca:

7{(7, P)ds — //Q(mﬁ,?)d@,

e @ = {P,Q,0}, P = P(x,y), @Q = Qx,y), 7~ eIMHMYHBLI BEKTOpP KacaTeslbHOH K
_>

KPHBOIi ¥, orpannunBaroreii obaacte ), k — e IMHNYHLIIE BEKTOD, MePIeH UK Y IIPHLIN ILJI0CKOCTH

obnacru €}, Jluneiinag gpopMa uMeeT BHJT;

(@, 7)ds = Pdx + Qdy = Pudr + rQdyp,

e P, = Pcosyp + @Qsing, @y = —Psing + ) cos . Beipazkenue jnag poropa B HOJILPHOM
cucreMe KOOPJHUHAT:
19 1OFP.\ —
el el
rora (7" (’97"00@@) r Op )

[TosTomy

g 10 10P,
i . . — i _ T = +
= //Q Ci(p)Dj(r)rdrdy = //Q (7" r(rQ@) - > rdrdy 7{Prdr rQydep.

Orciofa mory1aeM, 9To

(RN
ror Y Oy

DTOMY YPaBIIEIHIO YIOBIETBOPAIOT

) — Ci0) Dy (). (21)

1 s
P, Qo= Cite) [ Dot

Nupivu cnosamu, B Kadecrse dbyakimn rQy(@, r) Bo3pMéM mepoobpasuyto or dhyukuuu 7D;(r)
(mo r), ymuoxennyto Ha C;((p). Bamerum, 410 9Ta 11€PBOOOPA3HASI €CTh CIUIANH, COCTOSIIUN U3
OJIMHOMOB 11 + 2 crenenu. KoHCTaHTY MHTErpupOBaHuUSA B IEPBOOOPA3HON BhIOEpPEM TAK, 4TOOBI
BBIIOTHANOCH (¢, 0) = 0. Orciona moaydaem

i 7{ Ci(p) ( /O ' Dj(t)tdt> do. (22)

O6paTuM BHUMAHHE Ha TO, 9TO Hellepuogudeckuil dynmamenTanbublii ciaiin Dj(r) = 0 upn
r < rj, ecam TOYKa ¢ KoopamparaMu ((;,7;) He HPHHANIECKUT HEKOTOpol obmacru 5 O (.
[Mostomy Qu(p,r) = 0 mpu r < r;. Urak, moxasano, 4ro Bce KO3 (DUIIEHTHI Y paBHBL HyIIO
aig Takux nap (4, ), Ipu KOTOPLIX TOYKK ¢ Koopauuaramu (s, r5) ¢ s, rae 6 = 6(M,m, h).

5.7. HactHblli ciaydall «IIpocToii» objgactu

O6aacTh HA30BEM <«IIPOCTOLY, €CJH BHYTPH HeE HalIéTCs TaKad TOYKa, 9T0 JF0H0il JIyd, BbI-
MYTIEHHBIH U3 9TON TOUKH, MePecedéT IPAHuITy 00JaCTH TOMbKO B OHON Touke. [TomecTuM HATATO
KOOPJMHAT B 9TY TOUKY W BBEJEM MOJIAPHYIO cucTeMy Koopmunat. Torma rpammia 7y obmactu §2
sajaerca dbyaknuei 1 = r(p), ¢ € (0,27 .

Badukcupyem nexoropoe . 3amerum, uro D;(r) = 0 upu r < r;—Mahy, rae Ma—komuaectso
TOYEK OCPeAHEHUST, UCIOIb3yeMbIx 1pu nocrpoenun Dj(r). Iycrs &, < rj—Mahy. Torpa D;(r) =
0 upu r < &,. Hycrs r(p) € [&1,,&,11) (3amerum, aro ly = lo(p) 3aBucUT OT yriia ¢ U UPaHUIbL
obmactu Q).
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l21

()
/ 1D
0

€s+1 7‘(90)
/ Bt + / LD () dt —
gs €l2

s=l1
-1 (p)—¢1, 5
= Z/ (u+¢&s) ijsuqdqu/ (u+£ZQ)Zbélzuqdu:
g=0
f2—1 r(e)—&, 5
_ Z / Zbﬂs (u?™ 4 sHyu?)du + /O > 01 (it + Ly Hyu®)du =
g=0
bl 2 2 — lp M)t (r() — laHa)""!
= bl HY +) bl ( +l H ) .
z;lqz; <q+2 q+1> Z q+2 SR
Tlosromy

90 5
1 S
_ s prat2 )
7{ §: §:b;H <q+2+q+1>01(90)dg0+

5 q _ q
+7{sz12(¢) ((7"(90) — lo(p) Hp) 1> 1 l2(g0)H2(7°(90) la(p)Ha) H) Ci()dp,  (23)
7 ¢=0

q+2 g+1
e
Li—-1 5
Cilp) = > > ay'e”
n=0 p=0

3mech a;,” u bgs — p-it 1 g-it KoapUNUEeHTHI N-I'0 U S-I'0 LIOJIMHOMOB B i-M (DYHIAMEHTAJIBHOM [IE€PHU-
OZIIECKOM CILtajine Ha okpyzkaocTH [0, 27| 1 B j-M DyHAAMEHTATLHOM HEIIePHOAMIECKOM CILTafiHe
ua orpeske [0, R|. Illar Hy = 27/ L. ®yngamenTannnniii nepuonudeckuii craiin C; (@) crponTea
o Habopy gamHbIX {Yr = 0| k=0,1,..., K;}. [llar Hy = 1/ L2, byHmaMeHTaNBHBIN Heepro-

Juaeckuii citaiin Dj(r) crpourca no nabopy pauaeix {yy = 05| k=0,1,..., K239, .. ,yém},
e vy, - - - ,yép ) npuHUMaT 3Havdenud jubo 0, gubo 1.

5.8. OmeHKa TOYHOCTH KBaJApaTypPHOiIl (POPMYJIbI
OJid AByMEPHBIX OJHOCBS3HBIX obJjiacteii

O6ozuaunm wepes h = max(hi, ha). Ilycrb BeIMOIHEHB! yCa0BUA yCTOHIUBOCTH MaTpUIB U
nanpumep, mi/M; < (., ma/My < & u nyers f € CTD(Qs), rae Qs D Q, me. Mbl mpesmo-
JlaraeM, 4ro ¢dbysaknus f onpesenena u (n+1) pas menpepblBHO JuddepeHIiupyeMa B HECKOIBKO
6ospireit obaactu s O ). Ilomecrum obnacts §2s B kpyr K paamyca R. Beemém mosgapryro cu-
cTeMy KOODJIMHAT, B3AB 3a HA4a/I0 Koopauaar neHtp kpyra R. [Ipomomxum dyrkmuo f B K\ Q4
TOXK1eCTBeHHbIM HyeM. Obozuaanm uepes S(p, r) 1 — @-crnaiin, npubmzKaronmii TakuM 00pa-
30M TPOAOMKeHHYI0 hyuKImio [ Ha Kpyre K.

Teopema 5. Ilycmv S(p,r) —smo  r — @-cnaalin, npubsusicarowud dynrkyuro [, nyems
(M + m)h < p(7vs,7). 3decv p(vs,7) — paccmoanue mescdy epanuvamu obaacmed Qs u 0 coom-
sememeenno. Tozda cnpasediusa oyueHKa:

/ / fla,y)d— >N Py, < Chtt, (24)
Q —
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Bdecw yij = [(piyrj) — snanenua gynwyuu [ 6 yasax cemxu, eecoevie Kodppuruenmor
onpedeaenv popmysamu (22),(23), cymmuposarue nouzeodumes auwb no mem undexcam i u j,
ona womopwx (5, 75) € Qs.

Jloxazamesvemeo. 3aMernm, 9To

i=0 j=0
k. S(p,r) =1, econ f = 1. 13 (13) cienyer, aro |S(p,r) — f(p, )] < Cooh™ . Tosromy

Ki—-1 Ky Ki—-1 Ky

J[seman=3" S e < [[ rao— [[ saal o] [[ 037> ey <
0 i—0 §—0 0 0 0 i—0 §—0
Ki—1 K>
< Cooh(”J“l)mes(Q) + // S — Z Zyijoi(@)Dj(r) dQ
Q i=0 =0

[oceauee caaraemoe pasuo myio, Tak Kak Ci(@)D;(r) = 0 B obacru 2 jyig Tex map HHIEKCOB
i1 j, auig KoTopeix (@5, 15) € Q. O

Bameuanue 1. Ecam sagannyro Gyuknuo f npubmukarbh @ — r-ciiaiinom, To onenka (24)
TakyKe OyIeT CIpaBeliuBa, Tak Kak Ha Kpyre K ¢ — r-cimaifiH oTiuIaeTcs OT r — (o-CIiaifHa na
pemmauy O(h D),

3ameuanne 2. OcobeHHO yIOOHBIME Oy IAIOTCI KBAAPATYPHBIE (DOPMYJIBI TPH KCTIONB30BAHNAN
IOy TOKATLHBIX CIVIAZKHBAIONNX cItainos Kiracca C° mpu m = 1.
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Quadrature Formulas with High Order Approximation

D.A. Silaev, Lomonosov Moscow State University, Moscow, Russian Federation,
dasilaev@mail.ru

In the article the method of creation the quadrature formulas with high order
approximation for a wide class of the areas is given. This method is based on approach
of smooth function on the plane by the semilocal smoothing spline or S-spline. Semilocal
smoothing splines are initiated by D.A. Silaev. Earlier the splines of the third and fifth
degree are considered and applied. This work is devoted to use of S-splines of higher degrees.
Steady S-splines of a class of C° (only continuous), consisting of polynoms of high degree of
n (n = 9,10) makes it possible to receive quadrature formulas of the 10th and 11th orders
of approximation. It is supposed that integrand function belongs to C? class (to p = 10,11)
in a bigger area, than initial area on which integration is conducted. It is also supposed
that the border of area is set parametrically that helps to consider area border with a fine
precision. Similar approach is possible for the construction of cubature formulas.

Keywords:  an approximation; o spline; integrals; quadrature formulas; numerical
methods.
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