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The article surveys the works of T.G. Sukacheva and her students studying the
models of incompressible viscoelastic Kelvin—Voigt fluids in the framework of the theory
of semilinear Sobolev-type equations. We focus on the unstable case because of greater
generality. The idea is illustrated by an example: the non-stationary thermoconvection
problem for the order 0 Oskolkov model. Firstly, we study the abstract Cauchy problem for a
semilinear nonautonomous Sobolev-type equation. Then, we treat the corresponding initial-
boundary value problem as its concrete realization. We prove the existence and uniqueness
of a solution to the stated problem. The solution itself is a quasi-stationary semi-trajectory.
We describe the extended phase space of the problem. Other problems of hydrodynamics
can also be investigated in this way: for instance, the linearized Oskolkov model, Taylor’s
problem, as well as some models describing the motion of an incompressible viscoelastic
Kelvin—Voigt fluid in the magnetic field of the Earth.
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Introduction
The system
(1= AV)v; =vV?v — (v-V)v - Vp—gy0 + T,
0=V-v, (1)
0, = V20 —v-VO+v-v
models the evolution of the velocity v = (vy, vo, ..., v,), v; =v;(x,1), pressure gradient
Vp = (p1, p2, ---, Pn)y Pi = pi(z,t) and temperature 6 = 0(x,t) of the simplest non

Newton fluid — incompressible viscoelastic Kelvin — Voight fluid [1, 2.

The parameters A € R, v € R, and & € R, characterize elasticity, viscosity and
heat conduction of the fluid respectively; g € R, is the acceleration of the gravity; v =
(0, ..., 0, 1) is the unit vector in R"™; the free term £ = (f1, ..., fn), fi= fi(z,1),
corresponds to the external influence on the fluid.

We investigate the solvability of the initial-boundary value problem

v(z,0) = vo(x), 0(x,0) = bOy(x), Va € € @)
v(z,t) =0, O(z,t) =0, V(z,t) € 092 x Ry

for system (1). Here Q C R™, n = 2,3,4, is a bounded domain with a smooth boundary
09 of class C*. A.P. Oskolkov [3,4] began to study problem (1), (2) and investigated
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the solvability of this problem in case A™' > —\; (' )\; is the least eigenvalue of Laplace
operator with homogeneous Direchlet condition in the domain €2).

The first initial-boundary value problem (2) for system (1) was considered by
G.A. Sviridyuk [5, 6], and its modification for the flat parallel current was studied by
him in [7]. In these papers the indicated problem was studied when the free term f did
not depend on time under other assumptions (less general in Sviridyuk’s papers [6,7]) on
the corresponding differential operators.

Our aim is to study the solvability of problem (1), (2) when the free term f = f(x,¢)
is not stationary. We consider this problem in the frame of the Sobolev type equations
theory. The base of this theory was created by professor Sviridyuk and now this theory
is actively developed by his followers. This problem is investigated on the base of the
concept of relatively p-sectorial operators and degenerative semi-groups of operators. The
existence theorem of unique solution to this problem is proved and the description of its
extended phase space is obtained.

So at first we study the abstract Cauchy problem and then consider problem (1), (2)
as its concrete interpretation. We prove the existence theorem of the unique local solution
to problem (1), (2). This solution is a quasi-stationary semi-trajectory.

Other models of incompressible viscoelastic fluids may be studied in the same way as
problem (1), (2). The examples of these models will be indicated at the end of the paper.

1. Abstract Cauchy Problem for the Semi-Linear
Non-Autonomous Sobolev Type Equations

Let U and F be Banach spaces, operator L € L(U; F), i.e. it is linear and continuous,
ker L # {0}; operator M : dom M — F is linear and closed and it is densely defined in U,
i.e. M € Cl(U; F). Denote by Uy be the lineal dom M, endowed with the norm of graph
-1 =1IM -+ |, Assume that F € C*(Uys; F), and function f € C*(Ry; F).
Consider the Cauchy problem

u(0) = ug (3)
for the semilinear non-autonomous Sobolev type equation
Li = Mu + F(u) + f(2). (4)

Definition 1. A wvector-function u € C*((0,T);Un) is a solution to problem (3), (4) if
it satisfies (3), (4) so that u(t) — uo whent — 0+ .

Let’s introduce the L-resolving set
pt(M) = {peC: (uL—M)™" € L(F;U)}
and the L-spectrum o%(M) = C)\ p(M) of the operator M.

Definition 2. An operator M is an (L,p)-sectorial one, if there exist the constants
a€eR, keR,, ©¢€ (g,ﬂ') such that

(i) S5.(M)={peC: |ag(u—a)l <O, p#a} Cp"(M);
g k
(i) max{ || R{, (M) llcay, LG, (M) ller} < 7 —al
q=0 |Hq — Q
for all p, po, 1, ... ,pp € Sé,a(M).
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Here
R{Jmp)(M) - H§=0R£q(M)’ L(Lu,p)(M) - HZ=0L/€q<M)
are right and left (L,p)-resolvents of operator M respectively, Rﬁ(M) = (uL —

M)™'L, LEXM) = L(uL — M)~" [10].

Definition 3. An operator M is a strongly (L,p)-sectorial one, if it is (L, p)-sectorial
and for all ju, po, ..., pp € Séa(M)

const( f)
I — al ngo g — al

(i) | MR, ) (M) (uL — M)~ fllx <

for all f from some dense in F lineal;

const

i) || (L — M)PLE (M) || eoruy < :
(if) | ( )" Ly (M) ll ez i —al TTo_g |1g — al

Remark 1. If p = 0, then (L, p)-sectorial and strongly (L, p)-sectorial operator M is called
L-sectorial and strongly L-sectorial |5| respectively.

Consider problem (3), (4) and suppose that operator M is strongly (L, p)-sectorial.
Under this assumption the solution to this problem may be non-unique. Consider the
following example.

Example 1. [11] Let Uy =U = F = R?, and operators L, M and F be given by

=(80). w=(39) (%)

The operator M is strongly (L, 1)-sectorial, since

. -1 _ —1 —ILL L 7L . O —1
Consider the Cauchy problem z(0) = 0, where x = col (xy, z5) for the equation
Li = Mx + F(z).

There exist two solutions to this problem col (0,0) and col (¢/2,t%/4).

Thus the solution of problem (3), (4) may be non-unique. So we restrict the idea of the
solution to equation (4). Moreover it is known [12-14|, that solutions to problem (3), (4)
exist not for all ug € Uy,. Thus we introduce two definitions.

Definition 4. [15]. The set Bt C Uy x R, is called an extended phase space of equation

(4), if for every point ug € Uy such that (ug,0) € B° there exists a unique solution to
problem (3), (4), and (u(t),t) € B'.

Remark 2. If B = B x R, , where B C Uy, then the set B is called a phase space of
equation (4).
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Definition 5. Let the space U = Uy d U, and ker L C Uy. The solution v = v+ w, where
v(t) € Uy, and w(t) € Uy for all t € (0,T), to equation (4) is called a quasi-stationary
semi-trajectory, if Ly = 0.

Remark 3. The concept of quasi-stationary semi-trajectory generalizes the concept of
quasi-stationary trajectory, introduced for the dynamic case [11,13,14].

It is well known that if the operator M is strongly (L, p)-sectorial, then U = U° ® U*,
F=F'® F, where

U ={pel :Up=0 FteR,}, F={peF:Fy=0 3tecR}
are kernels, and
1 T t_ 1_ T te _
U —{ueu.tl_lgiUu—u}, F —{fEF.tl_l)r&Ff—f}

are images of the analytic resolving semigroups

1 1

Ul = omi R)(M)e'dy, F' = ot . L (M)etdp, (5)
(I € S§,(M) is a contour such that argp — £© when |u| — +o00) of the linear
homogeneous equation Li = Mu. Let Lig(My) be the restriction of the operator L(M) on
Ut U*Nndom M), k=0, 1. Then Ly : U* — F* My : U*Nndom M — F* k=0, 1;
and restrictions M, and L; of operators M and L on the spaces U° N dom M and U*
respectively are linear continuous operators and they have bounded reverse operators. [10].

So we reduce equation (4) to the equivalent form

Ri’ =u’ 4+ Gu) +g(t)  u°(0) = up, ©

6
u' = Su' + H(u) + h(t)  u'(0) = ug,
where u* € U*, k = 0,1, u = u® + u', operators R = M;'Ly, S = L;'M;, G =
My (I-Q)F, H=L{'QF, g=M;'(I-Q)f, h=L'Qf. Here Q € L(F)(= L(F; F))
is the corresponding projector.

Definition 6. System of equations (6) is called a normal form of equation (4).

Remark 4. In the case, when operator M is strongly L-sectorial, the normal form of the
equation (4) (f(t) = 0) coincides with the form in [7].

We study quasi-stationary semi-trajectories of equation (4), for which Ru® = 0. So we
assume that the operator R is bi-splitting |16], i.e. its kernel ker R and image im R are
completable in space . Denote U = ker R, and Ut = U S U™ is a complement of the
subspace U". Then the first equation of the normal form (6) is reduced to the form

R = u” + % + G(u) + g(t), (7)
where © = u% + O + !,

Theorem 1. Let operator M be strongly (L, p)-sectorial, and operator R be bi-splitting.
If there exists a quasi-stationary semi-trajectory u = u(t) of equation (4), then it satisfies
the following relations

0=u"+u" +Gu) +g(t), u = const. (8)
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Proof. The first relation follows from (7) due to the requirement of quasisteadyness Ru® =
Ru"! = 0. The second relation follows from the identity R = 0, because in the Banach
theorem about the inverse operator the restriction of operator QrR(I — Pg) on U°! is a
continuously invertible operator. Here () and Py are the projectors on im R and ker R
respectively, ker Pr = UL

O
Remark 5. The second relation in (8) explains the meaning of the term quasi-stationary

semi-trajectories, i.e. such semi-trajectories, which are stationary on some variables. In the
other words the quasi-stationary semi-trajectory necessarily lies in the plane (I — Pg)u® =
const.

Theorem 1 establishes the necessary condition for the existence of quasi-stationary
semi-trajectory of equation (4). Now consider the sufficient conditions.

It is known that if the operator M is strongly (L, p)-sectorial then the operator S is
sectorial [10]. So it generates an analytic semigroup on U'. Denote it by {Uf : ¢ > 0}
since the operator U} in fact is the restriction of the operator U' on U'. The fact that
U = U DU shows that there exists a projector P € L(U), corresponding to this splitting.
It can be shown that P € L(Uy) [10]. Then the space Uy, splits into the direct sum
Uy = U & UL, so that the embedding Uy, C U*, k=0, 1, is dense and continuous.
Symbol A/ denotes the Frechet derivative of an operator A, defined on some Banach space
V,at v e V.

Theorem 2. Let operator M be strongly (L,p)-sectorial, operator R  be bi-splitting,
operator F' € C®(Up; F), vector-function f € C*°(Ry; F), and the following conditions be
satisfied:

(i) In the neighborhood O,, C Uy of point ug the following relation holds

0=ug + (I = Pr)(G(u”™ +up' +u') + g(t)); 9)

(ii) Projector Pr € L(UY,), and operator I + PRG;8 L UY) — U is a topological linear
isomorphism (U = Uy NUY);
(iii) For the analytic semigroup {U} : t > 0} the following condition is valid

/0 [0l g 0t < 00 ¥r € R, (10)

Then there exists a unique solution of problem (3), (4), which is the quasi-stationary
semi-trajectory of equation (4).

Proof. Consider the neighborhood O,,, of point ug. In this neighborhood the first equation
(6) turns to

0=u" + Pr(G(u™ +ug" +u') + g(t)) (11)

by condition (i). Further, from (i) by the implicit function theorem there exist

neighborhoods O C Uy Uy} = U™ NUN), Oy C Uy, Uy, = U N U ) of points

ug’ = Pr(I — P)ug, ug respectively and the mapping ¢ : O3 — Oy00 of class C* such that
the equation

u® = §(u',t) (12)

is equivalent to (11).
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Now, by (12) the second equation in (6) in the neighborhood of O, turns to
u' = Su' + H(6(u') +ud' +u') + h(t), (13)

where operator H((I +0)(-) +ug') : O, — U belongs to class C* by construction.

To prove the unique solvability of the problem u'(0) = u} for equation (13) we use the
Sobolevskiy—Tanabe method, described in [17, Chapter 9]. By (iii), smoothness of operator
H and vector-function h all conditions of theorems 9.4, 9.6 and 9.7 in [17] holds. Therefore,
if uy € Uy, then for some T' € R, equation (13) has a unique solution u' = u'(¢t), t € [0,T)
such that u'(t) — ug for t — 0+ in the topology of U},.

Thus, the solution of (3), (4) in this case has the form u = u' 4+ §(u') + ud', and this
solution is a quasi-stationary semi-trajectory by construction.

O
Remark 6. For any quasi-stationary semi-trajectory of equation (4) relation (9) follows
immediately from the first equation in (8).

Remark 7. Condition (10) for the conventional analytic semigroups with the estimate
-1
HUfHL(w;uM < 1" “const,

is not satisfied. Later we are going to use theorem 2 in such situation, therefore we need
to make some explanations. Let U} = [U';U},],, « € [0,1] be some interpolation space
constructed by the operator S. Supplement the condition "operator F € C™(Ui; F),
vector-function f € C™(R,;F)" in theorem 2 with the condition "operator H €
CxUsUL), h e C*(Ry;UL)", and replace (10) with estimate

/ 108 g adt <00 V7 R, (14)
0

Then theorem 2 is true. See discussion of these problems in [17, Chapter 9 |.

Remark 8. Let the conditions of theorem 2 be satisfied (possibly taking into account the
remark 7). Construct the plane A = {u € Uy, : (I — Pr)(I — P)u = ud'} and the set
M={uelUy : PR((I — P)u+ G(u) + g(t)) = 0}.

By hypothesis, their intersection A N M # (), so it contains at least a point wug.
Moreover, there exists a C*-diffeomorphism I + 4, mapping neighborhood O,; to some
neighborhood O, C AN M. Consequently, not only point vy can be taken as the initial
value, it may be an arbitrary point of neighborhood O,,. This means that O,, is the part
of extended phase space B' of equation (4).

Now let Uy and F; be Banach spaces, operators A, € L(Uy, Fi), and operators By :
dom By, — F be linear and closed with domains dom By, dense in U, k = 1,2. Construct
spaces U = Uy x Uy, F = F1 X F5 and operators L = A; ® Ay, M = By ® B,. By
construction operator L € L(U; F), and operator M : dom M — F is linear, closed and
densely defined, in &/ dom M = dom B; x dom Bs.

Theorem 3. [18] Let operators By be strongly (A, pr)-sectorial, k = 1,2; and py > po.
Then operator M is strongly (L, p1)-sectorial.
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2. The Concrete Interpretation

Consider problem (2) for system (1) given by

(1= AV3)v, =vV?v— (v-V)v—p— gyl +f,

0=V(V-v), (15)
0y = V20 —v-VO+v-7.
Here p = Vp, since in many hydrodynamic problems knowledge of the pressure

gradient is preferable [19]. This change in the continuity equation was made for the
first time by G.A. Sviridyuk in [20]. We are interested in a local unique solvability of
problem (15), (2), equivalent to the original problem (1), (2). It’s convenient to consider
this problem in the frame of the semilinear Sobolev type equations theory, briefly described
in section 2.

In order to reduce problem (15), (2) to (3), (4) we introduce, following [20], the spaces
H2, H?, H, and H,. Here H2 and H, are subspaces of solenoidal functions in spaces

(WZ(Q))" N (WHQ))™ and (La(2))" respectively, and H2 and H, are their orthogonal (in
sense of (Ly(92))") complements. By symbol X denote the orthogonal projection on H,,

where its restriction to space (W2(2))" N (W4(92))" is denoted by the same symbol. Let
m=17-%.

By formula A = V?E, : H2 @ H2 — H, ® H,, (E, is the identity matrix of order
n,) determines the continuous linear operator with the discrete finite spectrum o(A) C R,
condensed only at —oo. Formula B : v — V(V - v) determines the continuous linear
surjective operator B : H2 & H2 — H,, with the kernel ker B = H2.

Using natural isomorphism of the direct sum and Cartesian product of Banach spaces,
introduce spaces U; = H2 x H2 x H, and F; = H, x H, x H,,, where H, = H,.. Construct
the operators

S(I—AA) S(I—AA) O VSA VSA O
A= | I =XA) IIT-AA) O |, By=| vIIA vIIA —I
O 0 O O B O

Remark 9. Denote by A, the restriction of XA on HZ. By the Solonnikov—Vorovich—
Yudovich theorem the spectrum o(A,) is real, discrete, with finitely-multiplicities one and
condenses only at —oo.

Theorem 4. (i) The operators Ay, By € L(Uy; F1). If \™1 & o(A), then operator Ay is
bi-splitting, ker Ay = {0} x {0} x H,, im A; = H, x H, x {0}.
(i) If \7' € o(A) U o(A,), then operator By is an (A1, 1)-bounded one.

Remark 10. The proof of theorem 4 is given in [9]. For the first time the concept of
relatively bounded operator was introduced in [21]. The case of relatively sectorial operator
was considered in [7,22,23].

Set Uy = Fy = Ly(02) and by formula By = &V? : dom B, — F; determine the closed

linear and densely defined operator By, dom By = W2(Q)NW3(Q). If operator A, is equal
to I, then by the sectoriality of operator By [24, Chapter 1] the following theorem is valid.

Theorem 5. The operator By is a strongly As-sectorial one.
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Let U = Uy Xx Uy, F = Fi X Fa. The vector u of space U has the form u =
col (Ug, Uy, Up, Uug), where col (Uy, Ur,upy) € Uy, and ug € Us. The vector f € F has the
same form. Operators L and M are defined by formulas L = A; ® Ay and M = B; ® Bs.
Operator L € L(U; F), and operator M : dom M — F is linear, closed and densely
defined, dom M = U, x dom Bs. From theorem 4 and [10] it follows that operator By is
strongly (Aj, 1)-sectorial. Therefore, by theorems 3 and 5 the following theorem is true.

Theorem 6. Let A\™! & o(A), then operator M is a strongly (L, 1)-sectorial one.

We proceed to the construction of nonlinear operator F. In this case it is convenient
to represent it in the form F' = F; ® Fy, where F} = Fi(uy, g, ug) = col (—X(((Uy + Ur) -
V) (g + tr) — ((Uo + ur) - V)(Uy + Ur) + gyue + f), —I(((T6 + 0r) - V) (g +ur) — ((uy +
Ur) - V) (o + tr) + gyug + ), 0), and Fy = Fy(uy, tr, ug) = (g + ur) - (7 — Vug).

Formally, we find the Frechet derivative F of operator F' at point u,

Ya(tg, ty) Ya(ty, ty) O —g>y
o Ha(uy, ur) Ha(uy, ur) O —glly
o O O O O ’

(v = Vug) - (%) (v —=Vug) - (x) O —(us+ux)- (%)

where a(uq, ur) = —((%) - V) (o + ur) — (4o + ur) - V)(x), and the character * should be
changed the corresponding coordinate of vector v in case of finding a vector F)v.

Further, the space Uy = Uy xdom By (by the continuity operator By). Using a standard
technique (see, e.g., [13,14]), it is easy to show that for arbitrary u € Uy, operator F, €
L(Ups; F). Similarly we establish that the second Frechet derivative F, of operator F' is a
continuous bilinear operator from Uy X Uy to F, and F” = O. So the following theorem
is valid.

Theorem 7. The operator F € C®(Uys; F).

The vector-function f = f; ® fo, where f; = col(SfY I, 0), fo = 0. We assume that
feC®(Ry; F).

Thus, the reduction of problem (15), (2) to (3), (4) is finished. Further we identify
problems (15), (2) and (3), (4).

Now let’s check the conditions of theorems 1 and 2. By theorem 6 and the corresponding
results of [10] there exists the analytic semigroup {U" : ¢ € R} of the resolving operators
for equation (4) which is in this case naturally presented in the form U' = V'@ W' where
VH(W?) is the restriction of operator U' on U; (Us). Since the operator By is sectorial, then
W' = exp(tBz), which leads to W° = {0} and W' = Us.

Consider the semigroup {V* : ¢t € R, }. By theorems 4, 6 and monograph [10] this
semigroup can be extended to the group {V*:t € R}. Its kernel V° = U @ UY' where
UP = {0} x {0} x Hy(= ker A, (by theorem 4 ), and UY* = SA;'AI[H2] x H2 x {0}.
Here Ay = I — MA, A, is the restriction of operator HA;1 to H,. It is known that if
A1 g o(A)Uo(A,), then operator Ay, : H, — H2 is topological linear isomorphism (see,
for example, [9]). Let U] be the image of V. Then the space U; can be decomposed into
the direct sum of subspaces: Uy = U] & UM & U]

Construct the operator R = Bjg' Ajg € LIUY @UM), where Ay (Byg) is the restriction
of operator A; (B;) on UY @ UM, (The operator Bj, exists the theorem 6 and the
corresponding results of [10]).
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Obviously, ker R = U{°, and it is shown [20] that im R = U{°. Hence, the operator R is
bi-splitting. Let Pg be a projector in the space U ®UM on U along UL, By construction
of space Uy, projector Pr € L(UY,), where UY, = Uns N (UY @ U (= UX o UM).

Lemma 1. Let \™' &€ 0(A)Uc(A,). Then the operator R is bi-splitting, and Pr € L(UY,).

Introduce the projectors

0O 0 O O P2 O
r=lo0oool, pm=lo0 1 0],
O O I O O O

where P}? = S A'ALL From [20] since the kernel W° = {0}, projector I — P = (P +
P)) ® O. Applying projector I — P to the equation (4) in this transcription we obtain

(v A(ug + ur) = ((uo + ur) - V)(uo + ux) = up = gyup + f(t)) = 0,

16
Bu, = 0. (16)

Hence, by theorem 1 and properties of operator B we obtain the necessary condition
for quasi-stationarity of the semi-trajectory u, = 0. In other words, all solutions of the
problem (if they exist) need to lie in the plane B = {u € Uy : u, = 0}.

But since Ilu, = wu,, from the first equation in (16) we obtain relation (8) in a
transcription

u, = l(vAu, — (us - V)u, — gyug + f(1)). (17)

Obviously, Py = Pg, so the second equation in (16) is relation (9) with respect to our
situation. So, we have

Lemma 2. Under the conditions of lemma 1, any solution of (3), (4) belong to the set

A ={u el :u, =0, u,=UwAu, — (uy - V)u, — gyug) + fo(t)}.

Remark 11. Relation (17) immediately implies the condition (iii) of theorem 2 for every
point u) € UY (= U x {0}). Therefore, by remark 8 the set A’ (a simple Banach C*-
manifold diffeomorphic to the subspace U] x Us) is the candidate for extended phase space
of problem (15), (2).

We proceed to verify conditions (10) and (14). Construct the space U, = Uy x W3 ().
This space is obviously the interpolation space for the pair [U,Uy],, with a = 1/2. As
noted above, the semigroup {U? : t € R, } extends to a group {V{ : t € R} on U}, where
V! is the restriction of the operator V' on U] . Since Uy, = Uy NU} (by construction) and

operator Bj is continuous (theorem 4), then by the uniform boundedness of semigroup
{U":t € Ry} we have

| Vi gt < constlBill ey | Vit <00 ¥reRe (1)
0 0
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Further, by Sobolev inequality [17, Chapter 9| semigroup {W": ¢ € H_QJF} satisfies

JLE . dt <o (19)
0 L(dom Bz; W1(Q))

Let U} = U, NU', where U' = U] x Us. Then from (18) and (19) imply the following
Lemma 3. Under the conditions of lemma 1, relation (10) is fulfilled.

Finally, for checking the requirement (14), we should find the operator H and the
vector-function h. For this purpose we construct the projector Q : F — F'. According
to [20] @ = (I — Qo — Q1) ® I, where

00 0 0 0 QP
QO = O I (2)3 ) Ql = O O Q%g )
O 0O O O 0 11
1B = NAATALIBSY, QP = TMAATALI B, Q3 = —Q?, and operator B, is a

restriction of operator B on H2 (by Banach theorem about the inverse operator the
operator B, : H2 — H, is a toplinear isomorphism). So, the operator H = H; ® Ho,
where Hy = A7M(I — Qo — Q1) F1, and Hy = Fy (Ay; is the restriction of A on Uj).

The inclusion H € C>®(Uj;;UL), where UL = U, N U is shown in the same way
inclusion F' € C*®(Uy; F). Vector-function h(t) is defined as hi(t) ® ho(t), where hy =
A;ll(l - QO - Ql)fh and hg =0.

The vector-function f = f; ® fo has the infinite smoothness by construction. So h €
C>®(R;UL).

Thus, all conditions of theorem 2 are satisfied. Therefore we have

Theorem 8. Let \™' € 0(A) Uc(A,). Then for any ug such that (ug,0) € A° and some
T € Ry there exists a unique solution u = (u,, 0, uy, up) to problem (1), (2), which is a
quasi-stationary semi-trajectory, and (u(t),t) € A', for all t € (0,T).

Other non-stationary models of the incompressible viscoelastic fluids are considered,
in [9,25-30]. Linearized models of different orders were studied in [31-36].

The non-autonomous case is described in detail in [37]. The Taylor problem for the
generalized model of the non-zero order is studied in [38]. Different models of non-zero
order in the autonomous case are studied in |39]. Investigation of magnetohydrodynamic
models using the semigroup approach was initiated in [40,41].

The work is supported by The Ministry of education and science of Russian Federation

(State task no. 1.857.2014/K).
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OBb OJIHOM KJIACCE
YPABHEHUII COBOJIEBCKOI'O THUIIA

T.I. Cyxauesa, A.O. Kondioxos

Crarbs comepxkut 0030p pabot T.I'. CykadeBoil u ee yIeHUKOB B 00JIACTH UCCJIETOBAHNS
MOJIEJIeH HECXKUMAEMBbIX BA3KOyNpyrux xkugkocreil Kennsuna — @oiirra B paMkax Teopun
HOJIYIMHEHHBIX ypaBHEHUH co00IeBCKOro Tuma. OCHOBHOE BHUMAaHHUE VIE/IAeTCs HeCTallu-
OHAPHOMY CJydYal0 BBHIY ero Oosbineil obmunoctu. Vmes mccmemoBanus OEeMOHCTPUPYETC
Ha IIPUMEPE HEeCTALMOHAPHON 3a/a4M TePMOKOHBEKLUMK st Mogean (OCKOJIKOBa HYJIEBOIO
mopsiaka. Bradase uzydaercd abcrpakTHas 3agada Komm 1y moIyInHetHOTO HeaBTOHOM-
HOTO ypaBHEeHMsT CODONEBCKOrO THUIIA, a 3aTeM COOTBETCTBYIOIIAS HAYATbHO-KPALBAs 3aa19a
paccMaTpuBaeTcs Kak KOHKPETHAsl HHTepIpeTanus 3Toi 3aadu. Jlokazana TeopemMa cyiie-
CTBOBAHUs €JUHCTBEHHOI'O PEINEHWS YKA3aHHON 3aJa4i, sBJIAMOIIEroCs KBa3HCTAIMOHAP-
HOI II0JIyTPAeKTOPHEH, W II0JYYEHO OIMCAHUE €€ PACLIMPEHHOro (a30BOro IPOCTPAHCTBA.
TTomo6HBIM 06Pa30M MOTYT OBITH HCCAEIOBAHBI M APYTHE 33Ja4Ud THAPOINHAMUKU, HATPHU-
Mep, TuHeapu3oBaHHbie Momen OCKONKOBA, 3a7a4a Teisiopa, a Tak»Ke HEKOTOPbIE MOJMIEJH,
OTMCBLIBAOIINE IBUKEHNE HECXKUMAEMBIX BA3KOyIpyrux kujkocreir Kennsuna — @ofirra B
MarHUTHOM II0JI€ 3EeMJIH.

Karouesnie cao6a: ypasHenus coOb0AECECKO20 MUNG; HECHCUMGEMASA BAZKOYNPY2GA HCUO-
KOCTU; OMHOCUMENLHO P-CEKTNOPUGALHBIE ONEPAMOPDL; PACUUperHoe (Paszosoe NPpocmpat-
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