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The article surveys the works of T.G. Sukacheva and her students studying the

models of incompressible viscoelastic Kelvin�Voigt �uids in the framework of the theory

of semilinear Sobolev-type equations. We focus on the unstable case because of greater

generality. The idea is illustrated by an example: the non-stationary thermoconvection

problem for the order 0 Oskolkov model. Firstly, we study the abstract Cauchy problem for a

semilinear nonautonomous Sobolev-type equation. Then, we treat the corresponding initial-

boundary value problem as its concrete realization. We prove the existence and uniqueness

of a solution to the stated problem. The solution itself is a quasi-stationary semi-trajectory.

We describe the extended phase space of the problem. Other problems of hydrodynamics

can also be investigated in this way: for instance, the linearized Oskolkov model, Taylor's

problem, as well as some models describing the motion of an incompressible viscoelastic

Kelvin�Voigt �uid in the magnetic �eld of the Earth.
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Introduction

The system 
(1− λ∇2)vt = ν∇2v − (v · ∇)v −∇p− gγθ + f ,

0 = ∇ · v,

θt = æ∇2θ − v · ∇θ + v · γ

(1)

models the evolution of the velocity v = (v1, v2, . . . , vn), vi = vi(x, t), pressure gradient
∇p = (p1, p2, . . . , pn), pi = pi(x, t) and temperature θ = θ(x, t) of the simplest non
Newton �uid � incompressible viscoelastic Kelvin � Voight �uid [1, 2].

The parameters λ ∈ R, ν ∈ R+ and æ ∈ R+ characterize elasticity, viscosity and
heat conduction of the �uid respectively; g ∈ R+ is the acceleration of the gravity; γ =
(0, . . . , 0, 1) is the unit vector in Rn; the free term f = (f1, . . . , fn), fi = fi(x, t),
corresponds to the external in�uence on the �uid.

We investigate the solvability of the initial-boundary value problem

v(x, 0) = v0(x), θ(x, 0) = θ0(x), ∀x ∈ Ω;

v(x, t) = 0, θ(x, t) = 0, ∀(x, t) ∈ ∂Ω× R+

(2)

for system (1). Here Ω ⊂ Rn, n = 2, 3, 4, is a bounded domain with a smooth boundary
∂Ω of class C∞. A.P. Oskolkov [3, 4] began to study problem (1), (2) and investigated
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the solvability of this problem in case λ−1 > −λ1 ( λ1 is the least eigenvalue of Laplace
operator with homogeneous Direchlet condition in the domain Ω).

The �rst initial-boundary value problem (2) for system (1) was considered by
G.A. Sviridyuk [5, 6], and its modi�cation for the �at parallel current was studied by
him in [7]. In these papers the indicated problem was studied when the free term f did
not depend on time under other assumptions (less general in Sviridyuk's papers [6, 7]) on
the corresponding di�erential operators.

Our aim is to study the solvability of problem (1), (2) when the free term f = f(x, t)
is not stationary. We consider this problem in the frame of the Sobolev type equations
theory. The base of this theory was created by professor Sviridyuk and now this theory
is actively developed by his followers. This problem is investigated on the base of the
concept of relatively p-sectorial operators and degenerative semi-groups of operators. The
existence theorem of unique solution to this problem is proved and the description of its
extended phase space is obtained.

So at �rst we study the abstract Cauchy problem and then consider problem (1), (2)
as its concrete interpretation. We prove the existence theorem of the unique local solution
to problem (1), (2). This solution is a quasi-stationary semi-trajectory.

Other models of incompressible viscoelastic �uids may be studied in the same way as
problem (1), (2). The examples of these models will be indicated at the end of the paper.

1. Abstract Cauchy Problem for the Semi-Linear
Non-Autonomous Sobolev Type Equations

Let U and F be Banach spaces, operator L ∈ L(U ;F), i.e. it is linear and continuous,
ker L ̸= {0}; operator M : domM → F is linear and closed and it is densely de�ned in U ,
i.e. M ∈ Cl(U ;F). Denote by UM be the lineal domM, endowed with the norm of graph
∥| · ∥| = ∥M · ∥F + ∥ · ∥U . Assume that F ∈ C∞(UM ;F), and function f ∈ C∞(R̄+;F).

Consider the Cauchy problem
u(0) = u0 (3)

for the semilinear non-autonomous Sobolev type equation

L u̇ = M u + F (u) + f(t). (4)

De�nition 1. A vector-function u ∈ C∞((0, T );UM) is a solution to problem (3), (4) if
it satis�es (3), (4) so that u(t) → u0 when t→ 0 + .

Let's introduce the L-resolving set

ρL(M) = {µ ∈ C : (µL−M)−1 ∈ L(F ;U)}

and the L-spectrum σL(M) = C \ ρL(M) of the operator M .

De�nition 2. An operator M is an (L, p)-sectorial one, if there exist the constants

a ∈ R, k ∈ R+, Θ ∈ (
π

2
, π) such that

(i) SL
Θ,a(M) = {µ ∈ C : | arg(µ− a)| < Θ , µ ̸= a } ⊂ ρL(M) ;

(ii) max{ ∥RL
(µ,p)(M) ∥L(U), ∥LL

(µ,p)(M) ∥L(F) } ≤ k∏p
q=0 |µq − a|

for all µ, µ0, µ1, . . . , µp ∈ SL
Θ,a(M).
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Here

RL
(µ,p)(M) = Πp

q=0R
L
µq
(M), LL

(µ,p)(M) = Πp
q=0L

L
µq
(M)

are right and left (L, p)-resolvents of operator M respectively, RL
µ(M) = (µL −

M)−1L, LL
µ(M) = L(µL−M)−1 [10].

De�nition 3. An operator M is a strongly (L, p)-sectorial one, if it is (L, p)-sectorial
and for all µ, µ0, . . . , µp ∈ SL

Θ,a(M)

(i) ∥MRL
(µ,p)(M) (µL−M )−1f∥F ≤ const(f)

|µ− a|
∏p

q=0 |µq − a|

for all f from some dense in F lineal;

(ii) ∥ (µL−M )−1LL
(µ,p)(M) ∥L(F ;U) ≤

const

|µ− a|
∏p

q=0 |µq − a|
.

Remark 1. If p = 0, then (L, p)-sectorial and strongly (L, p)-sectorial operatorM is called
L-sectorial and strongly L-sectorial [5] respectively.

Consider problem (3), (4) and suppose that operator M is strongly (L, p)-sectorial.
Under this assumption the solution to this problem may be non-unique. Consider the
following example.

Example 1. [11] Let UM = U = F = R2, and operators L,M and F be given by

L =

(
0 1
0 0

)
, M =

(
1 0
0 1

)
, F (x) =

(
0

−x21

)
.

The operator M is strongly (L, 1)-sectorial, since

(µL−M)−1 =

(
−1 −µ
0 −1

)
, RL

µ(M) = LL
µ(M) =

(
0 −1
0 0

)
.

Consider the Cauchy problem x(0) = 0, where x = col (x1, x2) for the equation

L ẋ = M x + F (x).

There exist two solutions to this problem col (0, 0) and col (t/2, t2/4).

Thus the solution of problem (3), (4) may be non-unique. So we restrict the idea of the
solution to equation (4). Moreover it is known [12�14], that solutions to problem (3), (4)
exist not for all u0 ∈ UM . Thus we introduce two de�nitions.

De�nition 4. [15]. The set Bt ⊂ UM × R̄+ is called an extended phase space of equation
(4), if for every point u0 ∈ UM such that (u0, 0) ∈ B0 there exists a unique solution to
problem (3), (4), and (u(t), t) ∈ Bt.

Remark 2. If Bt = B × R̄+ , where B ⊂ UM , then the set B is called a phase space of
equation (4).
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De�nition 5. Let the space U = U0 ⊕ U1 and ker L ⊂ U0. The solution u = v+w, where
v(t) ∈ U0, and w(t) ∈ U1 for all t ∈ (0, T ), to equation (4) is called a quasi-stationary
semi-trajectory, if Lv̇ ≡ 0.

Remark 3. The concept of quasi-stationary semi-trajectory generalizes the concept of
quasi-stationary trajectory, introduced for the dynamic case [11,13,14].

It is well known that if the operator M is strongly (L, p)-sectorial, then U = U0 ⊕U1,
F = F0 ⊕F1, where

U0 = {φ ∈ U : U tφ = 0 ∃t ∈ R+}, F0 = {ψ ∈ F : F tψ = 0 ∃t ∈ R+}

are kernels, and

U1 = {u ∈ U : lim
t→0+

U tu = u}, F1 = {f ∈ F : lim
t→0+

F tf = f}

are images of the analytic resolving semigroups

U t =
1

2πi

∫
Γ

RL
µ(M)eµtdµ, F t =

1

2πi

∫
Γ

LL
µ(M)eµtdµ, (5)

(Γ ⊂ SL
Θ,a(M) is a contour such that arg µ → ±Θ when |µ| → +∞) of the linear

homogeneous equation Lu̇ =Mu. Let Lk(Mk) be the restriction of the operator L(M) on
Uk (Uk∩domM), k = 0, 1. Then Lk : Uk → Fk, Mk : Uk∩domM → Fk, k = 0, 1;
and restrictions M0 and L1 of operators M and L on the spaces U0 ∩ domM and U1

respectively are linear continuous operators and they have bounded reverse operators. [10].
So we reduce equation (4) to the equivalent form

Ru̇0 = u0 +G(u) + g(t) u0(0) = u00,

u̇1 = Su1 +H(u) + h(t) u1(0) = u10,
(6)

where uk ∈ Uk, k = 0, 1, u = u0 + u1, operators R = M−1
0 L0, S = L−1

1 M1, G =
M−1

0 (I−Q)F, H = L−1
1 QF, g =M−1

0 (I−Q)f, h = L−1
1 Qf. Here Q ∈ L(F )(≡ L(F ;F ))

is the corresponding projector.

De�nition 6. System of equations (6) is called a normal form of equation (4).

Remark 4. In the case, when operator M is strongly L-sectorial, the normal form of the
equation (4) (f(t) ≡ 0) coincides with the form in [7].

We study quasi-stationary semi-trajectories of equation (4), for which Ru̇0 ≡ 0. So we
assume that the operator R is bi-splitting [16], i.e. its kernel ker R and image imR are
completable in space U . Denote U00 = ker R, and U01 = U0 ⊖ U00 is a complement of the
subspace U00. Then the �rst equation of the normal form (6) is reduced to the form

Ru̇01 = u00 + u01 +G(u) + g(t), (7)

where u = u00 + u01 + u1.

Theorem 1. Let operator M be strongly (L, p)-sectorial, and operator R be bi-splitting.
If there exists a quasi-stationary semi-trajectory u = u(t) of equation (4), then it satis�es
the following relations

0 = u00 + u01 +G(u) + g(t), u01 = const. (8)
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Proof. The �rst relation follows from (7) due to the requirement of quasisteadyness Ru̇0 =
Ru̇01 ≡ 0. The second relation follows from the identity Ru̇01 ≡ 0, because in the Banach
theorem about the inverse operator the restriction of operator QRR(I − PR) on U01 is a
continuously invertible operator. Here QR and PR are the projectors on imR and ker R
respectively, ker PR = U01.

2
Remark 5. The second relation in (8) explains the meaning of the term quasi-stationary
semi-trajectories, i.e. such semi-trajectories, which are stationary on some variables. In the
other words the quasi-stationary semi-trajectory necessarily lies in the plane (I−PR)u

0 =
const.

Theorem 1 establishes the necessary condition for the existence of quasi-stationary
semi-trajectory of equation (4). Now consider the su�cient conditions.

It is known that if the operator M is strongly (L, p)-sectorial then the operator S is
sectorial [10]. So it generates an analytic semigroup on U1. Denote it by {U t

1 : t ≥ 0}
since the operator U t

1 in fact is the restriction of the operator U t on U1. The fact that
U = U0⊕U1 shows that there exists a projector P ∈ L(U), corresponding to this splitting.
It can be shown that P ∈ L(UM) [10]. Then the space UM splits into the direct sum
UM = U0

M ⊕ U1
M so that the embedding Uk

M ⊂ Uk, k = 0, 1, is dense and continuous.
Symbol A′

v denotes the Frechet derivative of an operator A, de�ned on some Banach space
V , at v ∈ V .

Theorem 2. Let operator M be strongly (L, p)-sectorial, operator R be bi-splitting,
operator F ∈ C∞(UM ;F), vector-function f ∈ C∞(R+;F), and the following conditions be
satis�ed:

(i) In the neighborhood Ou0 ⊂ UM of point u0 the following relation holds

0 = u010 + (I − PR)(G(u
00 + u010 + u1) + g(t)); (9)

(ii) Projector PR ∈ L(U0
M), and operator I +PRG

′
u0
0
: U00

M → U00
M is a topological linear

isomorphism (U00
M = UM ∩ U00);

(iii) For the analytic semigroup {U t
1 : t ≥ 0} the following condition is valid∫ τ

0

∥U t
1∥L(U1;U1

M )dt <∞ ∀τ ∈ R+. (10)

Then there exists a unique solution of problem (3), (4), which is the quasi-stationary
semi-trajectory of equation (4).

Proof. Consider the neighborhood Ou0 of point u0. In this neighborhood the �rst equation
(6) turns to

0 = u00 + PR(G(u
00 + u010 + u1) + g(t)) (11)

by condition (i). Further, from (i) by the implicit function theorem there exist
neighborhoods Ou00

0
⊂ U00

M (U00
M = U00 ∩ UM), Ou1

0
⊂ U1

M (U1
M = U1 ∩ UM) of points

u000 = PR(I−P )u0, u10 respectively and the mapping δ : Ou1
0
→ Ou00

0
of class C∞ such that

the equation
u00 = δ(u1, t) (12)

is equivalent to (11).
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Now, by (12) the second equation in (6) in the neighborhood of Ou1
0
turns to

u̇1 = Su1 +H(δ(u1) + u010 + u1) + h(t), (13)

where operator H((I + δ)(·) + u010 ) : Ou1
0
→ U1 belongs to class C∞ by construction.

To prove the unique solvability of the problem u1(0) = u10 for equation (13) we use the
Sobolevskiy�Tanabe method, described in [17, Chapter 9]. By (iii), smoothness of operator
H and vector-function h all conditions of theorems 9.4, 9.6 and 9.7 in [17] holds. Therefore,
if u10 ∈ U1

M , then for some T ∈ R+ equation (13) has a unique solution u1 = u1(t), t ∈ [0, T )
such that u1(t) → u10 for t→ 0+ in the topology of U1

M .
Thus, the solution of (3), (4) in this case has the form u = u1 + δ(u1) + u010 , and this

solution is a quasi-stationary semi-trajectory by construction.

2

Remark 6. For any quasi-stationary semi-trajectory of equation (4) relation (9) follows
immediately from the �rst equation in (8).

Remark 7. Condition (10) for the conventional analytic semigroups with the estimate

∥U t
1∥L(U1;U1

M ) < t−1const,

is not satis�ed. Later we are going to use theorem 2 in such situation, therefore we need
to make some explanations. Let U1

α = [U1;U1
M ]α, α ∈ [0, 1] be some interpolation space

constructed by the operator S. Supplement the condition "operator F ∈ C∞(U1
M ;F),

vector-function f ∈ C∞(R̄+;F)" in theorem 2 with the condition "operator H ∈
C∞(U1

M ;U1
α), h ∈ C∞(R+;U1

α)", and replace (10) with estimate∫ τ

0

∥U t
1∥L(U1;U1

α)
dt <∞ ∀τ ∈ R+. (14)

Then theorem 2 is true. See discussion of these problems in [17, Chapter 9 ].

Remark 8. Let the conditions of theorem 2 be satis�ed (possibly taking into account the
remark 7). Construct the plane A = {u ∈ UM : (I − PR)(I − P )u = u010 } and the set
M = {u ∈ UM : PR((I − P )u+G(u) + g(t)) = 0}.

By hypothesis, their intersection A ∩ M ̸= Ø, so it contains at least a point u0.
Moreover, there exists a C∞-di�eomorphism I + δ, mapping neighborhood Ou1

0
to some

neighborhood Ou0 ⊂ A ∩M. Consequently, not only point u0 can be taken as the initial
value, it may be an arbitrary point of neighborhood Ou0 . This means that Ou0 is the part
of extended phase space Bt of equation (4).

Now let Uk and Fk be Banach spaces, operators Ak ∈ L(Uk, Fk), and operators Bk :
domBk → F be linear and closed with domains domBk dense in Uk, k = 1, 2. Construct
spaces U = U1 × U2, F = F1 × F2 and operators L = A1 ⊗ A2, M = B1 ⊗ B2. By
construction operator L ∈ L(U ; F), and operatorM : domM → F is linear, closed and
densely de�ned, in U domM = domB1 × domB2.

Theorem 3. [18] Let operators Bk be strongly (Ak, pk)-sectorial, k = 1, 2; and p1 ≥ p2.
Then operator M is strongly (L, p1)-sectorial.
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2. The Concrete Interpretation

Consider problem (2) for system (1) given by
(1− λ∇2)vt = ν∇2v − (v · ∇)v − p− gγθ + f ,

0 = ∇(∇ · v),
θt = æ∇2θ − v · ∇θ + v · γ.

(15)

Here p = ∇p, since in many hydrodynamic problems knowledge of the pressure
gradient is preferable [19]. This change in the continuity equation was made for the
�rst time by G.A. Sviridyuk in [20]. We are interested in a local unique solvability of
problem (15), (2), equivalent to the original problem (1), (2). It's convenient to consider
this problem in the frame of the semilinear Sobolev type equations theory, brie�y described
in section 2.

In order to reduce problem (15), (2) to (3), (4) we introduce, following [20], the spaces
H2

σ, H
2
π, Hσ and Hπ. Here H2

σ and Hσ are subspaces of solenoidal functions in spaces

(W 2
2 (Ω))

n ∩ (
◦
W 1

2 (Ω))
n and (L2(Ω))

n respectively, and H2
π and Hπ are their orthogonal (in

sense of (L2(Ω))
n) complements. By symbol Σ denote the orthogonal projection on Hσ,

where its restriction to space (W 2
2 (Ω))

n ∩ (
◦
W 1

2 (Ω))
n is denoted by the same symbol. Let

Π = I − Σ.
By formula A = ∇2En : H2

σ ⊕ H2
π → Hσ ⊕ Hπ, (En is the identity matrix of order

n,) determines the continuous linear operator with the discrete �nite spectrum σ(A) ⊂ R,
condensed only at −∞. Formula B : v → ∇(∇ · v) determines the continuous linear
surjective operator B : H2

σ ⊕H2
π → Hπ with the kernel ker B = H2

σ.
Using natural isomorphism of the direct sum and Cartesian product of Banach spaces,

introduce spaces U1 = H2
σ×H2

π×Hp and F1 = Hσ×Hπ×Hp, where Hp = Hπ. Construct
the operators

A1 =

 Σ(I − λA) Σ(I − λA) O
Π(I − λA) Π(I − λA) O

O O O

 , B1 =

 νΣA νΣA O
νΠA νΠA −I
O B O

 .

Remark 9. Denote by Aσ the restriction of ΣA on H2
σ. By the Solonnikov�Vorovich�

Yudovich theorem the spectrum σ(Aσ) is real, discrete, with �nitely-multiplicities one and
condenses only at −∞.

Theorem 4. (i) The operators A1, B1 ∈ L(U1; F1). If λ
−1 ̸∈ σ(A), then operator A1 is

bi-splitting, ker A1 = {0} × {0} ×Hp, imA1 = Hσ ×Hπ × {0}.
(ii) If λ−1 ̸∈ σ(A) ∪ σ(Aσ), then operator B1 is an (A1, 1)-bounded one.

Remark 10. The proof of theorem 4 is given in [9]. For the �rst time the concept of
relatively bounded operator was introduced in [21]. The case of relatively sectorial operator
was considered in [7, 22,23].

Set U2 = F2 = L2(Ω) and by formula B2 = æ∇2 : domB2 → F2 determine the closed

linear and densely de�ned operator B2, domB2 =W 2
2 (Ω)∩

◦
W 1

2 (Ω). If operator A2 is equal
to I, then by the sectoriality of operator B2 [24, Chapter 1] the following theorem is valid.

Theorem 5. The operator B2 is a strongly A2-sectorial one.
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Let U = U1 × U2, F = F1 × F2. The vector u of space U has the form u =
col (uσ, uπ, up, uθ), where col (uσ, uπ, up) ∈ U1, and uθ ∈ U2. The vector f ∈ F has the
same form. Operators L and M are de�ned by formulas L = A1 ⊗ A2 and M = B1 ⊗ B2.
Operator L ∈ L(U ; F), and operator M : domM → F is linear, closed and densely
de�ned, domM = U1 × domB2. From theorem 4 and [10] it follows that operator B1 is
strongly (A1, 1)-sectorial. Therefore, by theorems 3 and 5 the following theorem is true.

Theorem 6. Let λ−1 ̸∈ σ(A), then operator M is a strongly (L, 1)-sectorial one.

We proceed to the construction of nonlinear operator F. In this case it is convenient
to represent it in the form F = F1 ⊗ F2, where F1 = F1(uσ, uπ, uθ) = col (−Σ(((ũσ + ũπ) ·
∇)(uσ + uπ)− ((uσ + uπ) · ∇)(ũσ + ũπ) + gγuθ + f),−Π(((ũσ + ũπ) · ∇)(uσ + uπ)− ((uσ +
uπ) · ∇)(ũσ + ũπ) + gγuθ + f), 0), and F2 = F2(uσ, uπ, uθ) = (uσ + uπ) · (γ −∇uθ).

Formally, we �nd the Frechet derivative F ′
u of operator F at point u,

F ′
u =


Σa(uσ, uπ) Σa(uσ, uπ) O −gΣγ
Πa(uσ, uπ) Πa(uσ, uπ) O −gΠγ

O O O O
(γ −∇uθ) · (∗) (γ −∇uθ) · (∗) O −(uσ + uπ) · (∗)

 ,

where a(uσ, uπ) = −((∗) · ∇)(uσ + uπ)− ((uσ + uπ) · ∇)(∗), and the character * should be
changed the corresponding coordinate of vector v in case of �nding a vector F ′

uv.
Further, the space UM = U1×domB2 (by the continuity operator B1). Using a standard

technique (see, e.g., [13, 14]), it is easy to show that for arbitrary u ∈ UM operator F ′
u ∈

L(UM ; F). Similarly we establish that the second Frechet derivative F ′′
u of operator F is a

continuous bilinear operator from UM ×UM to F , and F ′′′
u ≡ O. So the following theorem

is valid.

Theorem 7. The operator F ∈ C∞(UM ;F).

The vector-function f = f1⊗ f2, where f1 = col(Σf1,Πf1, 0), f2 = 0.We assume that
f ∈ C∞(R̄+;F).

Thus, the reduction of problem (15), (2) to (3), (4) is �nished. Further we identify
problems (15), (2) and (3), (4).

Now let's check the conditions of theorems 1 and 2. By theorem 6 and the corresponding
results of [10] there exists the analytic semigroup {U t : t ∈ R+} of the resolving operators
for equation (4) which is in this case naturally presented in the form U t = V t⊗W t, where
V t(W t) is the restriction of operator U t on U1 (U2). Since the operator B2 is sectorial, then
W t = exp(tB2), which leads to W0 = {0} and W1 = U2.

Consider the semigroup {V t : t ∈ R+}. By theorems 4, 6 and monograph [10] this
semigroup can be extended to the group {V t : t ∈ R}. Its kernel V0 = U00

1 ⊕ U01
1 where

U00
1 = {0} × {0} ×Hp(= ker A1 (by theorem 4 ), and U01

1 = ΣA−1
λ A−1

λπ [H
2
π] ×H2

π × {0}.
Here Aλ = I − λA, Aλπ is the restriction of operator ΠA−1

λ to Hπ. It is known that if
λ−1 ̸∈ σ(A)∪σ(Aσ), then operator Aλπ : Hπ → H2

π is topological linear isomorphism (see,
for example, [9]). Let U1

1 be the image of V1. Then the space U1 can be decomposed into
the direct sum of subspaces: U1 = U00

1 ⊕ U01
1 ⊕ U1

1 .
Construct the operator R = B−1

10 A10 ∈ L(U00
1 ⊕U01

1 ), where A10 (B10) is the restriction
of operator A1 (B1) on U00

1 ⊕ U01
1 . (The operator B−1

10 exists the theorem 6 and the
corresponding results of [10]).
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Obviously, ker R = U00
1 , and it is shown [20] that imR = U00

1 . Hence, the operator R is
bi-splitting. Let PR be a projector in the space U00

1 ⊕U01
1 on U00

1 along U01
1 . By construction

of space UM projector PR ∈ L(U0
M), where U0

M = UM ∩ (U00
1 ⊕ U01

1 )(≡ U00
1 ⊕ U01

1 ).

Lemma 1. Let λ−1 ̸∈ σ(A)∪σ(Aσ). Then the operator R is bi-splitting, and PR ∈ L(U0
M).

Introduce the projectors

P0 =

 O O O
O O O
O O Π

 , P1 =

 O P 12
1 O

O Π O
O O O

 ,

where P 12
1 = ΣA−1

λ A−1
λπ . From [20] since the kernel W0 = {0}, projector I − P = (P0 +

P1)⊗O. Applying projector I − P to the equation (4) in this transcription we obtain

Π(νA(uσ + uπ)− ((uσ + uπ) · ∇)(uσ + uπ)− up − gγuθ + f(t)) = 0,

Buπ = 0.
(16)

Hence, by theorem 1 and properties of operator B we obtain the necessary condition
for quasi-stationarity of the semi-trajectory uπ ≡ 0. In other words, all solutions of the
problem (if they exist) need to lie in the plane B = {u ∈ UM : uπ = 0}.

But since Πup = up, from the �rst equation in (16) we obtain relation (8) in a
transcription

up = Π(νAuσ − (uσ · ∇)uσ − gγuθ + f(t)). (17)

Obviously, P0 ≡ PR, so the second equation in (16) is relation (9) with respect to our
situation. So, we have

Lemma 2. Under the conditions of lemma 1, any solution of (3), (4) belong to the set

At = {u ∈ UM : uπ = 0, up = Π(νAuσ − (uσ · ∇)uσ − gγuθ) + fπ(t)}.

Remark 11. Relation (17) immediately implies the condition (iii) of theorem 2 for every
point u00 ∈ U00

M (≡ U00
1 × {0}). Therefore, by remark 8 the set At (a simple Banach C∞-

manifold di�eomorphic to the subspace U1
1 ×U2) is the candidate for extended phase space

of problem (15), (2).

We proceed to verify conditions (10) and (14). Construct the space Uα = U1×
◦
W 1

2 (Ω).
This space is obviously the interpolation space for the pair [U ,UM ]α, with α = 1/2. As
noted above, the semigroup {U t : t ∈ R+} extends to a group {V t

1 : t ∈ R} on U1
1 , where

V t
1 is the restriction of the operator V t on U1

1 . Since U1
M = UM ∩U1

1 (by construction) and
operator B1 is continuous (theorem 4), then by the uniform boundedness of semigroup
{U t : t ∈ R+} we have

∫ τ

0

∥V t
1 ∥L(U1

1 ;U1
M )dt ≤ const∥B1∥L(U1;F1)

∫ τ

0

∥V t
1 ∥L(U1

1 )
dt <∞ ∀τ ∈ R+. (18)
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Further, by Sobolev inequality [17, Chapter 9] semigroup {W t : t ∈
−
R+} satis�es∫ τ

0

∥W t∥
L(domB2;

◦
W 1

2 (Ω))
dt <∞. (19)

Let U1
α = Uα ∩ U1, where U1 = U1

1 × U2. Then from (18) and (19) imply the following

Lemma 3. Under the conditions of lemma 1, relation (10) is ful�lled.

Finally, for checking the requirement (14), we should �nd the operator H and the
vector-function h. For this purpose we construct the projector Q : F → F1. According
to [20] Q = (I −Q0 −Q1)⊗ I, where

Q0 =

 O O O
O Π Q23

0

O O O

 , Q1 =

 O O Q13
1

O O Q23
1

O O Π

 ,

Q13
1 = ΣAA−1

λ A−1
λπB

−1
π , Q23

1 = ΠAA−1
λ A−1

λπB
−1
π , Q23

0 = −Q23
1 , and operator Bπ is a

restriction of operator B on H2
π (by Banach theorem about the inverse operator the

operator Bπ : H2
π → Hπ is a toplinear isomorphism). So, the operator H = H1 ⊗ H2,

where H1 = A−1
11 (I −Q0 −Q1)F1, and H2 = F2 (A11 is the restriction of A on U1

1 ).
The inclusion H ∈ C∞(U1

M ;U1
α), where U1

α = Uα ∩ U1 is shown in the same way
inclusion F ∈ C∞(UM ;F). Vector-function h(t) is de�ned as h1(t) ⊗ h2(t), where h1 =
A−1

11 (I −Q0 −Q1)f1, and h2 = 0.
The vector-function f = f1 ⊗ f2 has the in�nite smoothness by construction. So h ∈

C∞(R;U1
α).

Thus, all conditions of theorem 2 are satis�ed. Therefore we have

Theorem 8. Let λ−1 ̸∈ σ(A) ∪ σ(Aσ). Then for any u0 such that (u0, 0) ∈ A0 and some
T ∈ R+ there exists a unique solution u = (uσ, 0, up, uθ) to problem (1), (2), which is a
quasi-stationary semi-trajectory, and (u(t), t) ∈ At, for all t ∈ (0, T ).

Other non-stationary models of the incompressible viscoelastic �uids are considered,
in [9, 25�30]. Linearized models of di�erent orders were studied in [31�36].

The non-autonomous case is described in detail in [37]. The Taylor problem for the
generalized model of the non-zero order is studied in [38]. Di�erent models of non-zero
order in the autonomous case are studied in [39]. Investigation of magnetohydrodynamic
models using the semigroup approach was initiated in [40,41].

The work is supported by The Ministry of education and science of Russian Federation
(State task no. 1.857.2014/Ê).
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ÎÁ ÎÄÍÎÌ ÊËÀÑÑÅ
ÓÐÀÂÍÅÍÈÉ ÑÎÁÎËÅÂÑÊÎÃÎ ÒÈÏÀ

Ò.Ã. Ñóêà÷åâà, À.Î. Êîíäþêîâ

Ñòàòüÿ ñîäåðæèò îáçîð ðàáîò Ò.Ã. Ñóêà÷åâîé è åå ó÷åíèêîâ â îáëàñòè èññëåäîâàíèÿ

ìîäåëåé íåñæèìàåìûõ âÿçêîóïðóãèõ æèäêîñòåé Êåëüâèíà � Ôîéãòà â ðàìêàõ òåîðèè

ïîëóëèíåéíûõ óðàâíåíèé ñîáîëåâñêîãî òèïà. Îñíîâíîå âíèìàíèå óäåëÿåòñÿ íåñòàöè-

îíàðíîìó ñëó÷àþ ââèäó åãî áîëüøåé îáùíîñòè. Èäåÿ èññëåäîâàíèÿ äåìîíñòðèðóåòñÿ

íà ïðèìåðå íåñòàöèîíàðíîé çàäà÷è òåðìîêîíâåêöèè äëÿ ìîäåëè Îñêîëêîâà íóëåâîãî

ïîðÿäêà. Âíà÷àëå èçó÷àåòñÿ àáñòðàêòíàÿ çàäà÷à Êîøè äëÿ ïîëóëèíåéíîãî íåàâòîíîì-

íîãî óðàâíåíèÿ ñîáîëåâñêîãî òèïà, à çàòåì ñîîòâåòñòâóþùàÿ íà÷àëüíî-êðàåâàÿ çàäà÷à

ðàññìàòðèâàåòñÿ êàê êîíêðåòíàÿ èíòåðïðåòàöèÿ ýòîé çàäà÷è. Äîêàçàíà òåîðåìà ñóùå-

ñòâîâàíèÿ åäèíñòâåííîãî ðåøåíèÿ óêàçàííîé çàäà÷è, ÿâëÿþùåãîñÿ êâàçèñòàöèîíàð-

íîé ïîëóòðàåêòîðèåé, è ïîëó÷åíî îïèñàíèå åå ðàñøèðåííîãî ôàçîâîãî ïðîñòðàíñòâà.

Ïîäîáíûì îáðàçîì ìîãóò áûòü èññëåäîâàíû è äðóãèå çàäà÷è ãèäðîäèíàìèêè, íàïðè-

ìåð, ëèíåàðèçîâàííûå ìîäåëè Îñêîëêîâà, çàäà÷à Òåéëîðà, à òàêæå íåêîòîðûå ìîäåëè,

îïèñûâàþùèå äâèæåíèå íåñæèìàåìûõ âÿçêîóïðóãèõ æèäêîñòåé Êåëüâèíà � Ôîéãòà â

ìàãíèòíîì ïîëå Çåìëè.

Êëþ÷åâûå ñëîâà: óðàâíåíèÿ ñîáîëåâñêîãî òèïà; íåñæèìàåìàÿ âÿçêîóïðóãàÿ æèä-

êîñòè; îòíîñèòåëüíî p-ñåêòîðèàëüíûå îïåðàòîðû; ðàñøèðåííîå ôàçîâîå ïðîñòðàí-

ñòâî.
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