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MATEMATUYECKOE MOJEJINPOBAHUE
KYCOYHO-OJHOPOJHBIX CPEJ HA OCHOBE PEIIIEHUA
3AJTAYN MAPKVYIIIEBUIYA B KJIACCE ABTOMOP®HBIX
OYHKIINN

A.A. ITampywes

[IpeyiozkeH ajrOpuTM sIBHOTO pPEIICHHS KpaeBoi 3ajauum MapKylleBuda B K/acce
dyHKIHi, aBTOMOP(GHBIX OTHOCHTENHHO (hYKCOBOI rpymmnsl ' BToporo pona. Kpaesoe ycio-
BH€ 33JIaHO HA [VIABHOH OKpyzxKHOCTH. K03 DUIMEHTH 3a1a491 ABJISIIOTCH I'e/bIePOBCKIMU
dyHKIuAMA. AITOPUTM OCHOBAH HA CBEJISHUM 3a1a4 K Kpaesoil 3azade [unbbepra. Ilo-
JIYYEHO PelleHHe 33Ja4d B 3aMKHYTOH (hopMe IIpU JOMOJHATENbHOM OrPAHMYEHUH, HAJIO0-
JKEHHOM Ha, onuf u3 Koadduimentos 3anauu b(t): ecnu x+(t), x— (1) — GpakTOpU3aNHOHHDIE
MHOKHTEH Koadduimenta a(t), To npoussenenue GyHkimu b(l) Ha 4aCTHOE OT JeIeHHs
X+ (1)) Ha X (t) aHATHTHIECKH IPOJAOIKUMO B 006aacTh D u aBTOMOPGHO OTHOCHTETBHO
I' B aroit obracru.

Karuesvie caosa: wpaesne 3adawy 0ai aHasumueckur Gyuryud, sadaua Maprywe-
UG, A8MOMOPPHLE GYHKUUU.

BsBenenue

Omolt U3 MaTeMaTHIeCKUX MOJeNeH MPOYHOCTHLIX CBONCTB Pa3sHOODPA3HLIX KOMITO3UITHOH-
HBIX MAaTEPHAJIOB, PacdeTa JIEKTPUIECKUX Ieleil, TeOPUU TeTePOreHHBIX Cpej, Teopuu (Huib-
Tpaluu, Teopun 060JIOYEK U 33/a9 APYTUX Pa3jiesioB MEXaHUKH M (PU3HKH dBigercs 3aja4da R-
JiHeiiHoro conpsxenus Mapkymesuda [1]. 3agaua Mapkymesnua 0coGeHHO aKTYaIbHA CErO/H
B CBSI3M C HACYIITHOMN HEOOXOAMMOCTBIO UCCIIEA0BAHUA KYCOUHO-O0/HOPOIHBIX (T€TePOreHHBIX) CPe/,
duznveckre napamMerpbl KOTOPBIX HA JIMHUAX COEIMHEHUI CPe/l Y/OBJIETBOPAIOT BO MHOIUX CJly-
yagx yciaoBuio R-jiuneiinoro conpsazkenud MapkyuieBuda. XoTd HCCJIEI0BAHUA 110 TOi 3ajade
BeJlyTCd JIaBHO (C CepejMHBI IPOLILIOr0 BEKA), TeM He MeHee, TOYHble DeIleHUs 3324 U3BeCT-
HBI JIAIIb JiId HEOOJIBIIONO YHUC/IA YACTHBIX CIYy4aeB, YTO JIMIIHUN Pa3 IOATBEPZKJIAET BHICOKYIO
CTereHb CJA0XKHOCTH IIPobJieMbl IOCTPOEHN TOYHBIX perienuii 33/a4u. [losromy sirobbie ucceio-
BAaHUH B JIAHHOM HAIIPABJIEHUU SBJILAIOTCH aKTYAJbHBIMU, U JII00ble HOBbIE PE3Y/IBTATHI LIPE/CTAB-
JIFIOT HAYYHBIN M mpakTmdeckuit unrepec. OcoGeHHO BarKHBI MCCACIOBAHNS, HAIPABICHHDIE HA
KOHCTPYKTUBHOE IIOCTPOCHUE PelleHruil YKa3aHHONU 3a1a4u.

1. ITocranoBKa 3ama4n

Iycts ' : 00(z) = 2z, 0k(2), k = 1,2, ..., - KOHEIHOMOPOXK IeHHAA (PYKCOBA I'PYIIIA BTOPOIrO
pojia ¢ 06IaCThI0 HHBAPUAHTHOCTH S, ¢ HenoABUKHOI (raBHOi) okpyKHOCTBIO L @ |2 — 20| = 70,
JLISE KOTOPOil 00 ABIsAeTCa OOBIKHOBEHHON TOUKOil. I3BeCTHO, 9T0O Takas TpyIIa aBIgeTCs IPYyIl-

[e @]
7
IIOI IIEePBOTO KJIACCA, TO €CTh psifi » . |0,(2)| cxoaures Ha m060M KOMIAKTHOM MHOMKECTBE, HE
0

COJlepPKAIeM IIPeJIeJIbHBIX TOYeK Ipynibl U Todek ok(o0) [2]. ycrs Ry — dynaamentanbHas
obyracte @opra, p — pox dyugamenTaabHol obaactu, Di — BHYTPEHHOCTh W BHEIIHOCTL OKPY K-
nHocru L : |z — 29| = ro coorBercrBenno, Ry = RoN Dy, L, — MHOXKECTBO JyT I'NTABHON OKPY2KHO-
cTH, TosTydaeMolt u3 L yrmameHueM BCeX MpeeTbHBIX TOUEK IPymibl. Tpebyerca HallTh KyCOdHO

2013, Tom 6, Ne 2 49



A.A. TIaTpymieB

AHATUTHIECKYIO (DYHKIHIO 1 (2), aBTOMOPGhHYIO OTHOCUTENLHO rpynnbl || | ncaesanrnyo na Gec-
KOHEJIHOCTH, eciu Ha KoHType Lo = Ly N Ry ee KpaeBble 3HAYECHHSI YAOBICTBOPIIOT YCIOBHIO

U (t) = alt)y-(t) + bty (1), € Lo. (1)

[Monuoit Teopun paspemmmoctu 3agaqu (1) B HacTosee BpeMs HeT. B npencrasiennoii pado-
Te 3a/a9a PEIIeHa IIPH CJETYIONHX OTPAHMYEHUSX, HAJTOKEHHLIX Ha Kodhduimentor: at) #

0, b1(t) +1 # 0 ma L, cne dbynkmus by (1) = mg
+

D_ n asromopdra oraocurenvno I’ B aroit obmactu. 3mecs x4 (t), x—(t) — daxropuzanuonnsre
MHOKHTe M Koddpdumuenta a(t). B mamnoit pabore moayamn JanpHeiiee pasBUTHE METO Ha-
XOXK/leHus pelnenus 3anaun Mapkyliesuua B siBHOM Buje, paspaboraHublii B crarbe [6]. drot
METOJ OTJIMYAeTCA OT PACCMOTPEHHOTO B CTaThiaX [3-5], 4T0 06yC/IOBIEHO PasIUYHBIMU [IOCTa~
HOBKAMU 3aja9n. M mesa mpeimoReHHoro MeToia 3aKI0IaeTcd B CBeJIeHnH 3aaaun MapKyIimesnaa

b(t) amamUTHUECKU IPOAOIKUMA B 00JIACTD

K CHHTYJIIPHOMY HHTETPATBHOMY YPABHEHHIO OTHOCHTENbHO Re ) (t) ¢ mocmemyronum perrenuem
ckasgpHoii 3a7auu ['nisbepra B Ki1acce apromopdubix pyukiuii. Pemenne 3anaun Mapkyiiesu-
va (1) upespcraBneno B 3aMKHYTOH ¢bopMme Ipu jomyineHuu, 4ro npobsema obparnenus Axobu
pertena.

2. CBeneHue 3a7a49M K CUHTYJIAPHOMY MHTErpPajibHOMY YPaBHEHUIO

Kak wussecrno [7], ecsin a(t) # 0, t € Lo, — renpieposckas dyukus, T0 QyHKImo at)
MOZKHO IIPEJICTABUTE B BHE

X+ (8)
a(t) = , (2)
x-(t)
rie
p n
x(z) = 6F<Z>E_%(Zv to, o) H E(z, 05, 0o) H ( 1T (00),00), » = Indp,[a(t)], (3)
=1 -1
0 4 0
0,(7) 1 1
r K(z,m)1 dr, K( = S A _
(2) = 2m/ & 7)Inalr)dr, K(z,7) Z(T]T)—Z Z{T—Oj(z) T —05(c0) |’
Lo J= 7=0
01(z), ..., 0n(2) — mopoxmaromue npeobpasosanus rpyuusl 1) tg € Ly — dbukcupoBanHas TOUKA;
roukn 0; € R_, 0; # 6y, j = 1,...,p, voe 0y — duxcuposannaz Ttouxa obmactu R_; mj,j =
1,...,n, — nenbie ancna. Pynxnus

E(z,0,0p) = exp /K(Z,T)dT ,

rne K(z,7) — xBasmaBroMOopdHBIl anamor syupa Komm, Gepercsa BIOAb MyTH, MEJTHKOM PacIIo-
jgoxkennoro B S. OHa 0nHOZHAYTHA B 9TOH 00/IaCTH W, B CIy9ae HEKOHTPYIHTHBIX MEXKIY COHOM
TOUeK Ay 1 0, mMeeT B 9TUX TOUKAX MPOCTOI TMOJIOC W HYIb KpaTHocTH 1, coorBeTcTBenHO. Ecam
Toukm Hy u 6 mex sy coboro KOHrpysHTHBL, TO0 F(z,0,0)) Ha MHOXKecTBe S OrpaHHYEHA U HULJIE
me obparmaercsa B Hy/1b. Tak Kak

X(1(2)) = x(2)e"™,Vz € S\L,

o;(00)
1
Hy = o Ne(T) Ina(T)dr — » /77k d7+2/nk dT+Zm] / (r)dr, k=1,2,.
Lo J (2] 0o
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TO 771 AaBTOMOP(HOCTH KAHOHUIeCKOH (hyHKImu X (2) HeoOX0muMo moTpeboBaTs, arobnl Bee Hy =

0(mod 27i). To ects menble uucaa mj,j = 1,...,n, u rouku 0; € R_, 0; 7£ 00, i =1,...,p,
JIOJIKIILL ABIATLCA permernueM pobaemnl SIkobn obpareya unrerpanos @ (2 f ne(T)dr, k =
1,...,p,
P n
Z wr(6;) + Z MiNk,; + Mkl = —— / Ne(7) Ina(7)dT + sk (to),
=1 Jj=1
;(6o)
e g, k= 1,..., p, — HeKoTOpBIC Neable ancna, Ny ; = r(0(2)) —er(2) = [ me(r)dr, j =
0o
1,...,n. Ogun uz MeTonoB perienus npobseMbl obpamenns $IKoOH ¢ HCIIOIL30BAHMEM CIIEIH-
anpioil ©-dynxiuu Pumaia 6ot npemoxer s padore 9.1, 3peponsuua [8]. @yuxnua x(z) asro-
MOpP(dHA OTHOCHTETLHO TPYIIIEL TPOOHO-THHEHHBIX Tpeobpasosannii I, mmeeT B Tourax 61, ..., O,
obpazyrorux perrenne TpobaeMbl obparennst AKo6m, Hy/TH KPATHOCTH AL, . . . , Apy, COOTBETCTBEH-

HO, a B TO4UKe (y UMeeT IMOPSII0K 3 — p.
Ha ocuosaiiiu oinens/iozxernioro kpaesoe ycnopue (1) sanumerca o suje :

1 251(15)

{) = 1 Y Reg (1) + g(b), 4

010 = 0O o O Reo (1) +a() Q
e

f(®) Y£(t) X+()

g(t) = ha(l) = by () = bt : 5

O Somo =0 w0 N ®)

Dyukius ¢(z), y10BAeTBOPAIONIAs KPAEBOMY YCI0BUIO (4), UMeeT Hoockl B TOUKaX 01, . .., O, €

R_ COOTBETCTBEHHO KPATHOCTH AL, - - - , Ay , HCIE32€T Ha OECKOHETHOCTH U UMEET IOPATIOK ) — 7

B Touke Hy € R_.
IIycrb 51 = Indy,,[b1(f) +1|. Pemenne nmonygennoit 3ama4an (4), riae upeanonaraerca Re ¢4 (t)
M3BECTHOM, 3anuiueTcs cieayrommm obpasom [9]:

¢(2) = x0(2)(F'(2) + Wo(2) + W1(2) + Wa(2)). (6)

3mech
N 1, ecnu 2 € Dy,
Xo(2) = { bi(z) +1, ecrm z € D_,

— KaHOHuYecKas (PyHKIHA,

F(z)%/

Lo

Az, m)dr =

[—%1“) Re . (r) +(7)

bl(T) +1

Reg (1) +9(1)| K

1 9 P P
[ﬁ (z,7)dT — Z (z,a;) Z (z,a5),

“2mi ) ()t 1
Lo
1 201 (7) 1 / |
2w ) i)+l ' ' o ' —1,...,p;
b= 50 | by g e oHwadn 0 = 5 [ =1,
Lo /
m Mg
:C+ZZC%VCV(279q), )\1+)\2+...+)\m:p;
g=1v=1
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w—p —m1—1

<
Wy () — cvC(z,00), 2> p, L Wy(z) — ; brér(z, 00), 20 <0,
0, »x < p. 0, 1 > 0.
Apromopduriit ananor aapa Koum A(z, 7) umeer sun [7]:
A(Zv T) - K(Zv T) - wl(T)K(Zv al) e w,o(T)K(Zv ap),

e p — poa dpyHmaMenTanbHoM obnactu Rp. 3aeck mpeamnosaraercsd, 9To OeCKOHETHOCTEL HE sTB-
JIAeTCd IEMOABUIKIION TOYKOH mpeodpasopanina rpynnot . Oyukimu

kNS k k w; ™ (c0)
€z 00) = 2+ 30 (o) —oflo0)) = Yo=K (), k=1, = 1,
=1 =1
aprgioTes Koddpurmentamm pasnoxkenus syapa A(z,7) B oxkpectHocTm T = 00. B Toukax
a; € Ry, j=1,...,p, anpo A(z,T) umeer mpocrsle HOIIOCH ¢ BEleTaMu wW;(T), j = 1,...,p,
coorsercrento [10].
Oyuxrus ¢(z) UMeeT B TOUKAX dj, j = 1,..., p, IPOCTbIE IIOJIOCHL C BLIYETAMHE
—a—1 (k—1) m g w—p
wy {00)
_ J () 0 . _

h] = d] +5] - Z bkw — chq7ydj7y — ZCVdsz , ] = 1,...,p. (7)

k=1 g=1v=1 v=1

Ecau 71 > 0, To obmmee pemenne 3anauu (4) onpegenurca GopmyJioi

¢(2) = x0(2)(F(2) + Wo(z) + ¥1(2)),
€CJIM BBILOJIHSIOTCS 2 YCJIOBUH pa3peruMocT

1 [2h(DReoy ()
27i [01(7) + 1]

Lo

maa(r.c)dr + 5 [ g(rma(roo)dr = G, ®)
Lo

dk—l
Br—1 = —W[‘I’o(z) + Wy (2)]

Z=00
Baecw Mg (7,00) — Ko3ppunuenTor pasnoxkenus aapa A(z,7) B OKpecrHoCcTH TOUKH 2 = 00, Pac-
cmoTpuM caydait x < p, »x < 0. Torma dpopmyna

¢(2) = x0(2)(F(2) + Wo(2) + Wa(2))

onpesensier obiee peuenue 3a1a49u (4), eciu BBIIOJHAIOTCA P — ¢ KOMILIEKCHBIX YCJIOBUil pas3-
peLuMocT

L[ 2bi(n)Re g (1)
2mi [bl(T) + 1]

Lo

m(r00)dr + 5 [ gm0y = 51 ©)
Lo
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dk—l

Bt = = [Wo(2) + a2)

z—0q
Pacemorpum nocaenuuii cayuait: 2 < p, 21 > 0. Torga obree pemrenue 3anauu (4) ompese-
Jgutcs popMy1oi

¢(2) = x0(2)(F'(2) + Wo(2)).

Veji0Bus pasperuMOCTH 3AMUNIYTCS B 9TOM CJIy4dae, COOTBETCTBEHHO, CJIEIYIONUM 00pa3oM:

1 2b1(T)Re ¢ (T) 1 / B

o GRS N—1 (T, c0)dT + 57 g(T)Mk—1(7, 00)dT = Br_1, (10)

Lo Lo
1 2b1(7)Re ¢4 (1) 1 / S
57 CES (T, 00)dT + = g(T)w (7, 0)dT = By, (11)
0
dk-1 1 d7—1
/Bk—lz_W‘I/O(Z) s k=1,...,5m, ﬁk:—m‘ljo(z) s hk=1...,p—x
200 z—0q

[TocTpoennas dpyurnusa ¢(z) apagercs KyCOIHO aHATUTAIECKOH B obmactu Ry u aBTomMopd-
HOU oTHOcHTenbHO Ipynusl I') 3a mcxiarouenmeM Todek a; € Ry,7 = 1,...,p, B KOTOPBIX OHa
UMEET IIPOCTHIE IIOJIOCHL.

Ha ocuosamuu ¢dpopmyn Coxorkoro u3 pasencrsa (6) wa kourype Lo umeeM :

bi(t)

by (7 1
O R e (1) m/b1 Req5+( YA(L, T)d7+2—m/g(T)A(t,T)dT+(I)(t),

Lo

P+(1) =

(12)
rae ©() = Wo(t) + W1(t) + a2(?).
C apyroit cTOpoHBI, 3ameTnM, 9T0 pyHKIUA Q4 (2) onpegengerca B obnactu Ry ¢ TOIHOCTBIO
JI0 MHMMOI'O [IOCTOSHHOI'O Yepe3 3HAadeHue CBOell JieficTBUTe/ IbHOM yacTu Ha KoHType Lo :

1
61(2) = = [ Reoy (VAT +C(2) + B+ i (13)
Lo
3mech
. . apﬂ i
z) = Z’VJK(ZvaJ ; VK (25 ap15), aprj =20 + T -

%= gz [ Rer(Ds(r)dr, G = 1o =~ [ Regu(r) Ao, r)dr — (Gan)
Lo Lo

Brrersr dyukimn ¢4 (2) B Toukax a; € Ry, j =1,...,p, paBHBL COOTBETCTBEHHO —7j, J =
1,...,p.
Tak kak dhyuknug ¢4 (z) B obnactu Dy jgomxHA OBITH AHATUTUYHA, ITOTPeOyeM, ITOOI BbI-
4erbl 3TOH yHKIMU B TOUKax a; € Ry, j = 1,...,p, PaBHATHUCDH HYJIIO, TO €CTb:
v =0 .
{ . 5{31207 s J=1 (14)
1 —1 (k—l)
1 [ Reyy(r) S
55 =75 bi(r) 1 w;(T)dr — Z bk Zcq, JV ZCV v
Lo k=1 g=1lv=1
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1 .
6j:% g(T)Cdj(T)dT, J=1.p
Lo
Baeck v5,7 =1,...,p, — BBIYeTHl B TOuKax a; € Ry, j=1,...,p, byuxkiun ¢, (2), apiasmomieiica
pewenneM 3anauu [sapua; s;4+0; = hj,j = 1,..., p, — BbIUeTHl B TexX 2Ke TOUKAX MyHKIMA @ (2),

apJisfornelica perrenueM 3agaun (4), paccMarpusaemoil kak 3ajaua Pumana. U3 coorHomenus
(13) mmeem na KoHTYpe Lo:

1

O4(t) = Reoy(t) + v /Re O+ (T)A(t, T)dT + ((t) + B +ic. (15)
Lo

Orkyna, cpasuusag soipaxkenusd (12), (15), Ipuxogum K CHHCYJISAPHOMY HHTErPAJILHOMY yPaBHe-

HHIO

LB s -
Lo Lo

rae d = —f — ic.

3. IlocranoBka u penieHue 3aja4u ['mabbepTta
OTHOCUTEJILHO PyHKIMHI ] (2)

JLis 0THOBHAYHOR KYyCOYHO aHATUTHICCKON DYHKITHN

1 2Re (]5+ (T)

P(z) = — —————= —g(r)| A(z,7)dr 16

@ = o [ oot - o] acam) (16)
Lo

CHHTY/ISIPHOE WHTErPATbHOE ypaBHEHNe, Ha OCHOBAHUHA aBTOMOPMHBIX aHa 0roB hopmya Coxorr-

KOr'0, CBOIUTCA K OJHOCTOPOHHEH KpaeBoll 3anade

Ut(t) = &) — () +d, (17)

B KkJ1acce I'-aBroMopdHBIX DYyHKINI, HMEFOIUX IPOCTHIe IIOJIOCH B ToUKax a; € By, 7 =1,...,p,
M MCUe3AI0MHUX Ha OECKOHETHOCTH. 3aMeTHM 376Ch, ITO (PyHKIHST

O(z) —((2) +d

I' — aBromopdmna B obmactu Dy, kpome Todek a; € Ry, j = 1,...,p, 0 TO9eK, KOHIDYSHTHBIX
UM, B KOTOPBIX OHA MMeeT IIPOCTbIe IOJIOCHL. [losromy pemtenue 3agadu (17), mo anajsoruu ¢
OJIHOCTOpOHHE! KpaeBoil 3ajaueil Pumana, 3amumerca B suge [11]:

o { M e

rae 7 (2) — npomsBoJibHAg aHaauTHIecKad B obnactu D_ dyukiug, ucdesamomas Ha 6ecKoHed-
HOCTH ¥ aBTOMOP(HAS OTHOCUTENbHO Ipyiiibl I
B Touke 2y, 04eBUIHO, JOJIZKHO BBIIOJIHATHCH PABEHCTBO

W(z0) = D(20) — C(20) + . (19)
Ha ocuosamuu (16), (18) umeem
ot oW - o 1 d g0 -er|, te Lo (20)
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YaureBast, 9ro B JieBoil yactu poipakenus (20) mmeercs JelicTBuTeNbHO3HAYHAA (DYHKIHS

Re ¢ (), upuxoaum g dbyukiuu ] (2) K Kpaesoil 3anade I'uapbepra B kiracce aBTOMOPGhHBIX
OTIIOCUTENLIIO Tpyminl ' dhynkmumit

. _ 1
Re {~i[b1(t) + 1]y (1)} = SIm [(bl(t) +D(2() = <) +d+g(1))| (21)
Pewenne sroit 3anaun 3anumerca 8 suge [10]:
. 1 _—
—ipy (2) = MOER {FO(Z) THR(2) + Q5 —1(2) + Q5 —1(2 )} : (22)
3neco
RS 0 0. b 01 o1,
Fo(e) = 5= [ eor) Az, mydr + () + 8% Fa(e) = 5= [ erm) Az, mhdr + ) + 67
Lo Lo
colr) = Ty [(bm FI@E) —C0) 4 )5 ealr) = Tm [(bm) + 1>g<r>] ~ T [Xf ((Tj)] ;
+
0 < 0 4 (apt; — 20)"—5
¢ (Z) :Z’YJK(ZvaJ)_Z r2 ’YJK(ZvaP+])7
=1 =1 0
B = = [ A 7)dr — ) AL = 1= [ o, =1, p
A 0 0, 0/y Iy ATi 0 7 ) ) s M
LO LO
01 < 01 < (apt; — 20)° =5
¢ (Z) 72’7‘] K(Zva])_z 72 75 K(Zvap+])7
j=1 j=1 0
01 1 01 1 01
Y= 4—7I'l cl(T)wJ(T)dij L, 0y B = _R Cl(T)A(ZovT)dT —¢ (20)7
LO LO
w1—1
ap + « z,00), 1 >0,
Q%1 B 1(2) _ 0 ; kﬁk( ) 1
O, ] < 0.
Ecmu 5 <0 (Q,, — 1(2) =0),) To Mb1 mMeem —3 + 1 yeioBmil paspermmocTn
1 1
i co(T) 1 (7, 00)dT — Bp_y = o c1(T) M1 (7, 00)d7 + BL 4, (23)
Lo Lo
rjie
0 =t 0 01 d*' o 01
ﬁk—lz_ﬁ[c (Z)+/8] » Pk—1 — — k—l[c (Z)+/8 ] 7k:17-"7_%1+1-
dz B dz B
Jng ananurmasocra GyHKIUK @) (2) B TOUKaX Aot € R_, j =1,..., p, norpebyem, 410051
BBIUETHI (DYHKITUH B HTHX TOYKAX OOPAITAINCh B HY/Ib, 8 UMEHHO:
1 w1 —1 w;k—l) (OO) 1
R CO(T)wj(T)dT — Z Oékm — —4—7” Cl(T)wj(T)dT, eCcau 1 > O7 (24)
Lo k=1 Lo
1 1 )
yy co(T)wji(T)dr = e c1(Tw;(r)dr,,  ecom s <0, j=1,...,p. (25)
Lo Lo
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4. Haxoxnaeuue Re¢ (t) u perrenus 3agadun MapKyuieBu4a

IIycre 7 (2) asaserca pemenuem 3amaqau [unsbepra (21). Tak xax

%ﬂ = % [@(t) —C(t) +d+gt) — gpl—(t)], te Lo,

a dyrxnus @] (2) aganmuruysa B obaacty D_ u ucdyesaer Ha GECKOHEUHOCTH, TO YCJIOBHS Paspe-
mumocty (14) MOXKIIO Heperucars B Buje:

L () 1 )8 = ) 1 )
! ; _ (26)
—5 [FO(T) + @y — 1(7) + @y — 1(7’)} wiT)dr =ej, j=1,...,p,
Lo

5= 5= [ Filrwg(ryir — o Xff(:))
Lo Lo

wiltydr, j=1,...,p.

Ha ocuosanuu dopmys (20), (22) umeem Ha xorType Lo

Reg, () = 2 0y ) v a v o) - o

—ilFy (1) + Fy (1) + @y — (1) + Q5 — 1 (D]

U3 coornomennit (6), (27) caexyer, uro dbyHKIHs

B F(z)+ ®(z), ecan 2 € Dy,
z) = { (b1(2) 1 DIF(z) + 8(2)], ecamze D (28)
F(z) = 2%” /C(T)bl(T)A(Z,T)dT + %/fl(T)bl(T)A(Z,T)dT,
Lo Lo
e 2 —(r
ho = onw mm
yzoBJseTBopseT Kpaesomy ycaosuto (4). 3mech
D(z) = Wo(z) + Wi(2), () = [O(7) = ((7) +d] -
21 — (29)

_W Fo_(T)+Q%1_1(T)+Q%1_1(T) , ecan s > 0,

O(z) = Vo(z) + ¥1(2) + Va(z), c(r) = [®(7) — (1) +d] —

2 (30)
__“ <0.
b 110 (1), ecam 51 <0

Yenopust pasperuumoctu (8), (9), Ha OCHOBAHUM BBILIEN3/I0KEHHOIO, COOTBETCTBEHHO, 3alli-
IIyTCA B ABHOM BHJIE:

— | bi(T)e(T) =1 (T, 00)dT — Br—1 = —% /bl(T)fl(T)nk—l(Tv oo)dr, (31)
Lo

k—1

d
Br—1 = _W[\IIO(Z) + Wy (2)] , k=1,... 30, ecmm 31 > 0;

Zz=0
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1

5 bi(7)e(T)ni(t, Oo)dT — Br = —2%”, bi(7) f1(T)mw(t, 0o)dT, (32)

Lo Lo

dk—l

ﬁi:—m[\llo(z)Jr\I/g(z)] yk=1,...,p— 5, ecnu s < p.

z2=0¢

[MocTpoennas dpyuxiua ¢(z) Gyaer ABIATLCA PENIEHHeM 331341, €CJIH BLITOJTHAIOTC ) KOM-
IJTEKCHBIX yCI0Buil paspemmmoctu (24) win (27) 1 p KOMIUIEKCHBIX YCI0BHi paspenmumocta (26),
4TO obecrednBaeT aHAJIUTUIHOCTE (PYHKINN B TOUKax a; € Ry, j=1,...,p.

Ha ocmoBamum IpoBefieHHBIX BBIKJIAJIOK, a Takxke dopmya (2), (3), (5), obuiee pemenue
HeozHopoaHol 3amaun Mapkymesnua (1) sanumerca B Buje:

N X+(2) [F(2) + (2)], ecom z € Dy,

¥(z) = { x-(2)i(z) + D[F(E) +2(2)], eem ze D, (33)
rae dynxmun O(z), F(z), x(z) onpenensrorea us dhopmyn (28), (29) mwm (30), (3).
PaccMOTpUM HECKOJIBKO CJTy4aes.

1) 2 > p, s > 0. B srom caywae Wa(z) = 0, byuxmua c(t), oupenensemasa hopmymoi
(29), comepKUT 5 + 3] KOMILUIEKCHBIX IIOCTOAHHBIX. DTH IIOCTOAHHbIE JIOJZKHbI YIOBJIETBO-
PATh 2p) KOMILIEKCHLIM YCJ0BHAM paspemmmoctu (24), (26), a Takxke ] KOMILIEKCHBIM
yeaosusiv paspentumocta (31). Ilycrs r — paur Marpuiisl Ko3hduimmenTos o6be uHeHnoi
HEOZIHOPO/IHOM crucTeMbl JIuHeHHbIX ypasHenuii (24), (26), (31). Kax ussectHo, nosyvuennas
00be/ITMHEHHAA HEOTHOPOJHAA CUCTEMA PA3PEIINMa TOTAA U TOJBKO TOIVIA, KO/l

P p !

S ONukso + Y Kugkey + > Lkt =0, k=1,...,2p+a -, (34)

v=1 v=1 vi=1
e

1 1 1 T

Sg = _4—71"L Cl(T)wy(T)dT, ey = % /Fl(T)wV(T) 7_% Xer((Z)wV(T)dTv V= 17 s

Lo Lo Lo

1
= =5 [ BT -1(7; 00)dr, 11 =1, 5.
Lo

Buece Nyk, Kpp, Ly (W=1,...,p, i =1,...,50, k=1,...,2p+ 51— —r) — nonuag
CUCTEMa JIMHEHHO HE33aBUCUMLIX PELIeHUIl COOTBETCTBYIOLICH OAHOPOAHOI TPaHCIIOHHPO-
BAaHHOU cucreMbl. IIpu BBIIOJHEHUN DTHUX YCJIOBHIl 0OIllee pellleHrne HEO[HOPOJTHON 3a/1a-
qn MapkyiieBuya COJIEPKUT 3 + 2] — I IPOUIBOJILHBIX KOMILIEKCHBIX IIOCTOSHHBIX. Eciu
r = 3 + 1, TO 33a70a49a IMECT €IUHCTBCHHOE PEIICHUE.

2) % < p, 3 > 0. Tak gax ¥Yo(z) = 0, ¥i(2) = 0, to byukuua c(t) comepmur s + p
KOMILJIEKCHBIX TOCTOAHHBIX. OHU TO/I2KHBI Y I0BJETBOPATE 2 KOMILTEKCHBIM YCJIOBHSIM Pa3-
pemnmoctr (24), (26), 5 KOMILIEKCHBIM YCJI0BHAM paspemumoctu (31) u p — s ycaoBusim
pasperumoctu (32). Iycrs 11 — panr mMarpuibl k03 duimeHTos 06 beMHEHHOH HEo 1HO-
ponHoil cucreMbl HHeRHBIX ypapuenuit (24), (26), (31), (32). [lonyuennas obbeaumenas
HEOIHOPO/IHAS CUCTEMA PA3PEIIUMa, TOTJIA M TOJBKO TOI/IA, KOIJA

p p 21 p—x
S ONukso + Y Kosew + 3 Lyt + Y Ty =0, (35)
v=1 v=1 v=1 v=1
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kE=1,....3p4s1—x—r1, &, = _2im’ bi(7) fi(T)n, (t,00)dr, vo = 1,..., p—3¢. 3neco
Lo

Ny,ka K,j’k, Lyhk, Tyz,k (I/ =1...,p,k=1,...3p+sc1 ——r, V1 =1,...,00, V2 =

1,...,p— 2,) — noaHAZd CHCTEMa JIMHEHHO HE3aBUCHUMBIX DEIIeHHil COOTBETCTBYIOIIEH 0/1-

HOPOJHOU TPaHCIIOHHPOBAHHOH cucTeMbl. 1Ipy BHIIOJTHEHHH 9TUX YCI0BUH 00Iliee pelieHue
HEO/THOPOJHON 3a/aun MapKylieBuya Coaep:KuT 21 + p — 11 IPOU3BOJBHBIX KOMILIEKCHBIX
nocrosgHHbIX. Ecym v = p + 271, TO 3a7a1a MMeeT e UHCTBEHHOE PEIIeHHE.

x> p, s <0 Torma Q, _1(7) = 0, dynxuua c(?), onpenenzemaa dopmyoit (30),
COJIEPIKUT ¢ — ] KOMILTEKCHBIX IOCTOSHHBIX. DTH IOCTOSHHBIE JOJAKHBI YOBIETBOPATE
2p KOMILIEKCHBIM YCJIOBUAM paspemumMoctn (27), (26), —s¢1 + 1 KOMILIEKCHBIM yCIOBUIM
paspemunmoctu (23). Ilycrb 1y — panr marpunsl K09 dunuenTos 06beMHEHHON HEOTHOPOI-
HOI CcHCTeMbl JIMHEeHHBIX ypasHenuit (27), (26), (23). O6benuHeHHAs HEONHOPOIHASL CHCTEMA
paspemmnMa TOraa ¥ TOJIBKO TOrJa, KOra

P P -+l

S ONpso+ Y Kypew+ Y Myt =0, k=1,...,2p— 31 + 1 =1y, (36)

v=1 v=1 v=1
rje

1
tgg =5 /01(7)77,,3_1(7, oo)dr + 633_1, v3=1,...,—x + 1.
Lo

31ecn Ny,ky K,j’k, ]\4%7]C (I/: Lo.o,p,k=1,....20—000+1—1r, V3 == 1,...,—%1+1)

— [OJIHAH CHCTeMa JIMHEIHO HE33aBUCUMBIX PeLIeHUE COOTBETCTBYIONIEH OMHOPOSHOM TpaH -
IIOHUPOBaHHOI cucTeMbl. [Ipyu BhINOJIHEHNN 3THX YCIOBUi 00Illee pelIeHue HEeOTHOPOAHON
zajaun MapkyineBuda COJEPKUT ¥ — | — 7'y IPOU3BOIbHBIX KOMILIEKCHBIX ITOCTOSHHBIX.
Ecnu rg = 2 — 51, TO 33/1a9a UMeeT €IMHCTBEHHOE PEIIeHNE.

»x < p, 3 < 0. Boron cnyaae @, — 1(7) =0, i(2) =0, dynkuua c(t) conepxur p— s
KOMILJIEKCHBIX [MOCTOSHHBIX. DTH MOCTOSHHBIE JOJAKHBL YAOBIETBOPATL 2 KOMILTEKCHBIM
yeanosugaM paspermmocta (27), (26), —s¢ + 1 KOMILIEKCHBIM yCI0BHIM paspemmmoctu (23)
U p — 3 KOMILJIEKCHBIM ycsoBusM paspemmmoctu (32). Ilycrs rs — panr marpuibl Koad-
urerToB 06bLEIMHOHHON HEOHOPOHOMN CUCTeMbl JIMHEHHBIX ypasuenuii (27), (26), (23),
(32). Tonyuennasi 00beUMHEHHAST HEOJHOPO/IHAS CUCTEMA PAa3PELIuMa, TOIJA U TOJbKO TO-
rja, Koraa

P P —s1+1 p—
Z Nyyksg + Z KVJCQV + Z Myg,ktgg + Z Ty27k£]/2 =0, (37)
v=1 v=1 v=1 v=1
k=1,...,3p— 31 —»+ 1 —rs. 3necb Ny,ka K,j’k, Myg,ka Tyz,k
w=1,....p, k=1,....3p—smp—nt1l—rg, v3=1,...,—sg+ 1, vro==1,...,p— »)

— [OJIHad CUCTeMa JIMHENHO He3aBUCUMBIX PeIIeHU COOTBETCTBYIONICH OAHOPOAHOR Tpatc-
[IOHMPOBAaHHOU cucreMmbl. [Ipu BblllosiHEHUK 3TUX YCIOBUil O0Iliee peleHne HeoTHOPOAHON
zajiaun MapKylieBruya COJEPXKUT P — 371 — I'3 HPOU3BOJIBHBIX KOMILIEKCHBIX ITOCTOSHHBIX.
Ecnu r3 = p — 201, TO 3a/1a4a UMEET €IMHCTBEHHOE PellleHue.

CuretoBaTeIEHO, CIPABEITUBA

Teopema 1. IIycmo xospduyuenmor a(t), b(t) u ceobodnwmii waen f(t) neodnopodnoti sadauu
Maprywesuua asasromesn zeavdeposcrumu na Lo dynxuusmu, a(t) £ 0, 1+ bi(t) # 0, t €
Lo, ¢ynwyus bi(t) + 1 asisemea Kpaesvim SHA%EHUEM PYHKEUUY, ABMOMOPEHOT OMHOCUMEABHO
Pyrcosoti epynnwv emopozo poda I 6 obaacmu D_, u omauunot om wyas 6 smot obaacmu, 3G
UCKAIOUEHUEM BbIMb MONHCEM BECKOHEUHO YOAAEHHOT MOUKU U MOYEE, KOHZPYIHMHYL el
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Toeda neodnopoduas s3adava 6 Kaacce a6MOMOPPEHBL Pyrryul omHocumervro apynnv, L':

1) npu s > p, 31 > 0, ecau swnoansomesn 2p + »xp — r KomnaekcHuT ycaoeuld (34), ume-
em obujee pewenue, onpedeasemoe Gopmyroti (33), komopoe codepotcum 23¢ + 231 — 2r
NPOUZBONOHYIL BEULECTNEEHHVIT NOCTROARHUT, 20e ' — Pahe MAMpPuyd, Kospduyuenmos 00s-
eQuHennoti HeoOnopodroti cucmemvl aunelinos ypasnenud (24), (26), (31) (npur = s+
umeem eQuUHCMEEHHOe pewenue);

2) npu e < p, 3 >0, ecau swnoansomesn 3p + xp — 1 — 1 KOMNALKCHUT Ycaosuts (35),
umeem obwee pewenue, onpedeasemoe popmyaoti (33), xomopoe codepotcum 2p+23¢) —2r)
NPOUZBONOHYEL BEULELCTNEEHHVT NOCTNOAHHUE , 20e 11 — PaHe Mampuyb, KoahHuUUeHmos
06Bedunentol neodnopodnol cucmemsv aunelinmx ypasnenuts (24), (26), (31), (32) (npu
r1 = p+ 1 umeem eduncmeennoe pewenue);

3) npu x> p, 2 < 0, ecau swnoanaomen 2p — w1 + 1 — ry Komnaexchwr ycaosud (36)
umeem obwee pewenue, onpedessemoe popmyaot (33), xomopoe codeporcum 23 — 231 —
279 NPOUZBOALHVIT BEULLCTNEEHNBIL NOCTNOAHHYE, 20€ Ty — PaH2 MAMPUYbL KOXPHUYLenmMos
00Bedunentot 1eodnopoonot cucmemv sunetnws ypasnenul (27), (26), (23) (npu ro =
3% — 31 umeem eQUHCMBEEHHOE DEUEHUE);

4) npu x < p, 32 <0, ecau emnoanaromes 3p — xy — s+ 1 —rs xomnaekenwx yeaosuts (37),
umeem obwee pewenue, onpedessemoe dopmyaots (33), xwomopoe codeporcum 2p — 231 —
273 NPOUZEOALNVIT GEULLCTNEENHBLY NOCTNOANNBIET, 20€ I's — Pan2 MAMPub Koopduyuernmos
065e0unentol neodHopoonot cucmemvs aunelinue ypasnwenuts (27), (26), (23), (32) (npu
r3 = p — 7] UMEEM eOUHCMBEHHOE PEUEHUE).

JImrepaTtypa

1.

Bexkya, U.H. O6o6menusie ananurudeckue Gyuxiuuu / U.H. Bekya. — M.: ®usmarrus, 1959.
- 560 c.

®opa, P. Asromopdubie dyukuuu / P. ®opa. — M.; JI.: OHTU, 1936. — 340 c.

[MaTpymes, A.A. AsropuT™M TOYHOTO PEIIEHHS HTETHIPEXITEMEHTHON 3aJadH JUHEHHOTO
COLPSKEHHs C PalUOHAJBHBIME KO(UlMeHTaMu U ero nporpaMMHasd peajusanus /
A.A. TTarpymes, BM. Anykos // Becruux FOYpI'Y. Cepuga: Maremarudueckoe MogeaupoBa-
uue u nporpammuposanue. — 2010~ Ne 35 (211), o 6. — C. 4-12.

[Tarpymer, A.A. YerbipexaneMenTHas 3agada MapkyneBrua Ha €IHHHIHON OKPYKHOCTH
/A A Tlarpywes // Ussectus CmosieHCKOro rocygapersentoro yausepeurera. — 2010, — Ned,
- C. 82-97.

[Marpyuwes, A.A. O gBHOM M TOYHOM peLIEHUU TpexdjeMeHTHOH 3ajauu Mapkyuiesuda /
A.A. Tarpymes, B.M. Anykos // Ussectua CaparoBCKOro rocyjapCTBEHHOIO YHUBEPCHTE-
ta. HoBag cepma. Cepua: Maremaruka. Mexannka. Undopmaruka. 2011.— T. 11, Boim. 2. —
C. 9-20.

[MaTrpymes, A.A. Sagaga Mapkynesntda B Kacce aBTOMOPGDHBIX PYHKIIUNAN B CIyIae TTPOH3-
BosibHOMI okpyzkHOCcTH / A.A. Tlarpymes // Becruux FOYpI'Y. Cepua: Maremaruka. Pusuka.
Xumug. — 2011.— N 10 (227), o 4. — C. 29-37.

Cunbeectpos, B.B. K Bompocy 06 adpexTuBrnocTr perenns Kpaesoit samadn Pumama mma
aromopdubix yuxiuit / B.B. Cunbsecrpos, JI.U. Yubpukosa // U3e. Bysos. Maremaruka.
—1978. — Ne12, — C. 117-121.

2013, Tom 6, Ne 2 59



A.A. TIaTpymieB

8. 3peposuy, D.1. Kpaeprle 3a1a1um TeOpun aHATUTHIECKHX (PYHKIUI B TeIbIEPOBCKAX KIACCAX
Ha puMaHoBBIX 1oBepxuocTsx / .M. 3eeposuu // Veuexu mar. nayk. — 1971, — T. 26, bl

1 (157). — C. 113-179.

9. Yubpukosa, JI.U. Kpaesas 3ajaua Pumana g aBroMopdHBIX PYHKNNUE B Caydae CPYIIILI
¢ asyms uasapuanramu / JIL.JI. Yubpukosa // W3e. By3os. Maremaruxa. — 1961. — Ne6. —
C. 121-131.

10. Cumppectpon, B.B. Kpaenag samaua I'manbepra mua ofmoit 6eckoredno o61acTi B Kaacce
apromopdubix ¢yuknuii / B.B. Cunpsecrpos // Tp. cemumapa 1mo KpaeBbIM 3ajadaM. —
Kazann: Nzn-so Kaszar. yi-ra, 1980. — C. 180-194.

11. Taxos, @./1. Bripoxkjenubie ciaydau 0coObIX MHTErPaJbHBIX ypasHenuil ¢ sapom Kommm /

®.J1. Taxos. // Nuddepennuansusie ypasuenus. — 1966. — T. 2, Ne2. — C. 533-544.

Anerceit Amexceesud [laTpyines, kauauaar PU3NKO-MaTEMATHIECKUX HAYK, JOMEHT, Kades-
pa <O6miag Maremarukas, FOxHO-Ypanbckuil rocygapcreennslii yausepeurer (. enssOusHck,
Poccuiickas Penepanus), patraleksej@yandex.ru.

Bulletin of the South Ural State University.
Series «Mathematical Modelling, Programming & Computer Software>,
2013, vol. 6, no. 2, pp. 49-61.

MSC 30E25

Mathematical Modelling in Piecewise-Uniform Invironment
Based on the Solution of the Markushevich Boundary Problem
in the Class of Automorphic Functions

A.A. Patrushev, South Ural State University, Chelyabinsk, Russian Federation,
patraleksej@yandex.ru

An algorithm for the explicit solution of the Markushevich boundary value problem
in the class of automorphic functions with respect of Fuchsian group I' of the second kind
is suggested. The boundary condition of the problem is given on the main circle. The
coefficients of the tasks are Holder functions. The alqorithm is based on a reduction of the
problem to the Hilbert boundary problem. The solution is found in a closed form under
additional restriction on the coefficient b(¢) of the problem: if x+(t), x_(t) are factorization
multipliers of coefficient a(t), the product of the function b(¢) on the quotient of x (¢) and
X+ (t) is analytic in the domain D_ and automorphic with respect to I" in this the domain.

Keywords: boundary problems for analytic functions, the Markushevich boundary
problem, automorphic functions.
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