YK 517.9 DOI: 10.14529 /mmp140201

MATEMATUYECKUWE MOAEJIN COBOJIEBCKOI'O TUITA
BBICOKOI'O ITOPATKA

A.A. Bammwaaesa

CraTbst cOZIep:KUT 0030P Pe3yJILTATOB ABTOPA B OOJACTH MAaTEeMaTUIeCKUX Mojeseil Ha
OCHOBE ypaBHeHH# COBOIEBCKOTO THIIA BBICOKOTO MOPsAKA. TeopHs MOCTpoeHa HA OCHOBE
U3BECTHBIX (PAKTOB M0 PA3PELIMMOCTH HAYAIBHBIX (HAYATbHO-KOHETHBIX) 33/1a4 I yPaB-
HEHHUi coDOIEBCKOro THIA MEPBOro mopsinka. Mmes 6asupyercsa Ha 0OOOIEHHH TEOPHH BbI-
POKJIEHHBIX (IIOJIY )TPYIIN OIePATOPOB HA CAydail ypaBHEHHH CODOJEBCOTO TUIA BBICOKOTO
[OPSIIKA: PACIHIEIJIEHHH TPOCTPAHCTB, JEHCTBHE BCEX OIEPATOPOB, MOCTPOSHUH IIPOIIAra-
TOpOB u (ha30BOrO MPOCTPAHCTBA OTHOPOIHOIO YPABHEHHUsI, 8 TaKyKe MHOXKECTBA, JOIYCTH-
MBIX HAYATBHBIX 3HAYEHUI [T HEOTHOPOJHOTO ypaBHeHHs. Mbl HCIIONB3yeM yKe XOPOIIOo
3aPEKOMEH/IOBABIINI cebsl [P peIlleHuy yPABHEHUI COOOJIEBCKOro THIIA MeToH (ha30BOro
[IPOCTPAHCTBA, 3aKTYAIONTIIACA B PEIYKIMHA CHHTYISPHOTO YPABHEHHS K PEryIspHOMY,
OTIpEeIEHHOMY Ha, HEKOTOPOM IIOAIIPOCTPAHCTBE MCXOMHOrO MpocTpancTea. B pabore mpo-
BOJMTCS PEIYKIHS MATEMATHIECKUX MOJeseil K HAYAJbHBIM (HAYATbHO-KOHETHBIM) 3318~
gaM 77151 abCTPAKTHOTO ypaBHEHHsT COOOIEBCKOTO THIIA BBICOKOTO MOpsAaKa. llomydeHnbre
PE3yALTATHI MOTYT HAWTH MaTbHeIee IpUMEeHeHHe TP UCCIeTOBAHUHT 33,1849 OIITHMATbHO-
IO yIpaBIeHNs, HETHHEHHBIX MATEeMATHIECKIX MOJeIe, a TaKkKe JJs IOCTPOEHHsT TEOPUH
ypaBHeHH# cOO0IEBCKOrO TUIIA BBICOKOTO MOPSAIKA B KBA3MOAHAXOBBIX MPOCTPAHCTBAX.

Karuesvie caosa: ypasHenus cobOAESCKO20 MUNG 6bCOK020 NopAdKka; dasoeoe npo-

CIMpPpancmeo, nponazamnopsvt, Ha4aAbHO-KOHEYHAA 30,(901”1&,' OMHOCUMENDHBLT cnexmp.

BsBenenue

AKTya bHOCTD M3YUEHUA MATEMATHISCKHX MOJeTeil Ha OCHOBE YPaBHEHNI COOIEBCKOTO THIIA
BBICOKOI'O IOPH/Ka 00yCJoBIeHa HEOOXOAMMOCTHIO MCC/I€I0BAHNS BasKHbBIX [PUKJIA/HBIX 33734,
B YACTHOCTU, B obsacTu pusuku arMocpepsl, (PU3UKY ILJIA3MbBI, TEOPHUH IJIEKTPUUECKUX Iereil,
TEOPHUH IOJI3YYECTH METAJJIOB, JUHAMUKY KOjebanuil cTpaTuduiupoBaHHoil KU/ IKOCTH, TEOPHH
dunbrpanuu, 6uosoruu u Apyrux. VIMeHHO pa3BuTe Teopun ypasHeHuii coboseBckoro rtuna [1]
[I03BOJIMJIO [IOCTABUTH BOIPOC 00 aHAJUTHYECKOM M UHUC/AEHHOM HCCJI€/I0BAHUEU KAaK CYIIECTBYIO-
UK 33124, TAK ¥ HOBBIX B PAMKAX CJOKHUBIIUXCHA HAIIPABIEHUN MATEMATHYECKOTO MOJEIUPOBa-
HU4, HALIPUMED, B TE€OPUU 3BYKOBBIX U MOJIEKY/JIAPHBIX BOJIH, TMAPOJUHAMIKE, TEOPUN YIPYTOCTH
U JIPYTHX, OIUCBHIBAEMBIX YPABHEHUSIMU BBICOKOIO HODsKa [2-8].

Hecmorps Ha TO, 4TO 11EpBBIE UCC/IEI0BAHNS YPABHEHUN HEPA3PEIIeHHbIX OTHOCHTEIBHO CTap-
1miedi mpou3BOAHOM 110 BpeMeHu HogBuuch enie B padorax A. [lyankape B 1885 roay [9], a cucre-
MaTUYeCKOe M3y4eHHe HAYAJIbHO-KPAEBBbIX 33/a4 /i TAKUX ypaBHeHuil Hadasnoch B 40-x rogax
uporwioro croserusi ¢ pabor C.JI. Cobosesa [10], B nacrosinee BpemMs Teopus ypaBHeHuii co6o-
JIEBCKOTO THIIA AKTUBHO PA3BHUBAETCA U MepeKuBaeT mopy Gypmoro pacisera. ChopMHUPOBATHCE
Hay'Hble HAIIPABJIEHUS, BOKPYT KOTOPBIX CJOXKUIJIMCH HAy4HbIe KOb [11-17].

JMamnag pabora mpoBefena B paMKax HalIpasieHud, Bosriasagemoro [LA. Ceupumiokom, u
[IOCBAIIIEHA UCCJIEI0BAHUIO MATEMATHYECKHX MO/IesIeil HA OCHOBE HEKJIACCUYECKUX YPaBHEHUN Ma-
TeMATHIECKOH (DUBUKK BBICOKOTO MOPsAKa. B cTarbe OmuCHBAIOTCI paspaboTaHHbie aBTOPOM ab-
crpakTHble MeTosbl [18, 20], KOTOpBIE IPUMEHSOTCA K MCC/Ie{0BAHUIO CJIEIAYIOIIUX MaTeMaTHie-
CKHX MOJeJIei:;
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A.A. 3amMmbiniagesa

Mamemamuneckan modeav Jesicen auneldnbx 60an 6 cmexmurar. Y paBHEHNe JTHHEHHBIX
BOJIH B cMeKkTuKax [21], Buepsbie nonyaennoe P.G. de Gennes, umeer Buj

o2 o2
ﬁAgu = alwAgu, ap >0, (1)

2 2 2
rae Ag = Ay + 597, Ay = 8‘9—1% -+ 8‘9—13. WNcxoamas Momens UMeeT CMBICT B MAAHHIPUIECKON 06/1a-

cTE mo mepemenuniM {2, X1, X2} € [a,b] x Q. B caywae ycranmopupmmxed 3ByKOBLIX Koebanuil b
CMEKTHKE
u(x1, 2, 2, 1) = v(21, 2, 2) exp(—iwt),
HCXOJTHOE YDABHEHHE IIPUMET BT
o 2 —1
@(AQ’U + agv) + asov =0, ag = w oy . (2)

JlomosHuM 9T0 ypaBHEHHe HadabHO-KPACBbIMU YCJIOBUIMHI
’U(LE,O) — ’U()(iE), ’Uz(iE,O) — 'Ul(m)v r = (m17$2) € Qv

v(x,z) =0, (z,2) €00 xR. (3)

JTuneapusosannas mamemamuneckan modeas Benney — Luke. B mununnpe [0, [] x R paccmor-
puM JmHeapusosaHHoe ypasHenue Benney — Luke [22].

Ut — Ugpy + QUgrrr — buzmtt - Ov (4)
¢ KPaeBBIMHU yCI0BHSIME Denapa
w(0,1) = U (0,1) = u(l, t) = ug(l,t) = 0. (5)

Maremaruyeckaa Mogens (4), (5) ¢ TeM win HHBIM Ha9a IbHBIM YCIOBHEM ONICBIBACT ABYCTOPOH-
Hee PacIpOCTpaHeHne JTMHHBIX BOJTH HA MEJKOH BOJE € y9eTOM IOBEPXHOCTHOTO HATSIKEHHUS.

Mamemamuueckan modeav xosebanut 6 wonempyruyuu. Iycts G = G(V;E) — KoHeuHbIH
CBSI3HBIH opuenTupoBanublil rpad, roe V = {V;}7, — muoxecrso Bepumn, a & = {Ej}’;‘:1 -
MHOZKECTBO ayr. Ml npenmosaraem, 4To Kazkaag gyra uMmeer ayuny l; > 0 u rommuny d;j > 0.
Ha rpade G paccmorpum ypasrenus Byccunecka — Jlasa [23]

Mgt — Ujoatt = (Ujpat — Njt) + Btjae — N'uj), © €(0,15), t €R,j =T, n. (6)

Jna ypaprenwii (6) B kaxkgoi Bepumne V;, ¢ = 1,m 3a1a/uM KpaeBble yCJ0BUs

Z CljUjm(O, t) — Z dkukm(lky t) — O: (7)

J:E;€Ex (V) k:Ep€E< (V)

us(0,1) = u;(0,t) = up(l, t) = um(lm, t), (8)

nna seex By, B; € E*(V;), Ex, Bm € E¥(V;). 3Brecs wepes B (V) 0603madenno MHOXKECTBO /yT
¢ maganoM (kounom) B Bepuuue V. Eciu ponosnmurs (7), (8) nadaabHbIME yCIOBAAME

ui(x,0) = uoj(x), uje(x,0) = uij(z), mnascex x € (0,1;), j = 1,n, (9)

TO IOJIYYUM MaTEMATUYeCKYI0 MOJIeJIb, IIPEJICTAB/ILIONIYIO IIPOIecchl Kojiebauuil B KOHCTPYKITUH
U3 TOHKUX yupyrux crepzxueil. @yuxuum u;(x,1) onpesensior IPoJjoNbHOe CMEIIeHe B TOYKe &
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OB30OPHLIE CTATBU

B MOMEHT BpeMeHH ¢ Ha j-M ajeMenTe Koucrpykimn. [lapamerpot A, X, A, o u 3 xapakTepusyior
MATEPHUAJL, U3 KOTOPOrO H3TOTOBJIEHBl CTE€PIKHM.

Maremarugeckue Mozmenu (2), (3) u (4), (5) ¢ TeM WM HILIM IAYAILILIM (IIAYaJILIO-
KOHEYHLIM) YCJIOBHEM B HOAXOJANUX GAHAXOBBIX IPOCTPAHCTBAX MOIYT OLITbH PeAyIHPOBAHDLI K
COOTBETCTBYIOMIUM 33/a4aM i HEOJHOTO yPABHeHns COGOIEBCKOrO THIIA BBICOKOTO MOPSAIKA

Lu™ = Mu+ f (10)

C OTHOCHUTEJIBHO P-OFPAHUYEHHBIM WJIM OTHOCHUTEJBHO P-CEKTOPHAJIbHBIM OIEPATOPOM B IIPABOIi
TACTH.
Paspaborannas aBropoM Teopus IOJHBIX ypaBHEHHH COO0JIEBCKOrO THIIA BHICOKOTO IIOPSLIKA

Au™ = B,_1u™ Y 4+ . 4 Bou+ f (11)

€ OTIOCHTEJILIIO [OJUIIOMHAILIO OUPALMYEIIILIM Iy IKOM OLEPATOPOD [O3BOJIAET HCCIEI0BATL
MaTeMaTHaecKy1o Mojeas (6)—(9).
Cranmaprroil 3agadeit aug ypasuenuii (10), (11) apiagerca sanada Komn

"™ (0) = tpm, m=0,...,n—1. (12)

Hapsiny ¢ 3agaqeii (12) ana ypaerenuii cobosiesckoro tuna crapurcst yeiaosue loyonrepa —
Cunoposa [24]
L™ (0) — tyy) =0,m =0,...,n— 1. (13)

Obe 3aa9u B 3aBUCHMOCTH OT METOOB HCCIEJIOBAHNA MOTYT IIOHIMATHCA B PA3JUIHBIX CMBIC/IAX
(k1accuaeckoM, 0600IIEHHOM, 0CTA0IEHHOM, CHIILHOM U T.JI. ), OJIHAKO O9eBHIHO, 4To 3ajada (13)
6oJtee obrmag, nexenn (12). B rpusuansiom ciaydae (cymecrsosamue obparioro oneparopa L) obe
3a/1a4K COBIIAIAIOT, & 3HAYUT, COBIAIAIOT 1 uX pemenus. Oaako, 3agada [loyonrrepa — Cunoposa
Jutd ypaBHeHuii cobosieBckoro tuma 6osee ecrecTBeHHa, Hexkesu 33,0a4a Ko, B jannoit pabore
paccmarpuBaerca 3amada [loyorrepa — Cunoposa B 6os1ee 0bITelt TTOCTAHOBKE:

P™(0) —up) =0,m=0,...,n—1, (14)
rae P - cuekrpanbHbI mpoekTop. [Ipu npoBemeHrH BLIMUC/IUTE/TbHBIX SKCIIEPUMEHTOB YC/IOBUS
[Toyonrepa — Cuaoposa npeanodTuTe bHee, Hexkean yeaopust Komm, Tak Kak He BOSHUKaeT Heob-
XOIMMOCTH MIPOBEPKU IPUHATEKHOCTH HAYAJbHBIX 3HAYEHUH (PasoBOMYy IIPOCTPAHCTBY ypaBHE-
HUA.

EcrecrBenneiv obobuiennen 3agaau (14) apigercd HawaIbHO-KOHEYHAd 3a1a4a [25]

Pin(u™(0) —u2)) = 0, Prip(u™(T) —ul) =0, m=0,....,n—1. (15)

3necs Py, u Ppy, — clenuagbHbIM 00pa3oM HOCTPOCHHbIe OTHOCHTEILHO CIEKTPaIbHbIe IIPOEKTO-
pol. TepMun <«HATATLHO-KOHETHAS 3a/1a4a3> MOSBUJICT OTHOCHTEMBHO HEJABHO M OTPAYKAET TOT
dakr, uro jia ypaprerus (10) wan (11) gacTs JaHHBIX 33a/2€TCd B Hadaje BPEMEHHOIO IPO-
mexkytka [0,T], a apyrag gacrs — B koure. IlepponadanbHo OHa Ha3bIBATIACH <3aJjadeil COIps-
JKEHUT> U PACCMaTPHBAIACL KaK 0DODINEeHme 337a4u C JAHHBIMH Ha CBODOIHOM IIOBEPXHOCTH.
Wmemto B 9TOM KOHTEKCTE OBLIA MTOCTPOSHA TEOPHA TAKUX 344 I JUHEHHBIX YpaBHeHWIT C0DO-
JIEBCKOI'O THUIIA [IEPBOI'O LIOPH/IKa, U pa3paboTaHbl IpuIoKenus 1o reopun.B nanuoi pabore stu
HJEW W METOABI PACIIPOCTPAHEHBI HA CAydail YpaBHEHHH COOOIEBCKOTO THIA BBICOKOTO TTOPIIKA.
Heobxommmo 0TMeTHTE, 9TO B HACTOSINEE BPeMd HAYATLHO-KOHEYHDIE 33/Ia€h T HEKTACCHTe-
CKUX YPABHEHHUI MATEMATHIECKOH (DH3VKN AKTUBHO HM3YIAIOTCH, B TOM UHCIE W HA MHOYXKECTBAX
PasIUYHON [eOMEeTPUYeCKOll CTPYKTYDbI [26].

2014, Tom 7, Ne 2 7



A.A. 3amMmbiniagesa

Hamr moaxon ocHOBaH Ha KOHIEINIUE OTHOCHTETLHOrO cuekTpa, mpemmoxennoil I'A. Cpu-
pumokoMm [1, 27], u passuroil ero yuenmkamu [28-30]. Kpome Toro, Merompl, mpejioKeHHbIe
["A. Cpupuiokom, Jieria B OCIIOBY TEOPUH ONTHMAJLIIOrO yupasienud [43, 32|, cranu dynna-
MEHTOM AJITOPUTMOB YHCJIEHHOTO PEIIeHUs] yPABHEHHI JJEOHTLEBCKOTO TUMNA (T.e. KOHEUHOMEPHBIX
ypasHeHuil co6o/ieBcKoro Tuna) [33], KoTopble B CBOIO OYepe/ib ChIPAI BAXKHYIO POJIb B YHCIIEH-
HBIX HCCJIEJOBAHUAX 9KOHOMUUeCKHUX [34, 35] u rexaumueckux Mozesneit [36, 37].

PesynbraThl, OpeacTaBaenHble aBTOPOM, JIETIH B OCHOBY AHATMTHYECKUX M THCJEHHBIX HC-
CJIEJIOBAHUI IIOJYIMHEHHBIX ypaBHeHuil coB0IeBCKoro Tuma Broporo nopsaka [38, 44|, maxoxst
CBOE [PUMEHeHHe DU UCCJIEJI0BAHAN CTOXACTUIecKuX ypasHennii [40, 41].

Crarba KpoMe BBOJHON 9aCTH M CIIHCKA JIUTEPATYPLI COJEPXKHUT ImecTh maparpados. [ep-
BRI maparpad IOCBAINIEH H3YICHHO abCTPaKTHON 3amadu Koim s ypaBHeHHsT cOO0IeBCKOTO
THUIA BBICOKOO HOPSJIKA C OTHOCHUTEILHO P-OrPAHHYIeHHBIM oneparopoM [19]. DTu pesyiabrarot
PUMEHSIOTCA BO BTOPOM mHaparpade s MCCIeOBAHAS MATEMATHYECKOR MOJEN JHHEHHBIX
BOJH B cMekTHKax [42]. B-rperbem naparpade paccmarpupaerca 3ajada Komw u HagaabHO-
KOHedHas 33/1a4a /s ypaBHeHnus: cOG0IeBCKOr0 THIIA BLICOKOro nopska (10) B cayaae (L, n, p)-
cekTopuasbHocTr oneparopa M. Jlanuble abCTpAKTHBIE PE3YJIBTATHl IPOUJLTIOCTPUPOBAHEI KOH-
KPETHBIM IIPEMEPOM, MPUBEEHHBIM B 4eTBepTOM maparpade. 371ech uCCaenyeTcs MaTeMaTnde-
ckas Mogenb Bennn — Jlroka ¢ HagaabHbIM (HagaJIbHO-KOHEYHBIM) yeaosueM [43]. B marom napa-
rpade IpUBOIATCA paspaboTaHHas ABTOPOM TEOPHS OTHOCHTENBLHO IIOJHHOMHAILHO OTPAHIYECH-
HBIX [IYIKOB oneparopos [29], Koropas ucno/b3yercsd B miecToM naparpade Ipu HCC/Ie0BaHAN
MaTEMATHYECKON MOJEIN IPOJOIbHBIX KOMe0aHnil B KOHCTPYKIAA HA OCHOBE ypasHeHuit Byccn-
Hecka — JIsBa HA KOHEYHOM CBA3HOM OPHUEHTHPOBAHHOM rpade, Pe3yJsbTarbl KOTOPOU OIyO/IHKO-
Baubl B [44].

Hakomer 3ameruM, 9TO BCE PACCMOTPEHHs IIPOBOJATCA B BEINIECTBEHHLIX OAHAXOBLIX IIPO-
CTPAHCTBAX, OJHAKO IIPU PACCMOTPEHUH <CIIEKTPAJBHBIX BOIIPOCOB> BBOJNTCA UX €CTECTBEHHAM
kommiekcudukanusa. Bce KOHTYPBI OPUEHTUPOBAHHBI JBHKEHHEM IIPOTHB 9YACOBOM CTPENKH U
OrPAHUIABAIOT O0JACTH, JIEZKAIIAE CJIEBA IIPA TAKOM JIBUZKEHUMH.

1. OTHOCHUTENBHO P-OrPAHUYEHHBIE OIEPATOPHI

ITycrs 4, § — 6anaxosel npocrpancrsa u oneparopsl L, M € L(4;F) (iubeliHbl 1 HellpepbIB-
HBI).

Onpenenenune 1. Mnoowcecmeo
pH (M) ={peC: (ul — M)~ € L(F W)}

HA3BIBALTNCA PESOALEEHMHbIM MHOMCECTNEOM onepamopa M omnocumenvro onepamopa L (kopo-
e, L-pesoaveenmuvim mmoocecmeom onepamopa M ). Muoowcecmeo C\p“(M) = (M) naswi-

saemces cnexmpom onepamopa M omnocumenvro onepamopa L (kopoue, L-cnexmpom onepamopa

3ameuanne 1. L-pesosveenmmoe muooicecmeo onepamopa M ecezda omxpvimo, u, caedosamenn-
no, L-cnexmp onepamopa M ecezda samrnym.

Omnpenenenne 2. Onepamop-hynryuy
(ul =M™ Ry = (uL—M)"'L, Ly = L{pL— M)~

¢ obracmuto onpedesenus p”(M) naswmearomesa coomeemcmeenno pesoavsenmoti, npasoti pe-
soav6enmoti, ae60l pesosveenmoti onepamopa M ommuocumeavno onepamopa L (xopoue, L-
pesoaveenmot, npasoti L-pesoaveenmoti, aeeoti L-pesoaveenmoti onepamopa M).
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Teopema 1. [1] L-pesoaveenma, npasas u aeceas L-pesoaveenma onepamopa anasumusmvt 6
cgoeti obaacmu onpedeseHu.

Onpenesieune 3. Onepamop M nazwieaemes cnexmparvHo 02paHUMEHHbLM OMHOCUMENLHO ONe-
pamopa L (xopoue, (L, 0)-o02parnuyuennvm), ecau

Ja >0V eC: (|Ju| >a)= (ue pt(M)).

Bameuanue 2. Tycms cywecmeyem onepamop L~ € L(F, ). Onepamop M (L, o) —oeparuuen
mouno moada, xozda ozpanunen onepamop LM (wuiu ML™!),

JIemma 1. [1] ITycmo onepamop M (L, 0)-oepanuuen. Tozda onepamopo

_ e _ [
P=o /RA(M)d)\ uQ - /LA(M)d)\
I I

aeamomesn npoexmopamu, npuvesm P U — Uy Q :F = F. Bdecv ' ={A € C: |\ =r>a}.

Mooy YUY = ker P, ¥ = ker@, U' = im P, F'

= im Q. O6osuaaum uepes Li(My)
cyzxenne oeparopa L (M) ma mogmpocrpamcrso UF, k=0, 1.

Teopema 2. [1] IIyemwv onepamop M (L, o)-oepanuqen. Tozda
(i) onepamopvi Ly, My, : UF — F* k=0, 1;
(i) cywecmeyem onepamop Myt € L(F0,U0);
(#ii) cywecmeyem onepamop L' € L(F',LY);
(iv) onepamop My € L(U,Fh).

B ycroBusax Teopemer 2 mocrpomy omeparoper H = My 'Ly € L(U°) u S = LT My € L(UY).
Torna

(L —M)~" = (— zuw> M- Q)+ Y pt L. (16)
k=0 k=1

Onpeneserne 4. Beckonewno yoaaennan mouxa L-pesorveenmuvr onepamopa M nasweaemcs
(1) yemparumot ocoboii mourot, ecau H = O
(ii) noarocom nopadka, ecau HP # Q, HPT1 = Q; p € N,
(113) cywecmeenno ocoboti mouxot, ecau HY # O, Vg € N.

Hamee ycTpanuMyio ocoGyI0 TOUKY Tak 2Ke Oy7ieM HA3LIBATH NOANCOM NOPAJKAE HYAb.

3ameuanue 3. B dasvnetiwem (L, o)-oepanuvennwi onepamop M, 6ydem naswseamo (L, p)-
02PAHUNEHHBIM, ECAU MOYKG 0O AAZEMCA Nosocom nopadka p € {0} UN ezo L-pesosveenmaul.

Omnpenenenne 5. Obosnauum wepes oo € ker L\{0} cobemeennuiti eexmop onepamopa L. ¥Yno-
padouennoe muoocecmeo {1, 2, ...} C im L nasweaemesa uenouroti M-npucoedunennvr 6ex-
mopos cobCMEEHH020 GEKMOPG Py, €CAl

Logr1=Mpy, ¢q=0,1,2..., @g&kerL npu ¢g=1,2,...

ToBopst, uTo HenouKa KOHEYHA, /iU CYIIeCTBYeT Takoil M-1pucoe uHeHHbII BEKTOD (¥p, 4TO
60 @, & domM , mu6o My, ¢ imL. MomHOCTs KOHEUHOI [EIIOYUKN HA3hIBAETCH €€ [IHHO.

Jluneiinag 0bom049Ka Beex coberBeHHbIX M M -IpucoennHEHHBIN BEKTOPOB omeparopa L Hasbl-
Baerca M-KOpHEBBIM JinHeasoM omeparopa L.
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Teopema 3. [1] IIycmo onepamop L — fipedzonvmos (m.e. indL = 0). Tozda caedyrouue ymesep-
2HCOEHUA IKEUSAACHINHDL

(i) onepamop M (L, p)-oepanuqen,

(ii) aoboli cobemeennwili sexmop onepamopa L ne umeem M -npucoedunennmz eexmopos
avcombs boavbute .

Omnpegnenenne 6. Oneparop-pyuxmuro V' € C(R; L(i()) 6ymeMm HA3BIBATL IPOIArATOPOM O/1-
nopozuoro ypasuenus (10), ecin ang moboro v € §{ Bekrop-pyrkmua u(t) = Vi 6yger perme-
HEEM 3TOrO yPABHECHHS.

Teopema 4. ITycmv onepamop M (L, o)-ozparuyen. Tozda doprmy.av

Up = 5= /u”‘m‘l(u”L — M)~ Letdp, (17)

20e konmyp I' = {p € C : |pu| = R > a}, onpedeasrom nponazamopw. ypasnenus (10) npu ecex
teR,

Jemma 2. (i) Ug, € C2(R; L 10), (UL =0t

(i1) <U£”L>£l)‘t,o = O npum # I, <U£1>im)‘t,o = U{ = P. (Hanomwum, “mo npoexmop
P € L(3) onpedeaen 6 nemme 1). N

edem=0,1,....n—1,1=0,1,...,m;

Onpenenenue 7. lonnpocrpancrso P C §[ HazbiBaeTcd hpa30BbIM IPOCTPAHCTBOM O/HOPOJTHOLO
ypasuenust (10), ecu

(i) smoboe permenne v = u(t) ypasuenusa (10) nexur 8 P, e. u(t) € P Vi € R.

(ii) opu JHOBBIX Uy, M = 0,...,n — 1 € P cymecrByer enuHcTBeHHOe pentenue 3ajgadn (10), (12).

Bameuanne 4. Eciu cymecrsyer oneparop L~! € L(§(), To B ciry HeIPepBIBHOCTH OIIEPATOPA
M dazoebiv npocrpancTtsoMm ypashenus (10) ciyKuT Bce IPOCTPAHCTBO .

Teopema 5. ITycmv onepamop M (L, p)-ozparumen, p € {0} UN. Tozda nodnpocmpancmso §(!
AGAAEMCA PA306bLM NPOCMPAHCMEOM 00HOPOOHO20 YpasHerus (10).

Paccvorpum 3aauy Komn (12) jgisi HEOJHOPOJHOIO HELOJHOIO ypPaBHEHHs COBOJIEBCKOIO
tuna (10), rae Bekrop-dyukuuio f @ (—7,7) — F oUpesenuM Ho3xKe.

IIycrb oneparop M (L, p)-orpanuuen, Torga B cuity reopemsl 2 3agada (10), (12) pacnajgaerca
HA JIBE HE3ABUCHUMBIE 321841

H)™ = + M;fO, W)™ ) =, m=0,1,...,n—1, (18)

(whH™ = sy + L7 @H™ ) =wul, m=0,1,...,n—1, (19)

e omeparopsr H = My 'Ly € L(U°), S = L7 My € L(u"Y); Bexrop-dynxmmn v’ = (I — P)u,
fO=I-Q)f, u' = Pu, f' = Qf; sexroper uf, € 4*, k=0,1,m =0,...,n — 1.

Paccmorpum cradana sagagy (18). Hycrs fO € C™PH) (=7, 7); %), Torma mpocroit mozcra-
HOBKOH MOXKHO yOeIUTHCs, ITO BEKTOP-(DyHKITHA

14

ul(t) = = HIMG I - Q) /(1) (20)

q=0

apyisiercs pertenneM ypashenus (18). Eciu Brobasok

r
ugz:—ZHqMo_lwfo(O),m:O,...,n—l, (21)
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1o BeKTOp-byuknus (20) cayxkur pemenuem 3a1a4a (18).
Iepeitnem k 3anaue (19). Ilycrs Bexrop-cbymknua f1 € C((—7,7);F'), Torma Bexrop-

dyukima
¢

n—1
alt) = 3 Viul, + / VIS LoLQf(s)ds, L € (—7,7) (22)
m=0 0

Gyner peurenuem 3aga4au (19).

Teopema 6. ITycmo onepamop M (L, p)-oeparuuen, p € {0} UN. ITycmov eexmop-dpynryus [ :
(—7,7) = § maxosa, wmo [ € CPPIV((—1.7);F%), u f' € C((—7,7);FY). Hyemo nanasvmowe
3HAUCHUA YOOBAECTEOPAIOM COOMHOUCHUAM

dnq+m
! 20, m=0,1,...,n—1.

P
(I = U um ==Y HIMy

dtratm
q=0

Toz0a cywecmeyem eduncmeennoe pewenue sadawu (10), (12), xomopoe mosrcno npedemasums
6 eude u(t) = u’(t) + u'(t), 2de u'(t) onpedeaero gopmyaoti (20), a u'(t) — dopmyaocti (22).

2. Maremaru4deckas Mo/ieib JlexkeH JUHENHBIX BOJH B CMEKTHUKAaX

Hauansao-KpaeByio 3aady /i ypaBHeHUd (2) MOXKHO OIIACATH B TepMUHAX 3ajaun (12) nia
ypasrenus (10). Pexynupys maremarndeckyro mMozess (2), (3) x 3agage (10), (12), momoxum

=A{ve qu+2(9) cv(r) =0,2 € 00}, F= qu(Q)

I

U={v el ) =0,z €90}, F=CMQ),

rjie qu(Q) — mpocrpancrsa Cobomesa 2 < ¢ < oo, CH(Q) — mpocrpancrsa Tempaepa 0 < v <
1, I =0,1,... . IonoxuM jyra yaobersa @ = —ag, A = Ay, Oneparoper L uw M 3amamum
dopyymavu L = A — o, M = aA. TIpu mobom [ € {0} UN oneparopnt L, M € L(§;F).

O6o3raunm gepe3 {Ag} MHOXKECTBO COOCTBEHHBIX 3HAYEHHH OJHOPOAHON 3ama4du Jupuxie B
obmacru € g omeparopa Jlamnaca A, 3aHyMepOBaHHOE 110 HEBO3PACTAHUIO C yIeTOM KPATHO-
ctr, a gepe3 {(pg} — ceMeficTBO COOTBETCTBYIONHMX COOCTBEHHBIX (DYHKIHUIT, OPTOHOPMHUPOBAHHBIX
OTHOCHTE/IBHO CKAIAPHOTO Hpoussesennd < - - > u3 L2(Q).

JIemma 3. ITycmo o € R. Tozda onepamop M (L, 0)-oepanuuen.
Urak, B cury Teopemsbl 6 cupaseiuBa

Teopema 7. (i) IIyemv o € o(A). Tozda npu awbuwz vo,v1 € I cywecmsyem eduHCMBEEHHOE
pewenue 3adawu (2), (3), Komopoe ¥ momy e umeem 6ud

A
v(z) = Z < Vg, Pk > Yrch )\j_kaz + Z < Vg, Pk > PRCOS _I;\szr
a<A a> Ay
)\k — Oé)\k
h
+ Z <ful,g0k>g0k\/ oy S \/)\k_aer
a<< A,

O YA aA
+ Z <1, Pk > Qiy [ a)\kksm a_];\kz. (23)
a> A
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(i1) Hyemo o € o(A). Tozda npu aobvz
vo,v1 € U = {veu:<vpr>=0,A= A}
cywecmeyem eduncmeennoe pewenue zadawu (3),(2), umernwee eud (23).

3ameuanne 5. Pesynprarhl 9T0if TEOpEMbl JIEI'KO TPAHCKPUOUPYIOTCS B TEPMUHAX HCXOJTHOIO
ypasuenust (1), ecau yaects cBa3b Mexy DYHKIUAME U 1 V.

3. OTHOCHUTEIBHO P-CEKTOPHAJILHBIE OIIEePATOPHI

OCIIOBLI TEOPUH OTIIOCUTENDIIO P-CEKTOPHAILIILIX OIepaTopos 6oLn 3atoxkenst LA, Coupn-
JFOKOM H PAa3BUTBI B PaboTax e€ro y4eHHKOB. Mbl paCIpOCTpaHHM STH HJCH W METOMBI Ha CJIy-
4ail ypaBHEHUdA NTPOU3BOJBLHOIO HOpsaKa. ILycTh §f m § — OAHAXOBBI MPOCTPAHCTBA, OLEPATOPDI
L e L), M € Cl(3;F) (numeen, samxuyT, nurorho oupesesen B (). IlocrpouM MHOXKecTBa

oy (M) ={peC:u” € (M)}, pi(M)=C\ai(M).

Onpepenenne 8. Oueparop M HazoseM (1, p)-CeKTOPHAIBHBIM OTHOCATEIBHO OllepaTopa L unu
(L,n,p)-ceKTOpUATBHBIM, €CIH CYMECTBYIOT KOHCTanTel K > 0, 0 € (71/2,7) Takue, 9T0 MHOZKE-
CTBO

Soa(M) = {p € C:|arg(u®)| <0, n#0}Cpy(M), (24)

IpuyeM

K
max{HRM (M )||E<u>,||L@n7p>(M)||£<3>} < ﬁ ” Vg € Sgn(M), k=0,p. (25)
Wy
k=0

JIemma 4. [1] ITyemv onepamop M (L, n,p)-cexkmopuanen. Tozda daunv ecex yenouwer M -
NPUCOCOUHEHNDLT GEKMOPOG O2PAHUMENE YUCAOM D.

Bossyem a € pl (M) u pepynupyenm ogmopoanoe ypasaenne (10) K mape SKBHBATCHTHBIX €My
ypaBHenui

RE(MYW™ = (oL — M)~ "Mu, (26)
LE(M) £ = M(aL — M)~ f. (27)
Oneparopsl B paBbix dacrax (26), (27) MOXKHO 0OTOXK/IECTBUTH C HEIPEPBIBHBIMU OLIEPATOPAMH,

OLIpeJIe/IeHHBIME Ha IIPOCTPAHCTBAX §[ 1 § coorBercrBenHo. [loaromy ypasuenust (26), (27) ynobHo
paccMaTpUBaTh KaK KOHKPETHDLIC HHTEPIIPETAIMN Y PABHCHHS

Av™ = B, (28)

onpesiesieHHOro Ha Ganaxopom npocrpancrse U, mpuuem omneparopet A, B € L(U). Bekrop-
dbyuxuo v € C*(R4;0), yaosiaersopsatoniyo ypasaenuto (28), OyieM Ha3blBaTh PELIeHHeM TOr0
yPaBHEHHUS.

Omnpegnenenne 9. Oneparop-pyrkmuo V® € C®(Ry; L(U)) GyaeM Ha3bBATH IPOIATATOPOM
ypasrenns (28), eciu ara moboro v € U sexrop-dynkimua v(t) = Vi Gyger pemenmem 3TOro
yPABHEHHS.

JIemma 5. ITycmo onepamop M (L, n, p)-cexmopuansen. Tozda unmeepasve muna Jangopda-
HIsapua

1
m:2_ / (u"L — M)~ Le*dp, (29)
)
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Foo= 5 | 07777 L L = M)~ et d, (30)
vy

2det €Ry,m=0,1,...,n—1, a v C pL(M)-konwmyp, 06pasosarnoni syuamu, eprodaUUMY U3
Hanana Koopounam nod yeaamu 0 u —0, onpedeasrom nponazamopu. 00HopodHo2o ypasrenus (26)
u (27) coomeemcmeenio.

osozxmm U = ﬂ kerUp, = ﬂ {gp cU:Ulp=0FHecR}, F = ﬂ ker Iy = ﬂ {y €
m=0

F:Fy=03¢ R}+ u uepes Lo (Mo) 0603HAYNM CyZKEeHue onepaTopa L (M) ma 0 (U°
dom M).

CnenctBue 1. B ycaosuar aemmve 5 onepamopu Lo € L(UY;FY), My € CL(U%;FY), npuvem
cywecmeyem onepamop My ' € L(F0;U0).

osozxmm U = im US = {ueﬂ:&a Ubu = u}, § =im F$ = {f GS:tl_i)r(])nJr Fif=f}u
uepes Ly (M) obosuauny cyzenne omeparopa L (M) ma Ul (U ndom M).

Caencrbue 2. B ycaosuar aemmvr 5 onepamopu, Ly € LU FY), My € CL(UL; §1).

Ouepnno, ¥ ¢ W c Uu F° @ F' C §. B nasbueiimenm HaM m0TpebyOTCA JABE CHIOTE3LI:
ol =u@Feg =3, (31)

cymecrsyer omeparop L' € L(FhuUb). (32)

Tunotesa (31) umeer MecTo, HaIpUMep, B Caydae pedieKCUBHOCTH npocTpancTsa i (F) (reopema
dru — ®enoposa [45]). TumoTesa (32) cnpasemusa, ecin oimonaeno (31) mwim Ly = §! (Teopema

Banaxa). 3amerum ermie, uto u3 (31) BeiTekaer cymectsoBanue npoexTopos P = s — lim Uf u
t—0+

Q=s— lirgl F} B mpocrpancrsax i, § cooTBeTCTBEHHO.
t—0+

CaenctBue 3. [Tycmo onepamop M (L, n, p)-cexmopuanen, npuvem swnosnenv (31), (32). To-
2da onepamop H = My Lo € L(4(°) nuavnomenmen cmenenu p.

Teniepr y HaC BCe TOTOBO JIJIsl UCCJI€/I0BAHMS O/IHO3HAYHON paspernuMocTu 3aa4u Koiun

) (g B _
tgrglJru (t) =tm, m=0,1,...n—1 (33)

Juta ypasaenusi (10), koropoe B cuny (L, n,p)-cekropuasnbuoctu ouneparopa M, ycaosuit (31),

(32) pesynupyercs K BUIY
H@)™ =’ + Myt f°, (34)

() = Su' + Lyt S, (35)
e [ = (I-Q)f, ' =Qf, v’ = (I—Pju, u' = Pu.
Ilycts BexTOp-hyHKITA

2 e (o, T);%),

TOIJIa CYIIECTBYET eJIMHCTBEHHOE pelienue ypaBaenus (34), KoTopoe K TOMY Ke MUMeeT B/l

P
_ Z HqM(;lfO(nq)(t).
g=0
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Orcroia HEMOCPEJICTBEeHHO CIEYET, YTO HATAJLHLIE 3HAYCHHS Uy, ¢ HEOOXOTHUMOCTLIO JOJIZKHE
TPUHAJTEKATH MHOYKECTBaM

P
My ={ues: @-Pyu==> HM;' o0}, k=0,...,n-1 (36)
g=0
[epeiinem x ypapzernmio (35). MoxHO mokazaTh, aro arg mobbix vl € Ul m = 0,...n — 1
u f1 € C(0,T);§") cymecrsyer enuucrsenmoe pemenne 3ajgauy Komm g ypasuemnsa (35),
KOTOPO€e K TOMY K€ UMEET BUJI

n—1 v
W) = 3 Viom + / VIS Lo L (s)ds.
m=0 0

Takum 06pa3omM mMeeT MeCTO

Teopema 8. ITycmwv onepamop M (L,n, p)-cexmopuanen, svwnoanenw ycaosus (31), (32). Toeda
daa mobor up € ME k = 0,...,n —1 u sexmop-pynxyuu [ = f(t), t € [0,T], yxaszarnor
sviwe, cywecmsyem eduncmeennoe pewenue 3adawy (34), (35), xKomopoe x momy orce umeem
eud u(t) = ul(t) + ul(t).

IlepeiijieM K paccCMOTPEHHIO HAYAJBLHO-KOHEUHOM 335491 JIUIsl YpaBHEeHUs CODOJIEBCKOIO TUIIA
BBICOKOT'O IIOPSIKA ¢ OTHOCHTENLHO (12, P)-CEKTOPUATBHBIM OEPATOPOM.

Teopema 9. ITycmv oL (M) = ok (M)Uak (M), npuuem ofm(M) COOEPIHCUMCHA 6 02PAHUHEHHOTE
obnacmu Q C C ¢ xycouno zaadkoti epanuuet 0Q v 0Q N a (M) = 0. Tozda cywecmeyrom
npoexmopos Prin € L) w Qi € L(F) marue, wmo onepamopoe L € L(ker Ppip;ker Qrin) N
Lm Py imQ pi,) u M € Cl(ker Py ket Q pi,) N CL(IM Py iIMQ 417, -

Honoxum Py, = P — Ppiy, ogesmano, Py, € L(4) — mpoektop. Bospmem 7' € Ry, ul,, ul, € 4
U PACCMOTPHM 3a7ady

i M) — 0y — ey Z Ty - _ _
thglJer(u () —uy,) =0, P, (T)—uy,)=0 m=0,...,n—1 (37)

JUig THHERHOro ypasHenud cobonesckoro tuma (10).

Teneps nycrs oneparop M (L, n, p)-cekropuasien, poinosaensl yeaosus (31), (32) u ycaosus
teopembt 9. Torma Uf, = PrnUL, + PrUL, = Urtn(fz'n) + U;;(m), FL = Qpinkl, + QinFY, =
F£z<fin) + F;iz(m), OpuIeM U;;(fm) u F;;(fm) MOKHO IIPEJCTABUTEL B BHIE

1

1
—m—1pL
Urtn(fz'n) = %/Fu” " 1RM2(M)€Mtd,LL, F}m =

n—m—17L t
— L (M)etdpu, 38
o [ e, (38)
rae kouTyp I' = 0%

Hanee, momokum im Py, in) = ﬂ;inun), im Q fingin) = S;mun). ITo mocTpoenmnio sy, © Ly, =
U a1 Frin ®Fin = §' O603HATHM Tepes L pinginy (M pingin)) cyzenne oneparopa L (M) ma Ui, (i)
(domM M Lhpipn(in)). AHATOIUYHO CICJICTBHIO 2 HETPY/IHO HOKA3ATh, YTO OHEPATOPBI L fipn(in) €
L pin(in); 8 rinin) ) Mrinting € CL(:pin(in); S fin(in)), IPHYEM CYMIECTBYET OLEPATOP L]Ti;un) €
LB finin); Yfingin) ), @ oneparop Sy = L7 My, € Cl(L) 6yaer n-CeKTOPHATBHBIM, a OLIePaTop
Stin = LJT;LM tin @ Ypin — Lpsp — OrpAHUYEHHBIM.

14 Becrauk IOYpI'Y. Cepusa <Maremarudeckoe MOAeJIMPOBAHUE U IIPOrpaMMHPOBaHUE >



OB30OPHLIE CTATBU

Teneps y Hac BCe FOTOBO JJIsl UCCJIEOBAHNS OJHO3HAYHON paspemuMocTs 3agaun (37) s
ypasuenust (10), koropoe B cuny (L, n, p)-cekropuansaocru ouneparopa M, yeaosuii (31), (32) n
YCTIOBHI TeopeMnl 9 PEAYIIPYETC K BUITY

H@®)"™ = Myt fo, (39)
(/™)™ = Sl + Ly f77, (40)

rae fo (]I - Q)fu ffm(m) - Qfm(m)f: u’ = (]I - P)U, ufm(m) - me(m)u

Teopema 10. ITycmwv onepamop M (L, n ,D)- cenmopuaﬂeu sunoanenvt ycaoeus (31), (32) u
yeaosun meopemvs 9. Toeda dan sobwz ul,,ul, € 8 u sexmop-pynwyuu f = f(1), t € [0,T],
cyuecmeyem eduncmeennoe pewenue sadaqu (37), (10), xomopoe umeem eud u(t) = u’(t) +
ul ™ () +ut(t), 2de

ul(t) = Zp HIMG 0D (1) — pewenue ypasnenus (39);

/() = Z Vt (fin) vl ft V';L 81 \(fin) fm ffm( )ds — pewenue ypasnenusn (40) ¢ Korew-
HOIM ymoeuem uf WM (T) = Pran(ul);
u™(t) = Zo V;Wn)v% +f(f sz_fl)un)l}l_&n) [ (s)ds — pewenue ypasnenua (41) ¢ narmaavrvim
m—=

yeaosuenm u ™ (0) = Py, (ul).

4. Jluneapm3oBaHHasg Moaeab beunu — Jlroka

Pesynupyem maremarunaeckyro mogenn (4), (5) K ypasuenuto cobosesckoro tuia (10) proporo
nopsxa. Honoxnv §f = {v € W2(0,1) : v(0,t) = v(l,t) = 0}, § = L2(Q); omepaTopsr L u M
3a1a UM (POPMYJIAME: , ) ,

d 7] 9]
g M= T 0
coorsercraeno, dom M = {v € W(0,1) : v(0,t) = v,4(0,1) = v(l,t) = vye(l,t) = 0} Ouenumo,
oneparop L € L{i;F), a oneparop M € CI(Ll;F).

JIemma 6. IIpu awbuz a,b € R, onepamop M (L,2,0)-cexmopuanen, npunem 6uinoiHeHss yeao-
sua (31), (32).

Zoxasamesvcmeo. Beenem B paccmoTperue cobcrBennble (DYHKIIME OMHOPOAHON 3amadu Jlupu-
xje s omeparopa Jlamnaca A = 8‘9 =, onpezaenennoro B obmacru 2 = [0,(]. O6ozmaunm qepe3

Y = sin % cobGCTBeHHDBIE (PYHKITHH, COOTBETCTBYIONTHE COOCTBEHHBIM 3HATCHUIM Al — — (WTk) .
L-coiexTp omeparopa M umeer Bun
e — a)?
JL(M){uklkib)\k EeN\{l:\= )\}}. (42)

ITockosbKy A, ~ —k? mpu k — 00, TO 3HAYNT, BO-LEPBLIX, CYIIECTBYET CEKTOpP TPebyeMoro
pacTBopa, comepxaruii 0(M), u ClIes0BATENBHO, MHOKECTBO

Sga(M) ={n € C: larg(u?)| <0, p#0}C py(M).

Bo-BTOpBIX, Ipu A0CTATOYHBIX OOMBIIMX |[i|, JE€KAIUX BHE TOr0 MHOXKECTBA, HMEEM

max { | R (M)l s L5 (M) s, b < const |u|=2
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Vi € S5p(M).

Cnenosarensno, oneparop M (L, 2,0)-cekTopuasien.
BeisicuuM, seinosmsiores su yeiaosus (31), (32). Mockonsky upocrpancrsa 4 u § peduiie-
CUBIILL, TO B cuity seMMbl 6 u reopemnl dru — Penoposa [45] yenosua (31) poinosigoTed, Ipudem
() W0 =F"={0}, u' =4, F' =F, ecom 1 —bA, £ 0;
(i) 40 = F° = ker L = span {p;}, U = {u € 4 : (u,¢;) = 0},
Fl={feg:{f,p;) =0} =im L, ecnu 1 —b); = 0.

Yenopue (32) ToKe BLINOIIETCH, IPUYEM OIIEPATOD Ll_1 MOZKIIO IIPEACTaBUTL B BUJE

1 N ek) ek
2y

[Irpux y 3HaKa CyMMBI O3HAYAaeT OTCYTCTBHE CJAraeMbIX, Jjs KOTopeix | — bAp = 0. Takum
0bpazoM, JieMMa JOKA3aHA. U

Teopema 11. IIpu mobwx a,b € R, T € Ry, up € U, cywecmeyem eduncmeennoe pewuenise
aadaru
u®(0) =up, k=01

Oas ypasnenus (4) ¢ kpaesvimu yeaosusmu (J).

B cuny aucxpernoctn L-crexrpa ol (M) oneparopa M ycioBus TeopeMbl 9 TOXKe BBIIOIHS-
I0TCS, TIPUIEM JITsT JTI060r0 3aMKHYTOrO KOHTYpa v € C, orpanndmBaoniero o61acThb, CoaepKa-
IIy10 KOHEYHOe MHOZKeCTBO ToueK u3 o (M), u e mepecexaromerocs ¢ o~(M). Urtak, Bce ycnopus
TeopeMbl 10 BBIIOJHEHBI, U IOTOMY CIPaBEIIUBA

Teopema 12. IIpu awbox a,b €R, T € Ry, u,, ul € 4, m = 0,1 cywecmeyem eduncmeermoe

peweHue
u e C2((0,T); 40) N C([0,T]; 40)

3adaq
Pin(u™(0) —ul) = 0, Prop(u™(T) —ul) =0, m=0,1

das ypasnenus (4) ¢ xpaesvimu ycaosuamu (5).

5. OTHOCHUTEJIBHO IMOJMHOMHAJIBHO OTrPAaHUYIEHHbBIE
IMIy4YKHN OIepaTopoB

ITycts 4, § — 6amaxoswl mpocTpancTBa, oneparopel A, By, ..., Bp—1 € L{;F). O603naunm
ﬁ

qepe3 B mydoK omeparopos B,_1,..., Dg.

Onpenenenune 10. Muoxecrsa
Aoy (A — n—1 o o . -1 .
pH(B) ={peC: (W A—p""'Bo1— ... —puB1 — Bo)~ € L(F;80)}

— _ —
1 04(B) = C\ p(B) Gyaem HA3BIBATE, COOTBETCTBEHHO, A - PE30ALEEHIMHBIM MHONCECTNEOM T
ﬁ

A — cnexmpom nyuka B.

_)
Omnpenenenne 11. Oneparop-pyHKIUIO KOMILTEKCHOM _)nepeMeHHoﬁ Rf}( B) = (WA —
U B, 1 —...—uB1— By)~! ¢ obiacThio onpeenenus pA( B) 6ynem mazbBaTh A-pesosveenmoti
_)
nyuxa B.
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JIemma 7. ITycmsv onepamopot A, Bp_1, ..., By € L(41;§). Tozda A-pesosveenmmoe mnoocecmeo
_)

— —
nywra onepamopos B p(B) omxpwmo, A-cnexmp nywra B 6cezda 3a.mKHym.

_)
Teopema 13. Rf}(B) AHGAUMUNHG 6 C80eTl 0BAACTU ONPEOeAEHUS.
_)
Onpenenenue 12. [Iyuok omnepaTropos B HASBLIBAETCS NOAUHOMUGALHO 02PAHUNEHHBIM OTNHOCU-
meavho onepamopa A (WU IPOCTO NOAUHOMUAALHO A-02DaHUMEHHbIM), €CIIT

_)
JaeRy YueC (Jul>a)= (RH(B) € LF:wW).
_)
ITycrTo my4yok B noaunoMuainio A-orpannderr. BoegeM o110 paziioe B gainlieiiineM ycaoBue:

/kRA( BYu=0, k=0,1,...,n—2, (A)
J

riae KOHTyp 7 = {p € C : |u| = r > a}.

Bameuanue 6. ITycmo cyuecmeyem onepamop A~' € L(F; U), mozda ycaoeue (A) svnoansem-
cA.

_)
JIlemma 8. ITycmo nyuworx B noaunomuasvno A-ozpanunen, u evnosneno ycaosue (A). Toeda

onepamopbot

1 A n—1 1 / n—1 A
= A - — A
5= | Bu(B By Adp,  Q 5 | W AR (B)dp (43)
v v

ABAANOMCA NPOEKMOPAMU 68 NPOCMPAGHCINGAT Sou 3 coomeemcmeeHHo.,

Momoxum (¥ =ker P, §° = ker Q, s{' =im P, ' = im Q. Uz IPebIIYIell JeMMEL CJIETYET,
aro i = (P @Y, F =5 @F. Uepes AF (BF) obosmaunmm cymenne omeparopa A (B;) ma
g*, k=0,1;1=0,1,...,n—1.

Teopema 14. ITycmv nyuor E NOAUHOMUAAHO A-02paruuen, 4 ewnosneno yceaosue (A). Tozda
deticmeusa ONepamopos Pacueniatomea;

(i) A* € L(UF ), k=0,1;

(i) BF e £(u*;3%), k=0,1,1=0,1, —1;

(iii) cywecmeyem onepamop (A)~1 € ( by,

(i) cywecmeyem onepamop (BY)™ € L 3075,10 .

O6osnaanm Hy = (BY)~t A%, H, = (B))~! BY

n—k’

k=T,n— 1,5 =AY"1BLk=0,n—1.

_)
Caeacrue 4. [Tycms nywox B nosunomuasvho A-ozpanuven, u swnosneno (A). Tozda cyuse-

emeyem xoncmarnma b € Ry (b > a) Yu € C (|p] > b) =

=S (W Hy = o= pH )P (B THI=Q) + i S (0 St e p T S0) (AN Q.
k=0 k=0

(44)

Bamevanue 7. [lpu n = 1 upencrasienue (44) coBuajaer ¢ pasaoKeHHeM OTHOCUTENBHON pe-
30JIbBEHTHL O1eparopa B psit Jlopana (16).
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Omnpegnenenne 13. Ilycrs ker A £ {0}, BexTop ¢ € ker A\ {0} 6ynem HasbBaTL COGCTBEHHLIM
BEKTOPOM omeparopa A. YIopsamoueHHoe MHOKECTBO BEKTOPOB {01, (02, ... } HA3BIBAETCH TIEIIOUKOL
B-mpucoesuIieniisix BeKToOpoB coBCTBEIION0 BEKTOPa Py, €CIH

Ay = 0;
Ap1 = Bp_1¢0;
Aps = By_101 + Bu_2yo;

App = Bp19n—1 + Br_apn—2 + ... + Bigr + Bowo;
A@nqu = Bn—l@nJrq—l + Bn—290n+q—2 + .+ Bl@qul + BOQOq§

g=1,2.., ¢ €kerA\ {0}, 1=1,2,.. (45)

JIs npucoeuHeHHOro BEKTOPa (g OIIPEJIeIIM BBICOTY, PABHOI MOPSAJKOBOMY HOMEPY BeK-

TOpa B TenodKe. JIuHefiHyto 000I0UKY BCeX COOCTBEHHBIX W g—HpI/ICOG,ZLI/IHeHHbIX BEKTOPOB OIIe-

paropa A HazoseMm ero E—KOpHeBbIM numeanom. B- KOPHEBBIM TPOCTPAHCTBOM OyIeM HA3BIBATD
3aMKHYTBIIA E—KopHeBoﬁ JIHHeaJT olleparopa A.

ITemouxka g—HpI/ICOQ,HI/IHeHHbIX BEKTOPOB MOKeT ObITh HeckoHedHoM. B wacTHOCTH, OHa MOXKET

OBITH 3allOJTHEeHa HyadaMu, ecan g € ker A Nker B, 1 Nker B, o N ... Nker By N ker By. Ho ona

HymeT KOHEUHO B CIydae CyIECTBOBAHUS TAKOTO E—npmcoegHHeHHoro BEKTOPA g, 9T0 B 194+

Bp_20q—1+... 4+ Bopg—nt+1 & imA. Beicory ¢ mocsrensero B-nprcoejuHeHHOr0 BEKTOPA B KOHETIHOI
LEIOUKe {1, P2, ..., Pq} OyaeM HA3BIBATH AIHHON 9TOH HENOYKH.

Teopema 15. ITycms onepamopos A, Bp—1, ..., Bo € L(L, F), npusem onepamop A ¢ppedzosvmos.
Tozda caedyrougte YMeePHCIEHUA IKGUETAEHMHDL,
(1) Taunm ecex uenouex E—npucoe&unemmm; BEKMOPOE ONEPAMOPG A 02PAHUNEHDL HUCAOM
p€ {0} UN.
(71) Iyuox onepamopos § NOAUHOMUGAOHO A-02paHunen, NPUYEM MOUKE 0O ABAAECMCA NO-
—

A0COM NopAdka we boaee P A-pezosveenmu, nyuka onepamopos B.

Omnpenenenne 14. Onpenesnm ceMeHCTBO OIIEPATOPOB {qu, Kq2, .o, K} ciepyionn o6pazom:
K;=0,s#n, Ky =1
K1:H07 K12:_ n—lv"'va:_ nt+l—sy---> ?:_Hl
qu = K Ho, Kq2 = qu_l - K \Hy, ..., K = quj — K} (Hppi-s,- -,
K} = K)o — K \Hi,q=1,2,.. (46)

Onpenenenne 15. Touka 0o Ha3bIBaETCH
—
(i) yempanumoti ocoboti mouwoti A-pezosbBenTEl ydKa B, ecmm Ki = K2 = ... = K = O;

_)
(ii) noarocom mopanxa p € N A-pesonbsentr! myuka B, eciu K; # O, npu nexkoropom §, HO

K, =0, upu mobom s;

—

. . n

(iii) cywecmeeno ocoboti mouxoti A-pesonbpents! nyuka B, ecim K # O npu sobom
p €N,

ﬁ
Teopema 16. [Tycmd nyuox B NoAuHOMUGADHO A-02panumen, U Mouka 0O AGAACTNCA
— —
(1) yemparumoti ocoboli mowkol Pynrkyuu R,(B). Tozda onepamop A ne umeem B-

npucoedunennmnx sexmopos evicomuvs ¢ >n — 1, ker A = ¢(°,imA = g

— —
(i1) noarocom nopadka p € N pynrxyun Rf}(B). Tozda dauna 10600 yenowku B-npucoedu-
HEHHBLL 6eKMOPOs onepamopa A ozpanunena wucaom P+ n — 1 (yenouxu dauns p+n — 1 npu
ﬁ

omom cyuecmeytom), u B-xoprecoti aunean onepamopa A coenadaem ¢ nodnpocmpancmeom L0
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%
[Tyctes nyuok B nmomuHoMuanbuo A-orpanuden u ppinonnserca (A). GuxcupyeMm KOHTYD Y =
{p € C: |u| =r > a} u paccmorpum cemeiicTBa oEpaTOpPOB

1 —
%4 5 R(B) (" A— "2 Byl — .= By )etdp, k=0,1,...,n—1, t €R. (47)
)

Jlemma 9. (i) IIpu mobom k = 0,1, ...,n — 1 onepamop-pynxyus Vi asasemcs nponazamopom
ypasnenus (11).
(#) Ipu mobom k = 0,1,...,n — 1 onepamop-dynryus Vi acasemea yeaot dynryuer.
(113)
dl

dtt Vi

0, 1 £ k;

_)
Teopema 17. ITycmv nywox B nosunomuasvno A-ozparunen u ewnosnsemcs (A), npuuem oo —

noatoc nopadka p € {0} UN ezo0 A-pezoaveenmor. Tozda gaszoseoe npocmparcmeo ypasnenus (11)
cosnadaem ¢ obpazom npoexmopa P.

{ P L=k npu ecer k=0,1,....n—1,1=0,1,....
=0

Iepeiinem x ucciaenopanuo 3agadn Komu (12) meomuopogmoro ypasmenusi (11). Bexrop-
dyuximmo u € C™((—7,7);41) nazosem permenuem zagaqdu (11), (12), ecau ouna yjposiaersopger
ﬁ

paserctsam (11), (12). Ilycrb ny9ox onepaTopos B MOTHHOMUAAIBHO A-OrpaHuden U BLIIOJIHSIET-
cst yeaosue (A), Torga, B cuny teopembl 14, sanada (11), (12) pacnagaercs Ha jiBe HE3aBUCHMbIE

3a,/1a4n
Hou™ = Hy_qu®™ Y + Hyou™2 4 Hid +u+ (B0, (48)

U(O) - U(())vul(o) - ,U?v 7u(n—1)(0) - Ug—l'
w™ = S, 1wV 4+ 5, _ow™ 2 4 Sqw + (A7, (49)
’U}(O) - ’Ué,’wl(()) - ,U%v 7w(n—1)(0) - U;L—l?
rne omeparoper Hy = (BY)™'A°, H, = (BY)™'BY .. H, = (B)™'BY_, e LU,
So = (AHYIBL, S = (AHY B L, S = (Al)_lBﬁL_l L(UY); Bexrop-pyHKIHH U =
(I —Py,f' = -Q)f, w= Pu, f} =QFf; sexropr vF € (¥, k,l=0,1,...,n—1.
Pacemorpum cuagana sagady (48). [lycrs oo — mostoc mopsiika p € {O} U N pe3osbBeHTHI
%
Rf}(B), Torza, B cuy onpenenenus 15, oneparops K = O Vs. Hycts fO € CPP((—7,7); 0.
Torma BekTOpP-byHKITNA

ZK”BO dtq °(1) (50)

ABJiseTCs pelneHneM ypasHenus (48). Z[eﬁCTBHTeJIbHO, upopuddepennupyem ypapaenue (48)
(p — 1) pas, yauTbiBag, 9TO0

u® = Hou™ ™ — H, =0 — D (B! dtkf ®)-
oy uum
p—1 a4
U(t) — K;U@Jrn_l) + K5u<p+n_2) + ...+ Kgup - Z Kg(Bg)_lﬁ O(t)
q=0

lIponuddepennuposas nocreanee paBeHCTBO O ¢, yauTbiBad, 9T0 omeparopel K = O, Vs,
nosyuum Tpebyemoe.
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Ecmn
p
n otk
W= = Y KB g [0, (51)
g=0

To BekTOp-byuknus (50) ciaykur pemrenueM 3a1a4du (48).
Takum obpaszom, mokazama

_)
JlemMa 10. [Tycmo nyuwox onepamopos B NOAUHOMUGADHO A-02panuren, U 6DNOAHEHO YCAOBUE
_)

(A), npunem oo — noaroc nopadka p € {0}UN A-pesoaveenmo nyuxa B. [Tycems eexmop-dymnruyus
[0 e ™ ((—1,7);3%), a nanasvnvie snanenua vy € $° ydosaemeoparom (51) k =0,1,...,n—1.
Toz0a cywecmeyem pewenue u € C™((—7,7);U%) sadavwu (48), womopoe mootcho npedemasumo
6 sude (50).

Iepeitnem k sagade (49). Iycrs sekrop-dbymkmua f1 € CO([-7,7];§'), rorma pexrop-
byHKIHISST

n—1 t
w(t) = " Vik + / VIS (AN Y (s)ds, £ € (=7, 7) (52)
0

Oyner pemennem 3anaqun (49).

_)
JIemma 11. ITyemo nyuox onepamopos B nosunomuasvho A-ozparunen, evnoaneno (A) u

sexmop-dpynwyua f1 € C((—7,7);§). Tozda cyuecmeyem pewenue sadawu (49), Komopoe mooic-
no npedemasumyv 6 eude (52).

Paccymorpum mmoxkecTsa

r
My ={veu: I-Po==> KMB)~ ST — QL)) k=01,...n—1.

_)
Teopema 18. IIycmv nyuox onepamopos B nosuromuasvho A-ozparnuven, svwnoaneno (A), npu-

wem 00 — nomoc nopadka p € {0} UN A-pesoaveenmur nyuxa B. IIyems  sexmop-dyrryus
f:(=7,7) = § marosa, wmo f° € CPT((—7,7);F°), u f' € C((—7,7);F'). Toeda npu arobvix
v € ./\/l]}, kE=0,1,...,n—1 cywecmsyem eduncmeennoe pewenue sadawu (12), (11), womopoe
MootcHo npedemasums 6 sude v(t) = u(t) +w(t), 2de u(t) onpedeserno popmyaoi (50), a w(t) -
popmyaot (52).

6. MaremarudecKass MOJEJIb IIPOI0JIBHBIX KOJiebaHmit
B KOHCTPYKITUH

ITposenem peaykimio 3aga4dn (7) — (9) mia ypasuenuit (6) k 3agade Komn
uw(0) = ug, u'(0) = uy (53)
JULsl TMHEHOrO ypaBHeHHs COBOIEBCKOrO THIIA BTOPOrO HOPIAIKA
Au" = By’ + Bou. (54)
Yepes Lo((G) 0603HAIMM MHOKECTBO

Lo(G) = {9 = (91,92, .95, --) = g5 € L2(0,1;)}.
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Muoxecreo Lo(() aprserca rmns6epToBBIM IPOCTPAHCTBOM CO CKAJISPHBIM [IPOH3BETCHAEM
I

< g,h>= Z dj/gj(w)hj(:v)dw.

E;e€ 0

Yepes §( obozmaumM MHOKeCTBO ${ = {u = (U1, Uz, ..., Uj,...) : u; € Wi(0,1;), u Brimommeno
yenosue (8)}. Muoxkecrso §[ aBjisgerca 6aHAXOBBIM IIPOCTPAHCTBOM € HOPMOIi

l;

2 = 3 4 / (W2 (@) 1+ (@) de

E;e€ 0

B cuny reopem piozeima Cobostena npocrpamcrso Wi (0, [;) cocronuT u3 aGCOIIOTIIO IenpepLIB-
HBIX (DYHKIMIH, a 3HAYAT, §{ KOPPEKTHO OOPEENeHO, INTOTHO U KOMIIAKTHO BJIOKeHO B Lo(G).
OroxkectBuM Lo((G) €O CBOMM CONPSKEHHBIM, B 1€pe3 § 0003HAYNM CONPAZKEHHOE OTHOCHTE b~
HO JBOWCTBEHHOCTH < -, - > MPOCTPAHCTBO K §f. OueBnano, § — HaHAXOBO MPOCTPAHCTBO, TPIHIEM
Bioxkenue §[ B §F KOMIIAKTIIO.
Dopmynoit
L
< Du,v >= Z d; /(uﬂ(m)vn(x) + auj(x)vi(x))de,
Eje )

e a > 0,u,v € 4, 3amauM OIepaTop, OIpeIe eHHbll Ha mpocTpancTee . Oukcupyem o, 8 > 0
u M\ N, N € R u nocrpoum oneparopbt

A=\—a)l+ D, By =a((a— N+ D), By =p((a— NI+ D).

Teopema 19. Onepamopw A, By, By € L(81;F), npunem cnexmp o(A) onepamopa A seusecmee-
Hen, QUCKpemen, KOHEUHOKPAMEN U C2YUAEMCA MOAbKO K +00.

Urak, penyknus sagaan (6) — (9) x 3agade (53) — (54) saxonuena.

13 teopembr 19 BeITeKaer, uro omeparop A — dpearonsmos, npuiem kerA = {0}, ecom

0¢&a(A).

JIemma 12. ITycmo napamempos o, A, N, X' € R\ {0}, mozda nyuox onepamopos ? NOAUHO-
MUGALHO A-02paruen, nputem 0O ABAAEMCA HECYWECMBEHHOT 0c000T moukol A-pesosveernmui
nyura B.

Sameuanue 8. Kak merpynuo sumers, B cayqae 0 € 0(A) m A = X = A my4ok oneparopos B
He Oy/IeT IOJHHOMUAILHO A-OrpaHideH.

Bameuanme 9. B ciyuae 0 € 0(A) wm (0 € o(A)) A (A= N #£ N') umeer mecto BBIIOHEHME
YCTIOBHS

/(M2A — By — Bo) " tdpu =0, (4)
5
rne v = {|u| = r > a}, a — KoHCTaHTA W3 OUpeAENEHUA OJUHOMUAILHON A-OrpaHMIEHHOCTH.

DTO yChoBHe SIBAIETCI HEOOXOAUMBIM B JOCTATOTHBLIM MIPH TIOCTPOECHIH (PA30BOTO MPOCTPAHCTBA.

B cryuae (0 € o(A)) AN £ N)

/(M2A — uB1 — Bo)~'dp # 0,
]

O3TOMY OH HUCKJIOYaeTCd U3 JajbHeUINNX PacCMOTPeHHI.
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ITycte {A\g} — cobcreennbie smauenms omeparopa ), 3aHyMepOBaHHLIE 0 HeyOBIBAHUIO C
YUETOM HX KPATHOCTH, & {(Qk} — COOTBETCTBYIOIHE UM OPTOHOPMHPOBaHHBEIE B cMbicae Lo((G)
dyuxiun. [TocrpouM npoekToOpLI

I, 0¢o(A);
P= I— Z <’790k>90k7060-(‘4);
A=A—a
I, 0¢ o(A);
Q: I— Z <’790k>90k7060-(‘4)7
AL=A—a
OLpeJIesIeHHbIe Ha IIPOCTPAHCTBAX §[ U § COOTBETCTBEHHO, U IPONnararopbl ypasuenus (54)
1 _
0= 5 [ WA= puBi = Bo)"H(pA = Bi)eMdp =
Y

B , TubON =@+ M) + a(N = (a+ \p)) Ly

> { (A= (a+ M) (g — 117) et

pe(A = (a+ M) + (XN — (a + Ap))
(A= (a+ X)) (1 — 13)

1 _
Vi) = e /(,u2A — uBy — By) "t Aettdy = Z

-

2
6“”} <Pk > Pk

1 2
, el‘«kt — el‘«kt

<Pk > Pk
(1, — 13)

rie o4 (B) = {u}f :k €N}, a u}f — KOPHH ypaBHEHHHA
A= (@ +M))p? + XN = (a+ M)+ BN = (a+ M) = 0.

3/1ech WMTPHUX y 3HAKA CyMMBI O3HAYAET OTCYTCTBHE CJATAEMBIX ¢ HOMEPAaMH Kk TAKHME, 9TO A =
a+ Ag.
Orcrona crpase/inBa

Teopema 20. ITycmv a, W N, N € R\ {0} u (3) 0 € 0(A). Toeda dasosvim npocmpancmeom
ypashenuls (54) asaaemcs ece npocmpancmso L, m.e. 0an mobw U, w1 € §I cyuecmeyem eou-
cmeennoe pewenue u € C2(R;8() sadawu (7) — (9) das ypasnenuti (6), womopoe umeem cud
u(t) = Viup + Viug.

(1) 0 € a(A) u =N, no X £ X', Toeda dasosvim npocmparncmeom ypasnenudi (6) asaaemea
nodnpocmpancmeo {1 = {u € § < u,p >= 0, npu A\, = X\ —a}, m.e. dan w06 U, U] €
Ul cyuwecmeyem eduncmeennoe pewenue u € C*(R; YY) sadawu ((7) — (9) dan ypasnenuti (6),
xomopoe umeem 6ud u(t) = Viug + Viuy.

Aemop ewvipasicaem c6010 UCKpenHi00 npusnameavrocms npopeccopy I A. Ceupudiory 3a
NOCMAKOSKY 36004, UHMEPEC K Pabome U NPedocmasieHHbIE B03MONCHOCTIU.
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This paper surveys the author’s results concerning mathematical models based on
Sobolev-type equations of higher order. The theory is built using the available facts on the
solvability of initial (initial-final) problems for first-order Sobolev-type equations. The main
idea is a generalization of the theory of degenerate (semi)groups of operators to the case of
higher-order equations: decomposition of spaces and actions of the operators, construction
of propagators and the phase space for the homogeneous equation, as well as the set of
valid initial values for the inhomogeneous equation. We use the phase space method, which
is quite useful for solving Sobolev-type equations and consists in a reduction of a singular
equation to a regular one defined on a certain subspace of the original space. We reduce
mathematical models to initial (initial-final) problems for abstract Sobolev-type equations
of higher order. The results may find further applications in the study of optimal control
problems and nonlinear mathematical models, and to the construction of the theory of
Sobolev-type equations of higher order in quasi-Banach spaces.
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