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The linear model of plane-parallel thermal convection in a viscoelastic incompressible

Kelvin�Voigt material amounts to a hybrid of the Oskolkov equations and the heat equations

in the Oberbeck�Boussinesq approximation on a two-dimensional region with B�enard's

conditions. We study the solvability of this model with the so-called multipoint initial-

�nal conditions. We use these conditions to reconstruct the parameters of the processes in

question from the results of multiple observations at various points and times. This enables

us, for instance, to predict emergency situations, including the violation of continuity of

thermal convection processes as a result of breaching technology, and so forth.

For thermal convection models, the solvability of Cauchy problems and initial-�nal

value problems has been studied previously. In addition, the stability of solutions to the

Cauchy problem has been discussed. We study a multipoint initial-�nal value problem for

this model for the �rst time. In addition, in this article we prove a generalized decomposition

theorem in the case of a relatively sectorial operator. The main result is a theorem on the

unique solvability of the multipoint initial-�nal value problem for the linear model of plane-

parallel thermal convection in a viscoelastic incompressible �uid.

Keywords: multipoint initial-�nal value problem; Sobolev-type equation; generalized

splitting theorem; linear model of plane-parallel thermal convection in viscoelastic

incompressible �uid.

Many phenomena and processes in economics, physics, and technology, like, for instance,
plane-parallel thermal convection in viscoelastic incompressible �uid, are modelled by linear

Lu̇ =Mu+ f (1)

and nonlinear
Lu̇ =Mu+N(u) + f (2)

Sobolev-type equations [33]. The interest in Sobolev-type equations, which nowadays form a large
sub�eld of nonclassical equations of mathematical physics [30], has been increasing recently; see
the wonderful historical survey in [31].

The goal of our study is the solvability of (1) with the so-called multipoint initial-�nal

conditions (see [5] for instance and reference therein)

Pj(u(τj)− uj) = 0, uj ∈ U, j = 0, n,
−∞ ≤ a < τ0 < τ1 < . . . < τj < τj+1 < . . . < b ≤ +∞,

(3)

where Pj are relative spectral projectors (we discuss them in Section 4), while uj are arbitrary
vectors in a Banach space U. These conditions are used to reconstruct the parameters of the
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processes in question from the results of multiple observations at various points and times. This
enables us to, for instance, predict emergency situations, including the violation of continuity of
thermal convection processes as a result of breaching technology, and so forth.

We should note that problem (1), (3) in the case n = 1 (the initial-�nal value problem)
has been studied quite actively in various aspects. In particular, there are results concerning the
optimal control of the solution to these problems [9], including Sobolev-type equations of high
order [6].

The history of problem (1), (3) in the case n = 1 starts on the one hand in [12], where
it is called Verigin's problem, and on the other hand, independently, in [32], where it is called
the conjugation problem. However, in both cases instead of relatively spectral projectors P0 and
P1 we consider spectral projectors of the operator L on assuming it to be selfadjoint. The �rst
results in this direction are presented in [19], which treats a particular case of problem (1), (3)
with, moreover, more rigid conditions on the L-spectrum of M than here. Problem (1), (3) is
considered in [2] with the same conditions on the L-spectrum of M as in [19]; however, in this
case the possibility of greater freedom in relatively spectral conditions is mentioned. We should
note that there were attempts to study [18] the solvability of a particular case of problem (2) for
nonlinear Sobolev-type equations (3) in the case n = 1, but as yet these studies have not been
pushed further. In addition, if in (3) we put n = 0 then problem (3) reduces to the Showalter�
Sidorov problem [20], which has already played an important role in a number of models with
applications to economics [7] and technology [29].

Our approach rests on the theory of relatively p-sectorial operators and degenerate analytic
resolving semigroups of operators. Sviridyuk [14] pioneered the concept of a relatively sectorial
operator. He showed that relative sectoriality of an operator naturally generalizes the concept of
sectoriality [28]. However, it soon turned out that relative sectoriality generalizes the concept of
relative σ-boundedness of an operator only in the case that the L-resolvent ofM has a removable
singularity at in�nity. In order to �ll this embarrassing gap, Bokareva introduced [16] the concept
of relative p-sectoriality of an operator, generalizing the concept of relative σ-boundedness in
the case that the L-resolvent of M has a pole at in�nity. Then, relatively strongly p-sectorial
operators on the right (on the left) [16] and relatively strongly p-sectorial operators [24], [25]
were introduced. Subsequently, relatively p-sectorial operators were studied in various situations.
Namely, Dudko studied [1] the case that both operators are closed and the spaces U and F coincide;
Efremov studied [17] optimal control problems for Sobolev-type equations with relatively p-
sectorial operators; Keller found [21] su�cient, and in some cases necessary, conditions for the
existence of bounded solutions to these equations; Kuznetsov [22] began to search for relatively p-
sectorial operators among elliptic operators; Yakupov used [26] relatively p-sectorial operators to
study the phase spaces of certain problems in the hydrodynamics of viscoelastic �uid.

Consider now a precursor of (2): a hybrid of Oskolkov's system [11] and the heat equation in
the Oberbeck�Boussinesq approximation [8],

{
(λ−∇2)vt = ν∇2v − (v · ∇)v −∇p+ gγS, ∇ · v = 0,

St = δ∇S − v · ∇S + γ · v, (4)

modeling thermal convection in a viscoelastic incompressible Kelvin�Voigt material [23]. Here
v = (v1, v2, · · · , vn) with vi = vi(x, t) and n = 2 or 3 is the vector function representing �uid
velocity; the scalar functions S = S(x, t) and p = p(x, t) represent the temperature and pressure
of the �uid; the parameters λ ∈ R, ν ∈ R+, and δ ∈ R+ characterize the elasticity, viscosity, and
thermal conductivity of the �uid; g ∈ R+ is the free fall acceleration; �nally, γ = (0, . . . , 0, 1) ∈ Rn

and x = (x1, x2, · · · , xn). When one of the horizontal components of the velocity vanishes, (4)
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becomes 
(λ−∆)∆

∂ψ

∂t
= ν∆2ψ − ∂(ψ,∆ψ)

∂(x, y)
+ α

∂θ

∂x
,

∂θ

∂t
= δ∆θ − ∂(ψ, θ)

∂(x, y)
+ β

∂ψ

∂x
,

(5)

which models plane-parallel thermal convection in a layer of viscoelastic incompressible Kelvin�
Voigt material.

For (4) Sviridyuk considered the �rst initial-boundary value problem [13] and showed that it
is solvable for arbitrary values of λ. Then jointly with Yakupov [26] he described the morphology
of the phase space of the Cauchy�B�enard problem for (5). Sukacheva and Matveeva studied [27]
the non-autonomous case of this problem. Subsequently they considered a generalized model of
thermal convection [10], established the local solvability of the Cauchy problem for it, and found
the solution numerically using the modi�ed Galerkin method. We should also mention the studies
[4] of the stability of solutions to the Cauchy�B�enard problem for (5) in a neighborhood of the
origin. The existence of stable and unstable invariant manifolds in the problem was established
basing on the Hadamard�Perron theorem. Note also that [3] showed the unique solvability of the
initial-�nal value problem for the linearized model of thermal convection (4).

This article is devoted to a qualitative study of the multipoint initial-�nal value problem

(λ−∆)∆ψt = −ν∆2ψ − αθx + ξ, θt = δ∆θ − βψx + ζ (6)

for the linear mathematical model of plane-parallel thermal convection in viscoelastic
incompressible �uid in the region Ω = (0, a)× (0, b) ∈ R2 with B�enard's boundary conditions

ψ(x, 0, t) = ∆ψ(x, 0, t) = ψ(x, b, t) = ∆ψ(x, b, t) = 0, (7)

θ(x, 0, t) = θ(x, b, t) = 0, (8)

the functions ψ and θ are periodic in x with period a. (9)

In the �rst three sections we collect auxiliary facts of Sviridyuk's theory [15] of relatively p-
sectorial operators and degenerate resolving semigroups of operators, adapted to our situation.
In Section 1 we introduce the concept of a relatively p-sectorial operator. In Section 2 we consider
degenerate resolving semigroups of operators and the construction of units of semigroups of
operators. In Section 3 we consider conditions for the existence of the inverse operator. In
Section 4 we prove a generalized splitting theorem for the spaces and actions of operators. There
we construct relatively spectral projectors, which in this case are units of the semigroups of
operators, on assuming relative p-sectoriality. In Section 5 we study the multipoint initial-�nal
value problem for Sobolev-type equations with a relatively p-sectorial operator M . The main
result of this section is a theorem on the unique solvability of problem (1), (3). In Section 6 we
apply these abstract results to the linear model of plane-parallel thermal convection in viscoelastic
incompressible �uid. There we reduce the stated problem to the abstract equation (1). We verify
the (L, 0)-sectoriality ofM . The main result of this section is the theorem on the unique solvability
of the multipoint initial-�nal value problem (3). We should note that the author already discussed
[34] a generalized decomposition theorem in the case of strongly (L, p)-radial operator. We make
all arguments in real Banach spaces, but, while addressing spectral questions, introduce their
natural complexi�cations. All contours are oriented counterclockwise and bound the region lying
to the left as they are traversed.
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1. Relatively p-sectorial Operators

On assuming that U and F are Banach spaces, consider a continuous linear operator L ∈
L(U;F) and a closed linear operator M ∈ Cl(U;F) whose domain is dense. Introduce the L-
resolving set ρL(M) = {µ ∈ C : (µL−M)−1 ∈ L(F;U)} and the L-spectrum σL(M) = C\ρL(M)
of M . Provided that ρL(M) ̸= ∅, we can introduce the right and left

RL
(µ,p)(M) =

p∏
k=0

RL
µk
(M) and LL

(µ,p)(M) =

p∏
k=1

LL
µk
(M)

(L, p)-resolutions of M . Here RL
µ(M) = (µL − M)−1L and LL

µ(M) = L(µL − M)−1, while

µk ∈ ρL(M) for k = 0, . . . , p.

De�nition 1. [15] An operatorM is called p-sectorial relatively to an operator L with p ∈ {0}∪N
(or brie�y, (L, p)-sectorial) whenever there exist constants K ∈ R+, a ∈ R, and Θ ∈ (π/2, π) such
that

SL
a,Θ(M) = {µ ∈ C : |arg(µ− a)| < Θ, µ ̸= a} ⊂ ρL(M); (10)

furthermore,

max

{∥∥∥RL
(µ,p)(M)

∥∥∥
L(U)

,
∥∥∥LL

(µ,p)(M)
∥∥∥
L(F)

}
≤ K

p∏
k=0

|µk − a|
(11)

for arbitrary µk ∈ SL
a,Θ(M) for k = 0, . . . , p.

Remark 1. If M is an (L, p)-sectorial operator and b ≥ a then the operator M̃ =M − bL is also
(L, p)-sectorial. Furthermore, we can choose the constant a in 1 to be 0. Assume henceforth that
SL
0,Θ(M) = SL

Θ(M).

Remark 2. If the operator L ∈ L(U;F) has continuous inverse then the sectoriality of the
operator L−1M ∈ Cl(U) implies the (L, p)-sectoriality of M ∈ Cl(U;F), and the (L, 0)-sectoriality
of M implies the sectoriality of L−1M (or equivalently, of ML−1).

Lemma 1. If M is an (L, p)-sectorial operator then there exist R > 0 and C > 0 such that

∥(µL−M)−1∥L(F;U) ≤ C|µ|p for all µ ∈ SL
Θ(M) \ {µ ∈ C : |µ| ≤ R}.

Remark 3. (i) If M is an (L, p)-bounded operator and ∞ is an order 0 pole of the L-resolvent
of M then M is an (L, 0)-sectorial operator.

(ii) If M is an (L, p)-bounded operator and ∞ is a pole of order at most p ∈ N of the L-
resolvent of M then M is an (L, p)-sectorial operator.

Lemma 2. The following claims hold for every (L, p)-sectorial operator M :

(i) the length of every chain of generalized M -eigenvectors of L is bounded by p;
(ii) the set kerRL

(µ,p)(M) coincides with the M -root space of L;

(iii) kerRL
(µ,p)(M) ∩ imRL

(µ,p)(M) = {0} and kerLL
(µ,p)(M) ∩ imLL

(µ,p)(M) = {0};
(iv) the operator M−1

0 ∈ L(F0;U0) exists.

On assuming that M is an (L, p)-sectorial operator, recall the notation H = M−1
0 L0 and

G = L0M
−1
0 . Denote by U1 the closure of the linear subspace imRL

(µ,p)(M). Denote by Ũ the

closure of the linear subspace U0+̇imRL
(µ,p)(M) in the norm of U. Denote by F1 the closure of the

linear subspace imLL
(µ,p)(M), and by F̃ the closure of the linear subspace F0+̇imLL

(µ,p)(M) in the
norm of F.
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Lemma 3. The following claims hold for every (L, p)-sectorial operator M :

(i) the operators H and G are nilpotent of degree at most p;
(ii) lim

µ→+∞
(µRL

µ(M))p+1u = u for every u ∈ U1 and lim
µ→+∞

(µLL
µ(M))p+1f = f for every

f ∈ F1;

(iii) Ũ = U0 ⊕ U1 and F̃ = F0 ⊕ F1.

Denote the projector onto U1 parallel to U0 by P̃ = s- lim
µ→+∞

(µRL
µ(M))p+1 and the projector

onto F1 parallel to F0 by Q̃ = s- lim
µ→+∞

(µLL
µ(M))p+1.

2. Degenerate Analytic Resolving Semigroups of Operators

On assuming that U and F are Banach spaces, take an operator L ∈ L(U;F) and an operator
M ∈ Cl(U;F). The equation

Lu̇ =Mu (12)

reduces to the equivalent pair of equations

RL
µ(M)u̇ = (µL−M)−1Mu, (13)

LL
µ(M)ḟ =M(µL−M)−1f. (14)

It is convenient to regard (13) and (14) as concrete interpretations of the abstract equations

A v̇ = Bv (15)

de�ned on a Banach space V with A, B ∈ L(V). Refer as a solution to (15) to a vector function
v(t) ∈ C∞(R+;V) satisfying this equation for t > 0 and continuous at 0.

De�nition 2. A mapping V • : R+ → L(V) is called a semigroup of resolving operators (or simply
a resolving semigroup) of (15) whenever

(i) V sV t = V s+t for all s, t > 0;
(ii) for every v0 ∈ V the function v(t) = V tv0 is a solution to this equation.

A semigroup {V t : t > 0} is called analytic whenever it can be analytically continued to some
sector Σ ⊂ C including the ray R+, that is, there exists an analytic mapping Ṽ • : Σ → L(V)
enjoying properties (i) and (ii) of the previous de�nition (with s, t ∈ Σ), coinciding with V • on
the positive semi-axis. In addition, {V t : t > 0} is called uniformly bounded whenever ||V t||L(V) ≤
const for all t ∈ R+.

Theorem 1. For every (L, p)-sectorial operatorM there exists a resolving semigroup {U t : t > 0}
(or {F t : t > 0}) of (13) (respectively (14)) which is analytic in the sector

Σ = {τ ∈ C : | arg τ | < Θ− π/2 with τ ̸= 0},

where we take Θ from De�nition 1, and uniformly bounded. Furthermore, this semigroup is de�ned

by the integrals

U t =
1

2πi

∫
Γ

RL
µ(M)eµtdµ (F t =

1

2πi

∫
Γ

LL
µ(M)eµtdµ) (16)

of Dunford�Taylor type, where t ∈ R+, and the contour Γ ⊂ SL
a,Θ(M) satis�es | argµ| → Θ as

µ→ ∞ and µ ∈ Γ.
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Lemma 4. If M is an (L, p)-sectorial operator then lim
t→0+

U tu = u for every u ∈ imRL
(µ,p)(M)

and lim
t→0+

F tf = f for every f ∈ imLL
(µ,p)(M)).

Lemma 5. If {V t : t > 0} is an analytic semigroup then kerV t1 = kerV t2 for all t1, t2 > 0.

De�nition 3. The set kerV • = kerV t, t > 0 is called the kernel of the analytic semigroup

{V t : t > 0}.

The preceding statement shows that the kernel is well-de�ned.
Consider the kernels of the semigroups U• and F •:

kerU• = {φ ∈ U : U tφ = 0 ∃t ∈ R+}, kerF • = {ψ ∈ F : F tψ = 0 ∃t ∈ R}.

Put U0 = kerU• and F0 = kerF •. Denote by L0 the restriction of L to U0, and by M0 the
restriction of M to U0 ∩ dom M .

As in the case of holomorphic groups, it is clear from the expressions (16) of the resolving
semigroups of (13) and (14) that their elements have nontrivial kernels kerU t ⊃ kerRL

µ(M) and

kerF t ⊃ kerLL
µ(M) for every t > 0.

The kernel of an analytic semigroup is obviously a subspace. Denote by L̂0 (M̂0) the restriction
of L (M) to kerU• (kerU• ∩ dom M).

Lemma 6. If M is an (L, p)-sectorial operator then

L̂0 ∈ L(kerU•; kerF •), M̂0 : kerU
• ∩ dom M → kerF •.

Denote by σL̂0 (M̂) the L̂0-spectrum of M̂0.

Lemma 7. If M is an (L, p)-sectorial operator then σL̂0 (M̂) contains no �nite points.

Corollary 1. If M is an (L, p)-sectorial operator then the operator M̂−1
0 ∈ L(kerF •; kerU•)

exists.

Theorem 2. If M is an (L, p)-sectorial operator then kerU• = U0 and kerF • = F0.

De�nition 4. Refer as the image of a semigroup {V t : t > 0} to the set

imV • = {v ∈ V : v = lim
t→0+

V tv}.

Lemma 8. Every analytic semigroup {V t : t > 0} satis�es kerV • ∩ imV • = {0}.

Lemma 9. If {V t : t > 0} is a strongly continuous and uniformly bounded semigroup then

imV • =
∪
t>0

imV t .

Theorem 3. If M is an (L, p)-sectorial operator then imU• = U1 and imF • = F1.

Put Ũ t = U t
∣∣
Ũ
and F̃ t = F t

∣∣
F̃
.

Consider the images of the semigroups U• and F •:

im U• = {u ∈ U : lim
t→0+

U tu = u}, im F • = {f ∈ F : lim
t→0+

F tf = f}.

Put U1 = im U• and F1 = im F •. Denote by L1 the restriction of L to U1, and by M1 the
restriction of M to U1 ∩ dom M .
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Corollary 2. If M is an (L, p)-sectorial operator then

P̃ = s- lim
t→0+

Ũ t, Q̃ = s- lim
t→0+

F̃ t.

The operators
P = s- lim

t→0+
U t ∈ L(U), Q = s- lim

t→0+
F t ∈ L(F),

whenever they exist, are called the units of the semigroups {U t : t > 0} and {F t : t > 0}. It is
not di�cult to see that the units of semigroups are projectors.

De�nition 5. An operatorM is called strongly (L, p)-sectorial on the right (on the left) whenever
it is (L, p)-sectorial and for λ, µ0, µ1, ..., µp ∈ SL

Θ(M) we have

∥RL
(µ,p)(M)(λL−M)−1Mu∥U ≤ const(u)

|λ|
p∏

k=0

|µk|

for arbitrary u ∈ dom M (respectively, there exists a dense linear subspace
◦
F of F such that

∥M(λL−M)−1LL
(µ,p)(M)f∥F ≤ const(f)

|λ|
p∏

k=0

|µk|

for arbitrary f ∈
◦
F).

Remark 4. (i) If M is an (L, σ)-bounded operator and ∞ is a removable singular point of
the L-resolvent of M then M is a strongly (L, 0)-sectorial operator on the right and on the left.

(ii) If M is an (L, σ)-bounded operator and ∞ is a pole of order at most p then M is
a strongly (L, p)-sectorial operator on the right and on the left.

Theorem 4. If M is a strongly (L, p)-sectorial operator on the right (on the left) then the units

of the semigroups {U t : t > 0} and {F t : t > 0}) exist. Furthermore, the operators P ∈ L(U) and
Q ∈ L(F) satisfy

L ∈ L(kerP ; kerQ) ∩ L(imP ; imQ), M ∈ Cl(kerP ; kerQ) ∩ Cl(imP ; imQ).

Remark 5. Theorem 4 also holds in the case that M is an (L, p)-sectorial operator, but under
the additional requirements that the spaces U and F are re�exive (the Yagi�Fedorov theorem).

Corollary 3. If M is a strongly (L, p)-sectorial operator on the right (on the left) then

U0 ⊕ U1 = U (F0 ⊕ F1 = F). (17)

Corollary 4. If M is a strongly (L, p)-sectorial operator on the right and on the left then

(i) ∀u ∈ U LPu = QLu;
(ii) ∀u ∈ dom M Pu ∈ dom M and MPu = QMu.

Recall that Lk = L
∣∣
Uk and Mk =M

∣∣
dom Mk

, while dom Mk = dom M ∩ Uk for k = 0, 1.

Corollary 5. If M is a strongly (L, p)-sectorial operator on the right and on the left then M0 ∈
Cl(U0;F0) is a bijective operator and M1 ∈ Cl(U1;F1).
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3. Existence of the Inverse Operator

On assuming that U and F are Banach spaces, take L ∈ L(U;F) and M ∈ Cl(U;F).
We now indicate conditions for the existence of the operator L−1

1 ∈ L(F1;U1). To this end,
we use an integral of Dunford�Taylor type to de�ne the family of operators {Rt : t > 0} as

Rt =
1

2πi

∫
Γ

(µL−M)−1eµtdµ, (18)

where the contour Γ satis�es (16), while M is an (L, p)-sectorial operator, and so the integral
converges.

Lemma 10. If M is an (L, p)-sectorial operator then the family {Rt : t > 0} de�ned in (18) is

analytic in the sector {τ ∈ C : | arg τ | < Θ− π/2}.

Lemma 11. In the hypotheses of Lemma 10, we have

(i) ∀t > 0 RtL = U t and LRt = F t;

(ii) ∀s, t > 0 Rs+t = U sRt = RtF s.

Lemma 12. If M is a strongly (L, p)-sectorial operator on the right (on the left) then

(i) ∀t > 0 Rt = PRt (Rt = RtQ);
(ii)

∪
t>o

imRt = U1 (∀t > 0 kerRt = F0).

We can also observe that, as in the case of semigroups, the images of the operators Rt increase
as t decreases: imRs ⊂ imRt for s > t > 0 follows from claim (ii) of Lemma 11.

De�nition 6. An operator M is called strongly (L, p)-sectorial whenever it is strongly (L, p)-
sectorial on the left and

∀λ, µ0, ..., µp ∈ SL
Θ(M) ∥RL

(µ,p)(M)(λL−M)−1∥L(F;U) ≤
const

|λ|
p∏

k=0

|µk|
.

Remark 6. Every strongly (L, p)-sectorial operator M is strongly (L, p)-sectorial on the right.

Remark 7. If the operator L−1 ∈ L(F;U) exists and the operator T =ML−1 (or S = L−1M) is
sectorial then M is a strongly (L, p)-sectorial operator. We can take L[dom M ] as a dense linear

subspace
◦
F of F.

Remark 8. If M is an (L, σ)-bounded operator and ∞ is an inessential singular point then M
is a strongly (L, p)-sectorial operator.

Lemma 13. If M is a strongly (L, p)-sectorial operator then the family of operators {Rt : t > 0}
de�ned in (18) is uniformly bounded.

Theorem 5. If M is a strongly (L, p)-sectorial operator then

the operator L−1
1 ∈ L(F1;U1) exists. (19)

Remark 9. Condition (19) holds provided that M is a strongly (L, p)-sectorial operator or (17)
is ful�lled and im L1 = F1 (Banach's Theorem).

The restriction {U t
1 : t ≥ 0} ({F t

1 : t ∈ R+}) of the semigroup {U t : t ≥ 0} ({F t : t ≥ 0}) to
the subspace U1 (F1) is a nondegenerate analytic semigroup.
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Keep the above notation S1 = L−1
1 M1 and T1 =M1L

−1
1 .

Corollary 6. In the hypotheses of Theorem 5, the operator S1 ∈ Cl(U1) (T1 ∈ Cl(F1)) is

an in�nitesimal generator of the semigroup {U t
1 : t ≥ 0} ({F t

1 : t ∈ R+}).

The Hille�Yosida�Feller�Miyadera�Phillips theorem immediately yields

Corollary 7. In the hypotheses of Theorem 5, the operator S1 (T1) is sectorial; furthermore,

σL(M) = σ(S1) = σ(T1).

4. Generalized Splitting Theorem

On assuming that U and F are Banach spaces, take L ∈ L(U;F) and M ∈ Cl(U;F) so that M
is an (L, p)-sectorial operator. In addition, assume that

σL(M) =

n∪
j=0

σLj (M), n ∈ N; furthermore, σLj (M) ̸= ∅

lies in a bounded region Dj ⊂ C

with piecewise smooth boundary ∂Dj = Γj ⊂ C, j = 1, n.

In addition, Dj ∩ σL0 (M) = ∅ and Dk ∩Dl = ∅
for all j, k, l = 1, n, k ̸= l.


(20)

Theorem 6. If M is an (L, p)-sectorial operator and (20) holds then there exist projectors Pj ∈
L(U) and Qj ∈ L(F) for j = 1, n, which are of the form

Pj =
1

2πi

∫
Γj

RL
µ(M)dµ, Qj =

1

2πi

∫
Γj

LL
µ(M)dµ, j = 1, n. (21)

Corollary 8. The hypotheses of Theorems 4 and 6 yield PjP = PPj = Pj and QjQ = QQj = Qj.

Put P0 = P −
n∑

j=1
Pj . Corollary 8 implies that P0 ∈ L(U) is a projector.

Corollary 9. If M is an (L, p)-sectorial operator then
(i) L0 ∈ L(U0;F0) and M0 ∈ Cl(U0;F0), and moreover, the operator M−1

0 ∈ L(F0;U0) exists;
(ii) L1 ∈ L(U1;F1) and M1 ∈ Cl(U1;F1).

Assume now that, apart from (20), conditions (17) and (19) are ful�lled.

Corollary 10. If M is an (L, p)-sectorial operator, while (17) and (19) hold, then G =M−1
0 L0 ∈

L(U0) is a degree p nilpotent operator, while S = L−1
1 M1 ∈ Cl(U1) is a sectorial operator.

Theorem 7. If M is an (L, p)-sectorial operator and (17), (19), and (20) hold then

U t = PjU
t + P0U

t = U t
j + U t

0, F
t = QjF

t +Q0F
t = F t

j + F t
0;

furthermore, we can express U t
j and F t

j as

U t
j =

1

2πi

∫
Γj

RL
µ(M)eµtdµ, F t

j =
1

2πi

∫
Γj

LL
µ(M)eµtdµ, j = 1, n (22)

where Γj, j = 1, n is de�ned in (20).
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Proof. Indeed, since the analytic semigroup U•
j extends to an analytic group, it follows that

U0
j = Pj . Hence,

PjU
t = (2πi)−1

∫
Γj

∫
Γ
RL

µ(M)RL
ν (M)eνtdµdν =

= (2πi)−1

(∫
Γ

eνtdν

ν − µ

∫
Γj

RL
µ(M)dµ+

∫
Γj

dµ

µ− ν

∫
Γ
RL

µ(M)eνtdν

)
= U t

j , j = 1, n,

by the residue theorem and the analog of Hilbert's identity for the L-resolutions

(ν − µ)RL
µ(M)RL

ν (M) = RL
µ(M)−RL

ν (M).

This also implies that PjP = PPj = Pj .

2
Put im Pj = U1j and im Qj = F1j for j = 0, n. By construction,

U1 =
n⊕

j=0

U1j and F1 =
n⊕

j=0

F1j .

Denote by Lj (Mj) the restriction of L (M) to Uj (domM ∩ Uj) for j = 0, n. By analogy with
Corollary 9, we can easily show that Lj ∈ L(Uj ;Fj) andMj ∈ Cl(Uj ;Fj) for j = 0, n. Furthermore,
by (19) the operators L−1

j ∈ L(Fj ;Uj) for j = 0, n exist. Also, it is not di�cult to show by analogy

with Corollary 10 that S0 = L−1
0 M0 ∈ Cl(U0) is a sectorial operator, while Sj = L−1

j Mj : Uj → Uj

for j = 1, n are bounded operators.

5. Multipoint Initial-Final Value Problem for Sobolev-Type
Equations with a Relatively p-sectorial Operator

On assuming that U and F are Banach spaces, take L ∈ L(U;F) and M ∈ Cl(U;F) so that M
is an (L, p)-sectorial operator. In addition, assume that conditions (17), (19), and (20) are ful�lled.

Taking τj ∈ R+ (τj < τj+1), uj ∈ U for j = 0, n, and f ∈ C∞(R+;F), consider the problem

Pj(u(τj)− uj) = 0, j = 0, n, (23)

for the linear Sobolev-type equation
Lu̇ =Mu+ f. (24)

Refer to a vector function u ∈ C1((0, τn);U) ∩C([0, τn];U) satisfying (24) as its solution; refer to
a solution u = u(t) to (24) as a solution to problem (23), (24) whenever lim

t→τ0+
P0(u(t)− u0) = 0

and Pj(u(τj)− uj) = 0 for j = 1, n.
We are now ready to prove the unique solvability of problem (23) for (24). Since M is

an (L, p)-sectorial operator, while (17), (19), and (20) hold, the problem reduces to

Gu̇0 = u0 +M−1
0 f0, (25)

u̇1j = Sju
1j + L−1

1j f
1j , j = 0, n (26)

where f0 = (I−Q)f and f1j = Qjf , while u
0 = (I− P )u and u1j = Pju, for j = 1, n.

Lemma 14. IfM is an (L, p)-sectorial operator, while conditions (17), (19), and (20) are ful�lled,
then for every vector function

f0 ∈ Cp([0, τn];F
0) ∩ Cp+1((0, τn);F

0)
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there exists a unique solution to (25); furthermore, it is of the form

u0(t) = −
p∑

q=1

GqM−1
0 f0(q)(t).

Proof. Substituting u0 = u0(t) into (25), we verify that a solution exists. The successive
di�erentiation of the homogeneous equations (25),

0 = Gpu0(p) = . . . = Gu̇0 = u0,

justi�es uniqueness.

2

Lemma 15. In the hypotheses of Lemma 14, for all uj ∈ U and f1j ∈ C([0, τn];F
1j) there exists

a unique solution to problem uj(τj) = Pjuj = 0 for the equation with index j in (26); furthermore,

it is of the form

u1j(t) = U
t−τj
j uj +

∫ t

τj

U t−s
j L−1

1j Qjf(s)ds.

Proof. By substitution, we verify that uj = uj(t) is a solution to this problem. Suppose that
vj = vj(t) for t ∈ [0, τn] is another solution to this problem. Construct the vector function
w(s, t) = LjU

t−s
j v(s). By construction,

∂w(s, t)

∂s
= Lj

∂U t−s
j

∂s
v(s) + LjU

t−s
j

∂v(s)

∂s
= 0.

Hence, w(τj , t) = w(t, t), that is, U
t−τj
j .

2

Theorem 8. If M is an (L, p)-sectorial operator, while (17), (19), and (20) hold, then for every

vector function with f0 ∈ Cp([0, τn];F
0) ∩ Cp+1((0, τn);F

0) and f1 ∈ C([0, τn];F
1) there exists

a unique solution to problem (23), (24); furthermore, it is of the form

u(t) = u0(t) +
n∑

j=1

uj(t).

6. The Linear Model of Plane-Parallel Thermal Convection
in Viscoelastic Incompressible Fluid

Consider the linear model

(λ−∆)∆ψt = ν∆ψ − αθx + ξ, θt = δ∆θ − βψx + ζ (27)

of plane-parallel thermal convection in viscoelastic incompressible �uid in the region Ω = (0, a)×
(0, b) ∈ R2 with B�enard's boundary conditions

ψ(x, 0, t) = ∆ψ(x, 0, t) = ψ(x, h, t) = ∆ψ(x, h, t) = 0, (28)

θ(x, 0, t) = θ(x, h, t) = 0, (29)

the functions ψ and θ are periodic in x with period l. (30)
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Put U = V × W and F = G × H, where V = {v ∈ W 4
2 (Ω) : v satis�es (28), (30} and

W = G = H = L2(Ω). De�ne L and M as

L =

(
(λ−∆)∆ 0

0 I

)
, M =

 ν∆2 α
∂

∂x

β
∂

∂x
δ∆

 .

It is obvious that L ∈ L(U;F), while M ∈ Cl(U;F) with

domM = V× {w ∈W 2
2 (Ω) : w satis�es (28) and (29)}.

In order to prove that M is an (L, 0)-sectorial operator, consider the eigenfunctions of the
Laplace operator ∆ on Ω satisfying (28) and (30). It is convenient to split these eigenfunctions
into three families:

F1 =

{
cos

2πmx

a
sin

πny

b

}
, F2 =

{
sin

2πkx

a
sin

πly

b

}
, F3 =

{
sin

πjx

b

}
,

where j, k, l, m, n ∈ N. Henceforth we denote the normalized functions in each family by φ1
mn,

φ2
kl, and φ

3
j , while the corresponding eigenvalues by λ

1
mn, λ

2
kl, and λ

3
j . To construct the operator

(µL−M)−1 we apply Fourier's method: expand the functions v, w, g, and h into Fourier series
with respect to the functions {φ1

mn}∪{φ2
kl}∪{φ3

j} and insert the resulting series into the system

µ(λ−∆)∆v − ν∆v − αwx = g, (µ− δ∆)w − βvx = h.

Applying a series of orthogonal projectors yields blocks of six equations:

λ1mn[µ(λ− λ1mn)− νλ1mn]v
1
mn − α

πm

a
w2
mn = g1mn,

λ2kl[µ(λ− λ2kl)− νλ2kl]v
2
kl + α

πk

a
w1
kl = g2kl,

λ3j [µ(λ− λ3j )− νλ3j ]v
3
j = g3j ,

(µ− δλ1mn)w
1
mn − β

πm

a
w2
mn = h1mn,

(µ− δλ2kl)w
2
kl + β

πk

a
v1kl = h2kl,

(µ− δλ3j )w
3
j = h3j .

(31)

To solve this system, observe �rstly that without loss of generality we may take k = m and l = n.
Observe in addition that λ1mn = λ2mn; therefore, put λ

1
mn = λ2mn = λmn. Solving (31), we obtain

the L-resolvent of M as the square matrix A = ||Aij ||6i,j=1 whose entries we can express as

A11 =
∑
m,n

∆mnλmn[µ(λ− λmn)− νλmn]
⟨
·, φ1

mn

⟩
φ1
mn, A15 =

∑
m,n

∆mna
−1απm

⟨
·, φ2

mn

⟩
φ1
mn,

A22 =
∑
m,n

∆mnλmn[µ(λ− λmn)− νλmn]
⟨
·, φ2

mn

⟩
φ2
mn, A24 = −

∑
m,n

∆mna
−1απm

⟨
·, φ1

mn

⟩
φ2
mn,

A33 =
∑
j

⟨·, φj⟩φj

λj [µ(λ− λj)− νλj ]
, A42 =

∑
m,n

∆mnβa
−1πm

⟨
·, φ2

mn

⟩
φ1
mn,

A44 =
∑
m,n

∆mn(µ− δλ1mn)
⟨
·, φ1

mn

⟩
φ1
mn, A51 = −

∑
m,n

∆mnβa
−1πm

⟨
·, φ1

mn

⟩
φ2
mn,

A55 =
∑
m,n

∆mn(µ− δλmn)
⟨
·, φ2

mn

⟩
φ2
mn, A66 =

∑
j

⟨·, φj⟩φj

µ− δλj
.
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Here ∆−1
mn = λmn[µ(λ−λmn)− νλmn](µ− δλmn)+αβa−2π2m2 and λj = λ3j , while all remaining

matrix entries are equal to the zero operator O. This implies, �rstly, that the L-spectrum of M
is

σL(M) =

{
νλmn

λ− λmn
+ εmn

}
∪ {δλmn − εmn} ∪

{
νλj
λ− λj

}
∪ {δλj} . (32)

Here

|εmn| ∼

√∣∣∣∣ m2

λmn(λ− λmn)

∣∣∣∣
as m,n → ∞, and since λmn ∼ −m2 − n2 as m,n → ∞, it follows that there exists a sector of
the required opening angle which includes σL(M). Secondly, for su�ciently large |µ| outside this
sector we have

max
{
||RL

µ(M)||L(U), ||LL
µ(M)||L(F),

}
≤ const |µ|−1.

This justi�es

Lemma 16. For all α, β, λ, ν ∈ R and δ ∈ R+, the operator M is (L, 0)-sectorial.

Let us now verify (17) and (19) Since U and F are re�exive spaces, Lemma 16 and the
Yagi�Fedorov theorem imply that condition (17) is ful�lled. Furthermore,

(i) U0 = F0 = {0}, U1 = U, and F1 = F if λ ̸= λmn and λ ̸= λj ;

(ii) U0 = F0 = kerL = span {col (φj , 0)}, U1 = {u ∈ U : ⟨u, φj⟩ = 0}, and F1 = {f ∈ F :
⟨g, φj⟩ = 0} = imL if λ ̸= λmn and λ = λj ;

(iii) U0 = F0 = kerL = span {col (φ1
mn, 0), col (φ

2
mn, 0)}, F1 = {f ∈ F : ⟨g, φk

mn⟩ =
0, k = 1, 2} = imL, U1 =

{
u ∈ U : v = v̄ + vmn(w), ⟨v̄, φk

mn⟩ = 0, k = 1, 2, vmn(w) =
= 2πma−1ν−1λ−2

mn

(
⟨w,φ1

mn⟩φ2
mn + ⟨w,φ2

mn⟩φ1
mn

)}
if λ = λmn and λ ̸= λj .

Condition (19) is also ful�lled; furthermore, we can express the operator L−1
1 as the square

matrix A = ||Aij ||2i,j=1 with

A11 =
∑
m,n

′
⟨
·, φ1

mn

⟩
φ1
mn

λmn(λ− λmn)
+
∑
m,n

′
⟨
·, φ2

mn

⟩
φ2
mn

λmn(λ− λmn)
+
∑
j

′ ⟨·, φj⟩φj

λj(λ− λj)
,

A21 = Vmn, A21 = O, A22 = I,

where

Vmn =

{
O if λ = λmn,
απma−1ν−1λ−2

mn(
⟨
·, φ1

mn

⟩
φ2
mn +

⟨
·, φ2

mn

⟩
φ1
mn) if λ ̸= λmn.

The prime on the sum symbol indicates that the terms with λ = λmn or λ = λj are absent. This
justi�es

Lemma 17. Conditions (17) and (19) are ful�lled for all α, β, λ, ν ∈ R, and δ ∈ R+.

By (32), the L-spectrum σL(M) ofM is discrete. This means that the hypotheses of Theorem
6 hold as well; moreover, they do for every closed contour γ ∈ C bounding a region which contains
�nitely many points of σL(M) and is disjoint from σL(M). Therefore, the hypotheses of Theorem 8
hold, and so we have

Theorem 9. For all α, β, λ, ν ∈ R, δ, τj ∈ R+, uj ∈ U for j = 0, n, and ξ, ζ ∈ C1([0, τn];L2(Ω))
there exists a unique solution to problem (23) for (27) with boundary conditions (28)�(30).

The author is grateful to Professor G. A. Sviridyuk for fruitful discussions and interest in

this work.
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ÌÍÎÃÎÒÎ×Å×ÍÀß ÍÀ×ÀËÜÍÎ-ÊÎÍÅ×ÍÀß ÇÀÄÀ×À
ÄËß ËÈÍÅÉÍÎÉ ÌÎÄÅËÈ ÏËÎÑÊÎÏÀÐÀËËÅËÜÍÎÉ
ÒÅÐÌÎÊÎÍÂÅÊÖÈÈ ÂßÇÊÎÓÏÐÓÃÎÉ ÍÅÑÆÈÌÀÅÌÎÉ
ÆÈÄÊÎÑÒÈ

Ñ.À. Çàãðåáèíà

Ëèíåéíàÿ ìîäåëü ïëîñêîïàðàëëåëüíîé òåðìîêîíâåêöèè âÿçêîóïðóãîé íåñæèìàå-

ìîé ñðåäû Êåëüâèíà � Ôîéãòà ïðåäñòàâëÿåò ñîáîé ãèáðèä ñèñòåìû óðàâíåíèé Îñêîë-

êîâà è óðàâíåíèÿ òåïëîïðîâîäíîñòè â ïðèáëèæåíèè Îáåðáåêà � Áóññèíåñêà, çàäàí-

íûõ â äâóìåðíîé îáëàñòè ñ óñëîâèÿìè Áåíàðà. Öåëüþ íàøåãî èññëåäîâàíèÿ ÿâëÿåòñÿ

ðàçðåøèìîñòü ýòîé ìîäåëè ñ òàê íàçûâàåìûìè ìíîãîòî÷å÷íûìè íà÷àëüíî-êîíå÷íûìè

óñëîâèÿìè. Òàêèå óñëîâèÿ èñïîëüçóþòñÿ äëÿ âîññòàíîâëåíèÿ ïàðàìåòðîâ èçó÷àåìûõ

ïðîöåññîâ ïî ðåçóëüòàòàì ìíîãî÷èñëåííûõ íàáëþäåíèé ñ ðàçëè÷íûõ òî÷åê è â ðàçëè÷-

íûå ìîìåíòû âðåìåíè, ÷òî ïîçâîëÿåò, íàïðèìåð, ïðîãíîçèðîâàòü àâàðèéíûå ñèòóàöèè,

â òîì ÷èñëå íàðóøåíèå íåïðåðûâíîñòè ïðîöåññà òåðìîêîíâåêöèè â ðåçóëüòàòå íàðóøå-

íèÿ òåõíîëîãèè è ò.ï.

Ðàíåå äëÿ ìîäåëåé òåðìîêîíâåêöèè èçó÷àëàñü ðàçðåøèìîñòü çàäà÷ Êîøè è

íà÷àëüíî-êîíå÷íîé, êðîìå òîãî, áûëà ðàññìîòðåíà óñòîé÷èâîñòü ðåøåíèé çàäà÷è Êî-

øè. Ìíîãîòî÷å÷íàÿ íà÷àëüíî-êîíå÷íàÿ çàäà÷à äëÿ ýòîé ìîäåëè èçó÷àåòñÿ âïåðâûå.

Êðîìå òîãî, â äàííîé ðàáîòå ïðèâîäèòñÿ äîêàçàòåëüñòâî îáîáùåííîé òåîðåìû î ðàñ-

ùåïëåíèè â ñëó÷àå îòíîñèòåëüíî ñåêòîðèàëüíîãî îïåðàòîðà. Îñíîâíîé ðåçóëüòàò ñòà-

òüè � òåîðåìà îá îäíîçíà÷íîé ðàçðåøèìîñòè ìíîãîòî÷å÷íîé íà÷àëüíî-êîíå÷íîé çàäà÷è

äëÿ ëèíåéíîé ìîäåëè ïëîñêîïàðàëëåëüíîé òåðìîêîíâåêöèè âÿçêîóïðóãîé íåñæèìàå-

ìîé æèäêîñòè.

Êëþ÷åâûå ñëîâà: ìíîãîòî÷å÷íàÿ íà÷àëüíî-êîíå÷íàÿ çàäà÷à; óðàâíåíèå ñîáîëåâñêî-

ãî òèïà; îáîáùåííàÿ òåîðåìà î ðàñùåïëåíèè; ëèíåéíàÿ ìîäåëü ïëîñêîïàðàëëåëüíîé

òåðìîêîíâåêöèè âÿçêîóïðóãîé íåñæèìàåìîé æèäêîñòè.
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