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O HEKOTOPBIX BAPMAHTAX METOJIA
JTEKOMIIO3UIINUN OBJIACTE!

B.1l. Uavun, /.B. llepeso3xun

PaccvarpuBaroTcst aIropuTMbI MACIITAGHPYEMOTO PACTIADAJIIIETHBAHUS PEITEHUs CBEPXOOITh-
mux paspexeHHbix ceToTHnix CJIAY, mpencTaBIeHHBIX B YHUBEPCATBHBIX CKATBIX dopMaTax, B
TOM CMBICJIE, UTO UX PEAJUIAIMS OCYIIECTBIAsIETCS 6€3 TPOrPAMMHBIX OTPAHWYEHU HaA TOPSIKH
anrebpardecKuX CHCTEM W Ha KOJUYIECTBO MCMONL3YEMBIX BBITHCIWTENLHBIX YV3J0B, MPOIECCOPOB
u/uan saep.

Jlanmast 3a7aua CBOIUTCS K PACIpeNeeHHOMY BapuaHTy ajarebpamdeckoii 3D-mekoMmosnmum
obacTeit, B KOTOPOM OTCYTCTBYeT Upe3MepHas pacdeTHO-HHGOPMAIMOHHAS HATPY3KA KOPHEBOTO
mporeccopa, T.e. Bce oprammsyemble MPI-mporiecchl, KaxKablii w3 KOTOPBIX COOTBETCTBYET CBOEIH
MOJOGIACTH, SBASIOTCS TPAKTHYECKH PABHONPABHLIMHU. BLIYHCINTENLHBIN IPOIECC COCTOHT H3
JMBYX OCHOBHBIX 9TAIMOB, MEPBBIH U3 KOTOPBHIX 3aKII0YAETCS B HEMOCPEJICTBEHHONH aBTOMATHIECKOIH
MEKOMITO3UINN, HA OCHOBE AHAJNM3a MATPUIHOTO MopTpera u HOPMHUPOBAHUH KPYHTHOOGIOTHOTO
npeacrapiaenns CJIAY. Bropoii sTam — 9To pealnzamisd KPLELIOBCKOIO HTEPAIHOHHOIO aJTOPUTMA,
FGMRES (rutkoro 0o606ImeHnoro MeToia MEHAMATLHBIX HEBI30K), UCHOMB3YIONETO TOTHOE WIH
TPHUGIMKEHToe 00pAIeHTe TNATOHATBHBIX MATPHIHLIX GIOKOB (MHOTOMOTOTHOE DEIIeHne MOICH-
CTeM B MOAOGMACTAX ¢ UCTOMB30BanmeM cpenicTB OpenMP) ¢ HOMOmMEBIO TPSIMOTO WIH HTEPAIHOH-
HOT'O METOJa COOTBETCTBEHHO.

O1mcEIBaeMble METONEL PEANH30BAHLI B COCTaBe OHOIMOTEKH anrebpamdecKuX pelnaresei
Krylov. B paore mpuBOAATCSI HEKOTOPBIE OMEHKH HCMONBL3YEMBIX PECYPCOB M OCOOEHHOCTH Ta-
PALIENLHLIX BLIYHCARTENLHBIX TEXHOMOTHI. DPEGHEKTHBHOCTL pazpaboTaHHLIX AJTOPHTMOB HJ-
JIOCTPUPYETCST PE3YABTATAMA UHCIEHHBIX SKCHEPUMEHTOB MO PEIeHUI0 XapaKTepHBIX ajrebpan-
YecKUX 3829 Ha PA3IUIHBIX KOHMUTYPAINHSIX MHOTOIPOIECCOPHON BLIYUCINTENBHON CUCTEMBI.

Karoneewie caosa: dexomnosuyus obaacmetl, mampuuroil 2pad, pacnapaiteseaHue aazo-
PUMMO8, CeMmodHble YpasHenus, paspescermvie CJIAY, npoepammmsie 1 oHUCAUMEABHDIE TET-
HOA02UL

BBeneunne

Metronsr aekommozunnu obaacreii (MO), kak rmaBHOe opyane MacmTabUPyeMOro pacra-
PaJLIEJIMBAHUS YHUCJIEHHOTO PEeHus OOIbIIX 33024 MATEMATHIECKOTO MOJIEJIHPOBAHKS HA, MHO-
TOTPOIECCOPHBIX BBIYUCIUTENBHBIX cucTeMax (MBC), sBasiercs npeaMeroM n3ydeHusi OrPOMHO-
ro KOJIM4YecTBa crareil u MoHorpadpuil, IPeICTaBIEHHbBIX, HATPUMED, HA CIEINAIbHOM HHTEPHET-
caiire [1].

ObmupHy0 00J1aCTh M3yYAEMbBIX 3/1€Ch BONPOCOB MOXKHO Pa3dbUTh HA JIBE OCHOBHBIE YACTH.
IlepBasi ©3 HUX OTHOCHTCH K MOCTPOEHUIO HOBBIX AJTOPUTMOB JJisi PA3IHYHBIX KJIACCOB 33J1a4,
UX TEOPETHYECKOMY 0DOCHOBAHUIO, OIEHKAM CKOPOCTH CXOJUMOCTH, OIITHMU3AINYT 1 CPABHUTE b~
HOMY aHau3y. OTHOCUTEIBHO CBEXKHUE MATEMATHYECKHUE PE3YJIBTATHI B JAHHBIX HAIPABICHUSIX
MOXKHO HaliTH Ha caiite 22-it MexayHapoHoit KoH(EPEHITNE 110 JEKOMIIO3UIHN 00J1acTeil [2]7
cocrosBmeiicss B centsaope 2013 1.

Bropasi gacTb He MeHee akTyasbHBIX TpobiemM — 310 3pderTuHoe orobpaxkenune MO Ha
apxuTeKTypy coppemennbix MBC, koTopast, HeCMOTDs Ha CTPEMUTEIBHOE OOHOBJIEHHE CYIEPKOM-
nbioTeproro crucka TOP-500, B OJkallmyo naTuIeTKy, 10 POXKICHUS TEPBOTO IK3a(IONCHHU-

LCraThst pekoMeHIOBaHA K MYGIHKAIIT TPOrPAMMHEEIM KoMATeTOM Mexk 1yHapoauoil Hayanoii Kondepennun «Ta-

paieTbHBIE BEIUNCANTENBHBIE Texaomornn 2014 »
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KA, MPOrHO3UPYETCH TPAIUIIHOHHON: KIACTED U3 FETEPOTEHHBIX Y3/I0B, COJAEPAKAIITNX 110 HECKO/Ib-
KO MEHTPATBHBIX MHOTOs1IePHBIX mpotieccopos (CPU) ¢ obmeil maMsaThio, a Tak:Ke M0 HECKOJIBKO
rpadudeckux mporeccopos obmero uaszhnadenusi (GPGPU), ¢BepxOBICTPBIX, HO € JOCTATOYHO
CJIOZKHBIM MCIIOJIb30BAHUEM. YIIPABJICHUE HEPAPXUUECKON MAMSATHIO C PACIPEAETIECHHBIM U OOIIIM
JocTymoM orpannydnBaetcst cpeacteamu MPI, OpenMP u CUDA.

Hesnb ganHoit pabOThI 3aKJIOYAETCH B TOM, YTOOLI XOTs JJisd JOCTATOYHO OI'PAHHYEHHOTO
HADOpa aJIrOpUTMOB JAEKOMIO3UIIMKA CKOHIEHTPUPOBATHCH HA BAPHAHTAX TEXHOJOTHYECKUX pe-
menunit, 00ecnevnBaIoNX PEAJM3AINIO B ONPEJEIEHHOM CMBICJIE [VIABHON 3aJa4u — CO3/aHud
BBICOKOITPOUZBOAUTEIBHOIO MATEMATHYECKOTO U IIPOTPAMMHOIO 0DeclieYeHnst, HE COIEPKAITETO
GOPMATBLHBIX OTPAHUYEHUH HA YHUCI0 CTeneHeil ¢BOBOIBI M HA KOJHYIECTBO HCTOIBIYEMBIX BBI-
YUCTUTETBHBIX SED /U TPOIECCOPOB.

Paccmarpupaemast Hamu 3aa49a ¢ (DYHKIIHOHAJIBLHON TOYKM 3PEHUS JOCTATOYHO MPOCTAS —
9TO YHCJCHHOE DEIeHne CHcTeM JnHeiHbIX anrebpandecknx ypasuennii (CJIAY) ¢ paspexen-
HBIME MATPHIAMHA OONBIMTUX MOPSIKOB (10 1()871()11)7 BOZHUKAIOMUMHA TIPU PASJNYHBIX AITPOK-
CAMAITHIX MHOTOMEPHBIX MEXKIUCIUTIIMHAPHBIX HAYAIbHO-KPAEBLIX 33/1a49 CO CIOXKHON Teomer-
prUeckoil KoHpuUTypalneil rpaHnl, Ha, HECTPYKTYPHPOBAHHBIX CETKAX.

OcoberHocTh MTPOLIEMbBI 3aKITIOYAETCH B 00'bEME JIAHHBIX, HEOOXOIUMBIX /1188 XPAHEH s HEHY-
JIEBBIX HJIEMEHTOB PA3PEKEHHBIX MATPHI], IUCI0 KOTOPBIX B KAXKIOH W3 CTPOK HE 3aBUCHT OT
pasmeproctu CJIAY u cocrapisier 0OBITHO HECKOJIBKO MECATKOB (MX KOJHIECTBO PACTET C YBEJIH-
YEeHHEeM TOPsIKA TOYHOCTH amnnporcumanuu). Hanpuvep, cucrema ypasuernii Hasse —Crokca,
OTIMCHIBAIOIAS THAPO-TA30IMHAMWYECKUE TEUEHNs, BKIIOTAET 4 HEH3BECTHBIE CKAMSIPHBIE (DYHK-
[IIW — TPH KOMIIOHEH TR BEKTOPA, CKOPOCTH 1 fasierne. [loaToMy Ha TpexMepHoil ceTKe ¢ TuCIoM
y3m08 1000® = 10° o6muit nopanok CJIAY cocrasnsger npumepro 4 - 109, a koamaecTBo HeHyIIe-
BBIX MATPHIHBIX 3JIeMeHTOB — 0K0710 101, TIoCKOIBbKY BOZHUKAIOMINE IPH 9TOM BEIYHCINTEILHLIC
38,1441 ABJISIOTCS OYEHD MI0X0 00YCIOBIEHHBIME, TO PACTETH HEOOXOAUMO TPOBOINTH, KAK M-
HUMYM, CO CTAHAAPTHON JBOITHON TOYHOCTHIO (64 MBOMYHBIX paspsina, uan 8 GaiToB, HA OTHO
qucyo). Takum obpasom, pasmerenne coorserctByiomeit CJIAY na ogHoM mporieccope, obbem
OTEPATHBHOM MAMSTH KOTOPOTO COCTABISAET 00BIYHO HECKOJIBLKO TUrabailT, CTAHOBUTCS TPobeMa-
TUYHBIM. B 9TOM coydae He MPOXOAUT 3a9aCTyI0 MPHUMEHsIeMast CTPATETHsT PacTapaleTuBaH s
anredpandecKux 3a7ad, KOrja cHadaaa rnodbanbHas Marpuiia hoPMUPYETCs: HA OJHOM (TOJIOB-
HOM) TPOIECCOPE, a MOTOM €€ OJOKH PACCHLIAIOTCS MO OCTATBHBIM HCIOIB3YEMBIM MPOIECCAM.
EnuncTBeHHAS aJibTEPHATHRA 3/1€Ch — PACIPEAEIEHHOE XPAHEHIE MATPHUIIBI, KOTJA €€ DJIEMEHTHI
H3HAYATBHO PACCUUTBIBAIOTCH B PA3HBIX ITPOIECCOPAX.

JanHas craThs mMOCTpOEHA cieAyiomum obpaszoM. B pasmene 1 Mbl npencTapiisieM OCHOB-
Hble CTPYKTYPHBIE ocobernocTn paccmarpusaeMbix CHAY n npumensgembix MJ1O. B paznpene 2
OTIMCHIBAIOTCS HEKOTOPBIE MpejaraeMble TapaseNbHble aJrOPUTMBI W UX MPOTPAMMHBIE Pea-
auzanuu. B pasmene 3 TPUBOAATCH PE3YABTATH XAPAKTEPHBIX THCIIEHHBIX DKCTIEPUMEHTOR TIO
PEIIEHUIO TPEICTABUTEIBHON CEPUM METOIMYECKHUX 38,1a4.

1. HekoTopble MOCTAaHOBKN, (POPMAJIM3MbI 1 AJITOPUTMbI
JAEKOMIIO3UIAN

Pacemarpusaercst creyromas 3amada; mycth marpura CJIAY

Au=f, A={a;;} e RVV, (1)
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pasduTa HA OGJIOYHBIE CTPOKH
A={A, e RN p=1,..,P}, Ny +..+N, =N, (2)

€ IPUOJIN3UTENIBHO PABHBIM YHCJIOM CTPOK N, > 1 B Kaxk10it. COOTBETCTBYIOMIM 00PA30M TaK7Ke
PasbUBAIOTCH BEKTOPBI HCKOMOT'O PEIEHUs U MPABOH YaCTH

u={up € R}, f={fp e R""}, (3)

TaK 4To cncrema ypasHeHnii (1) moxker ObITh 3amncana B ¢opMe COBOKYIMHOCTH P mojcucTem

P
Ap pp + Z:l Apqg = Jfp, p=1,..., P, (4)

q#p

rae Apq € RN>>Ne — npavoyrosbHEbIe MATPHYHBIE GIOKH, MOTyYaeMbIe IPH PA3OHEHNH KAMKI0H
6J101HOI cTPOKY (1 Beeil MaTpuiibl A) HA OJIOYHBIE CTOTOIIBL:

Ap - {Ap,q;q — 17 ) P}v A= {Ap,q;pvq — 17 ) P} (5)

Byzaem canrars, uro CJIAY (1) npeacrapiser coboii CHCTEMY CETOUHBIX yPABHEHUI, alMPOK-
CUMUPYIONUX HEKOTOPYIO MHOTOMEPHYIO KPAeBYIO 33184y juis nuddepeHnajibHoro ypaBHeHus,

TaK UTO KAXK/asi KOMIIOHEHTA BEKTOPOB U, f COOTBETCTBYET Y3JIy CETKH, 0OIIEe YUCI0 KOTOPBIX
P

B pacueTHOi ceTouHoil obmactn U = U ©Q, paBao N. OTMeTHM, 9TO B METOAAX KOHETHBIX
p=1

anementoB (MKD, [4]) Takue crucTeMbl HA3BIBAIOTCS Y3JIO0BBIMHU, HO 00J€€ CJIOXKHBIE CETOYHBIE

ypaBHeHUs MBI TIOKa, He paccMmarpubaeM. IIpn sToM 6109H0e pasbuenmne MATPUIL U BEKTOPOB CO-
oTBeTcTBYeT pasduenuio (aexommozumun) QF Ha P ceToYHBIX HemepeceKalomuxes nog0b1acTei
), B KaxK10it n3 KOTOpLIX Haxonured Np y3710B, Ny + ... + Np = N.

Onucannas gexommosunus 2 He HCIOMb3yeT y3710B-pasaennTeseil, T.e. YCIOBHBIEC TDAHH-
bl TOO0JIACTEN He MPOXOAAT depe3 y3abl ceTKh. POopMaTbHOCTH Pagyl MOXKHO CHYHTATH, UTO
BHEIMHOCTDL PACUeTHO 00IACTH €CTh HeOrpaHUYeHHAs MoJA00aacTh §2g ¢ dncaoM y3m0B Ng = 0.

Cerounoe ypaBHEHWE JJIs §-TO Y3718 CETKM MOXKET OBbITh 3allMCaHO B BH/JIE

asgui + Y. aggu; = fi, i€ Q" (6)
J€ws, jFi
rlle 9epe3 w; 0003HAYAETCsT CETOTHBIN MAOJOH {-I'0 Y3714, T.€. COBOKYIHOCTH HOMEDOB BCEX Y3JI0B
(KaK MPABUJIO, SIBISIONINXCS TEOMETPUICCKUMHI COCEAME ), YIACTBYIOMUX B {-M YDABHEHUH.

Ecan ceTodnble y3/1bl 1 COOTBETCTBYIONUE TEPEMEHHBIE TPOHYMEPOBAHB! CAELYIOMIM 06pa-
30M: CHAYANIA UIYT MOAPST Bee y3abl 1-it mogobmactu () (HEBaXKHO B KAKOM BHYTPEHHEM TI0-
psiZiKe), 3aTeM — y3JIbI BTOPOIl TOA06IaCTH U T./1., — TO BBIMENPUBEICHHOE OI09HOE pa3OueHne
MATPHI[ ¥ BEKTOPOB, NMPHUBOAsIMEE K mojcucreMam (4), COOTBETCTBYET ICKOMIIO3UINH PaCIeT-
HOU obyacTu Ge3 mepecedenusi nomodbaacteit. [Ipu aToM HOMEDPA Y3710B U3 Wwj, COCETHUX K i-My
yany, ykagbisatorces B CSR-dopmare [3] ast i-it crporn maTpuiip! ((paKTHYeCKH TaM YKa3bIBAIOT-
cs1 HOMEpPa CTOJBIOB KaK M/t THATOHATBLHOTO, TAK M BHEIHATOHAJIBHBIX 3J€MEHTOB). OTMETHM,
9TO B3AMMHOOIHOZHAYHOTO COOTBETCTBHS anreOPAMYecKOil M IeOMEeTPHYIECKOil (CeTOvHO) WH-
reprperaiinn crpyKTypbl CJIAY Moxker n He cymecTBoBaTh. THIIHYHBIN TPUMED — OJTHOMY Y371y
CETKN MOYKET COOTBETCTBOBATL M > 1 mepeMeHHBLIX B aarebpamdeckoil cucreme. COOTBETCTBY-
mast CUTYallngd UMeeT MeCTO B MeXKJIUCIUIIJINHAPHBIX 33/1a9aX, ONUCHIBAEMBIX CUCTEMAMU U3 M

JudbdepeHnaibHbIX YPABHEHHI, ¥ KOTOPBIX PEMIEHHE €CTh BEKTOP-(DYHKIHS PAZMEPHOCTH M.
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Ilpu zamanmom Gynounom paszbuenuu CJIAY, uwim DeKOMIOZUINK CETOYHON pACUETHON 00-
nacTu Oe3 mepecevdeHus Momo0aacTedl, M PereHns cucTeMbl (1) MOXKHO MOCTPOUTH XOPOIIO
pacmapaienuBaeMblit aaIuTuBHLIN MeTon LlBapia, mpeacTaBuMbBIf NTEPATTMOHHBIM MTPOIECCOM

P
Applty = Jp — ; Ap,qug_l = 93_1- (7)

q#p

[Tpu BLIMHCTIEHHBIX TPABBIX YACTAX gg_l

CTH pEIICHUAd IIOACUCTEM C IIOPAdaAKaMH Np7 KOTOPBIC Ha, K&)K,ZLOfI n-u urepanm MOTYT BLIITOJIHATE-

HAXOXKIEHUE BCEX Uy Tpebyer it KaxXK a0 1moa00.1a-

Cd HE3aBHCHMO M OOAHOBPEMCHHO Ha Pa3HBIX IIPOIeCCOpax. B JaHHOM CJIy4dae MEPEBLIYUCIICHUE
gg—l GhaKTHIECKN 03HAYAET WCIOJIh30BAHNE HOBBIX 3HATEHMIH ug_l JUISE COCEeHUX 11oa00IacTeit
B KA4eCTBE TPAHUIHOTO yeaoBus 1-ro pona (lupuxie) njst OKOJIOrPAHUYHBIX BHYTPEHHUX Y3108
u3 {1,.
Paccmorpennoe apoiictBentroe npeacrasierune ctpykTypbl CJIAY (1) MoxkeT OBITH J0TOTHE-
HO TIyTeM BBeleHnsT TPadhOBOTO OTMCAHUST HTOI Ke 331891, KaXX 10My CeTOTHOMY Y371y ¢ HOMEPOM
i (mam i-it cTpoke MaTpUIbl A) MOXKHO COTOCTABUTH BEPITUHY ¥; HEKOTOPOro rpada G, a Mmarput-
HOMY 3JIEMEHTY a;; — pebpo rpada G = (V, E) u B coorBeTcTBHH ¢ [5| ONPEIETNTh MHOXKECTBA
BEPITIUH U pebep:
V= {’Uz'; 1= 1, ...,N}, L= {(’Uz',’Uj)|az'7j 75 O}. (8)

OTMeTnM CeyIONil CYyMECTBEHHBIH TEXHOIOTHIECKIN aceKkT, BOSHIUKAIOMNX TPH Peai-
3aIMU 9UCIEHHOTO pereHns noacuctemsl (7). Tpagunnonno yHHBEPCATbHBIE TPOIPAMMHBIE Pe-
marenn CJIAY, opuentuposanublie Ha MaTpuanabiii CSR-opmar, mpeamosaraioT CIomHyo Hy-
MEPAITAIO BEKTOPHBIX KOMIIOHEHT W COOTBETCTBYIOMUX MATPUIHBIX CTPOK, HAYHHAS C €IUHUIIL]
nn mwyas. Oguako, ecin ajs uexoauoin CJIAY undgopmanns mana B riobanabHON HyMepanuy e-
PEMEHHBIX, TO B mogobsactn ), TpebyeTcd cBod JOKaldbHasA HyMepalud. Takum odpasoM, 371ech
BO3HMKaeT TeXHIm4ecKad 3a1a4a nepecpopmuposannsa C'S Ry,-bopmara 1718 IHaroHaabHOro 0J10Ka
App € TEPEXONOM U3 TI00ANBHOI HyMepanud B JIOKAJBHYIO. A TOCTe BBIYHCJICHUSA IOABEKTO-
POB U, B HOAODJIACTAX, €CTECTBEHHO, HOTPpebyeTca cOOpKa ryobaIbHOrO BEKTOPa U, T.€. TePEeBO
BEKTOPHBIX KOMIIOHEHT U3 JIOKAJBLHON HyMepaIun B rmobaabHyIo.

U3BecTHO, 9TO CKOPOCTH cxoaumMocTn urepanuii metosa lsapra (7) Bozpacrer, eciu JeKOM-
MO3UIUIO PACTETHOH 0BIACTH ¢Ie/aTh ¢ mepecedenneM moaobaacTeil.

B cusy aT0oro Mbl gajguM onpenesieHne PaciuPEHHoi ceTouHOH nomobiactu Qp D Q, ¢ nepe-
CETEHUSIMU, BETMIHHY KOTOPBIX MBI OVeM OMPEENsiTh B TEPMAHAX KOJTNIECTRA OKOJOTPAHNTHBIX
CETOYHBIX CJI0EB, WK (DPOHTOB.

ObozHauuM udepes Fg € {2, MHOXKECTBO BHYTDEHHHX OKOJIOTPaHHYHBIX y370B U3 {),, T.e.
TaKNX y37108 F; € (), y KOTOPLIX 0AuH U3 cocefeil ue nexkutr B Q,(F; ¢ ), j € w;, j #1)). B
Fg OTIPEIETNM TIOJMHOXKECTBO Y3JI0B Fg,m y KOTOPBIX COCETHUE T0 TMADJIOHY V3Bl TPUHAIIEKAT
CMEKHOI nopodmaactu {1y, q € Q?N rie Qg — COBOKYITHOCTb HOMEPOB mnonobJacteil, cocemHux ¢
Q). Taxum obpazom,

Iy = U Thg (9)
qeQ?
MpUTIeM MO IMHOYKECTRA ngq MOTYT TIEPECEKATRCS, T.€. COMEPKATH OKOJOTPAHUTHBIE V3B, ¥ KO-

TOPBIX €CTh COCEAN U3 PA3NIMIHLIX CMEXKHBIX IMOI00IacTel.

0
p7
HO He TIPUHAIJIEAKATTIX

ObozHauuM Jlajee depes F}, MHOXKECTBO Y3JI0B, COCEIHUX ¢ y3jiamMu u3 I’
1
p?
00bEIMHEHNIO le, U €y, uepes F;; — MHOYKECTBO Y3JI0B, COCETHUX C Ffﬂ HO He TPHHAIIEKATTIAX

HO He IIpUHA/JIe-
Kamux (2,, depes FZ — MHOXKECTBO Y3JI0B, COCEIHNX ¢ y3imaMu u3 I’
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2 1
r; U Iy Uy, 1 na. CoOTBETCTBEHHO STH MHOKECTBA HA30BEM MEPBLIM BHEIIHIM CI10eM ((hpPOoH-
TOM ) Y3JI0B, BTOPBIM CJI0EM, TpeTbuM u T.7. [lomyuaemoe o0benHeHNE Y3I0B

Q= Url.yrs (10)

Oy/ieM HA3LIBATH PACIIMPEHHON p-il CeTOUHON MoA06MaCThIO, a eIy Beandnuy A onpeaensem

KAK BEJIMYNHY DACIIUPEHNUs, WIH epecedeHns (B TEPMUHAX KOJHYECTBA CETOUHBIX ¢1oeB). Cy-

gait A = 0 axTHueckn o3HavaeT AeKoMuo3unmio obractu QO ma nomobaactu Ge3 mepecedeHmit
0 _

(Qp =Q,).

MuoxecTBO Fﬁ € Qﬁ NpeAcTaBasgeT COBOKYIHOCTh BHYTPEHHMX OKOJOIPAHMYHBIX Y3JI0B

A
D

YcnoBHAS TPAHUIIA Qﬁ MPOXOINT MEXKY Fﬁ u Fﬁ“.

pacmupenHoit nopobsactu 15, a I’ﬁ“ €CTh MHOYKECTBO BHEMTHUX OKOJOIDAHMYHBIX Y3JI0B.

AHaJIOrnyHo F?N MHOXZKECTBO Fﬁ MOZKHO pa361/1T1> Ha MOJMHOXKECTBA OKOJIOTDAHUYHBIX Y3J10B

A_pa A A
Fp o FPle U FP7Q2“' FPszp (11)

Y KOTOPBIX cocesiHue (10 mabsioHy) HaXOAATCs COOTBETCTBEHHO B M0A00aaCTAX gy, gy s -y g,

(31€CH MY, O3HAYAET KOJMHUECTBO TOA00/IACTEN, TEPECEKAIOIINXCS € Qﬁ aq1,q2, - §m, — HOMEDPA

9TUX momobacTeit). OTMeTHM, 9To Fﬁ MOYKET COAEPXKATh «KpaTHbIE» OKOJIOTDAHUYHBIE Y3JIbI,

A

NPUHA/JIEZKAITME OJHOBPEMEHHO Pa3HBIM HMoJAMHO)KecTBaMm 17,

T.e. ¥ KOTOPBIX €CTh COCETH U3
PA3INYHBIX CMEXKHBIX MomobracTeii.
Eciu oboznaunth yepes Qﬁq nepecedeHne Kakoif-to momobaactu ), ¢ pacmupeHHoi mo00-
TACTBIO {2, TO TMOCEMHIO MOKHO MPEJCTABUTL B (POPME 00bEIUHEHH 5T
o A A
Q, =02, ---UQ (12)

Psaq1 Pyqmq ?

MPUYEM KaXKJ0€ [EPECEUYEHUE COCTABIAETCH U3 YaCTell BHEIMTHUX OKOJIOIPAHUYHBIX (DPOHTOB:

Qﬁq - F11>,q Urg,q“' Urﬁq7 4= q1; s Gmy - (13)

Taxum o6paszom, coopra MaTpunnl CJIAY g pacmupeHnoi 1og001aCcTH MOKET OBLITL HHTED-
MPETHPOBAHA, KAK WIACHTH(MUKAINS, 00bETUHEHNE H TIEPEHYyMEPATIIsT MHOKECTBA Y3708, YIACTRY-
formux B (12), (13).

Ha dopmanbroM anrebpantieckom s3bIKe pacmupeHHble TOCHCTEMB] YPABHEHUN 1 HTepatii-
ounblii Meros LlBapria 3annceiBaoorces ananorudso (7):

_ _ P
Ap pliyy = Jp — ; Ap g~ =gyt (14)

q#p

371eCh PA3MEPHOCTH BEKTOPOE U, fp paBHa wncmy y3108 Ny B PaCIUpeHHoil mo1001acTH
Q. TIpu 5TOM Ha/I0 NMETD B BHJLY, 9TO B IepPecedenisx Qﬁq OJIMH y3€JI TPUHAJJIEXKUT JBYM HJIH
foJsiee 000IACTAM.

OcranoBumMcs Teneph noapodbHee Ha (GOPMUPOBAHUN ITPABBIX YacTeil gg—l Win gg_l B (7),

(13). st atoro paccMOTPHM CeTOYHOE ypaBHeHne Buia (4) mjis PACIOIOZKEHHOTO B £}, -r0
OKOJIOTPAHHYHOTO Y3718, Y KOTOPOrO HEKOTOPBIE M3 COCEAeH HAXOAATCA B APYTUX IOA00IACTAX

Quq £ p:

gty + 35 aiguy = fi— 35 agguy. (15)
JEQ, j¢QP
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Ormernm, uto B (15) 4-if y3en pacnosiaraercs u B 2, I B KAKOH-TO U3 COCEAHUX HOL00/IACTE.
Orciofa cTPONM UTEPAIMOHHBIN TTPOTIECe, HECKOIBKO MOAMMDUIINPOBAB JIAHHOE YDaBHEHUE!

n n __ f, o n—1 n—1
(ai,¢+0 2 am’)ui + 20 agguf = fit >0 ag(OuiT —uim). (16)
JEQ JEQ, JEQ

Baeck 6 € [0, 1] — HEKOTOPBIH UTEPATMOHHBII TapaMerp, KOTopeiil pu 6§ = 0 COOTBETCTBY-
er ycrmosuio Jupuxie B OKOMOTpAHUYIHOM i-M yaje, npu § = 1 — ycmosuio Heitmama, a mpu
n—1 n—1

i o Uy
pyTcd ¢ Hpelplaymeil nTepanun B y31ax U3 COCeIHUX K §), mogobnacreii. O4eBUIHO, YTO €CIH

0 < 0 <1 — ycnosuwo 3-ro poja, unn Pobena. 3uadenus . B npaBoil yactu (16) Ge-
UTePAIMOHHBI mporece (16) cxomuresi, To pu Ji0bOM 6 ero mpejen OyaeT pemenneM UCXOTHO
cuctemsl (15).
Ecan BBectn guaronansuyio D, = diag{ > a;;}, To nrepannonusiii npouecc (16) MozkHO
I#
zanucath B (hopme, 000bmatomeii coorromenune (14):

By(uy —up=") =iy~ = fp — (Au*1),, (17)

rjie npenodyciaBanBamas MaTpulia By, uveer sug B, = Ay, + 0D,

B npuBeaeHHBIX BbIMIE PACCYXKICHUAX MBI PACCMOTDENN DacIInpeHne nogobiaact {1, B Ha-
pPyKHY0 cropony. OJHAKO TAKKE ¥Ke ITPOIELY PhI OCYIIECTBIAIOTCS U JJIsi COCETHIX Mon00/1acTeil,
YTO IPUBOANUT K MOCTPOCHHIO MepecedeHnit BHyTpH caMoii €),. VIx peanmsamua MOXKeT OCyIecTB-
JATBCS 110 CETOYHBIX €10gM ((DpOHTAM), KAK U IPH pacIupenun {1,.

OCT&HOBI/IMCH KOPOTKO Ha BOIIPpOCaX AJCKOMIIOSHIIUHN IIDH PDEIICHUM HECTaIMOHAPHBLIX 3a1ad4,
KOr'Ja HUCIIOJIB30BaHUC HCABHBIX aHHpOKCI/IMaLH/Iﬁ II0 BpEMEHH IPHUBOIUT K H€O6XO,ZLI/IMOCTI/I peme-
ausg CJIAY ma kax oM mare. B aToM ciydae TPUXOAUTCS PEMATh MOCAEI0BATEILHO anrebpan-
YeCKHe CHCTEMbI C Pa3HBIMHU IIDaBbIMHA YaCTAMU U OAMHAKOBBIMU MaTPHIIAMH, €CJIH UX 3JIEMCHTEL

HE MEHAIOTCAd CO BPEMEHEM.

2. OcobeHHOCTHU peaJu3aliii PaclpeaeieHHbIX aJITOPUTMOB

B BBICOKONPOU3BOAUTENBHBIX BEPCHAX JIEKOMIIOZUIIHN 00J1ACTEH CYIECTBYIOT J[BA KIOYEBBIX
MOMEHTA: (POPMUPOBAHUE PA3PEKEHHBIX AJITEOPANIECKIX CUCTEM JJIsi COOTBETCTBYIOIMIUX 0100~
JacTeil U peann3alius IapasIeIbHbIX 110 IOA00IACTIM KPLITOBCKHX HTEPAIHOHHBIX IIPOLIECCOB

AKOOUEBOrO THUIIA.

2.1. Meroa nocTpoeHns KBa3sncOAJIAHCUPOBAHHBIX CETOYHBIX ITo0bJacTei

B magane mamHOro pasmena OCTAHOBUMCS HA OZHOM (PAKTOPE, HMEIOMeM OOJIbIIoe 3Hade-
HUE [ CKOPOCTH CXOAMMOCTH MTEPAIMOHHBIX TPOIECCOB Bua (7) 1o momodmactsaM. Peds umer
0 TOTIOJIOTHH W HEKOTOPBIX JAPYTHUX XaPAKTEPUCTHKAX pasOueHnsi pacueTHON CeTOUHOH 0bmacTn
Q" ma cerounsle moMO6IACTH QZ, p = 1,..., P. 3aece cielyer OTMETHTD, 4TO BOOOIIE rOBOPH,
HYKHO Pa3JnYaTh UCXOJHYIO HEMPEPBIBHYIO PacieTHyIo obmacTh {2, B KOTOPOl permaiorces aud-
bepeHIMATLEEIE H/HAN HHTETPATbHBIE YDABHEHHs, W ee AMCKpeTHbIi amamgor (. Bomiee Toro,
JIEKOMIIOZHUIIHI0 MOXKHO J€jIaTh B MEPBYIO O4YePelb: CHadaja pasdoutb objgactb Ha nopobsacTtu

P
(Q = U Qp)7 a 3aTeM B KaXKJIOH U3 HUX CTPOUTDL MOJCETKY (227 KOTOpas FeOMETPUIECKHU TTPUBSI-
p=1

3aHa K cOOTBeTcTBYMomel £2),. OHAKO MBI 9TH aCIEKThl CO3HATEIBHO OIYCKaeM, OTDaHNYNBAsACH
TOJILKO JEKOMIIO3UIHEH ceTOYHOi 00IacTH.
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CoBokyHoCTh om0bacTeil 0bpasyer coboit MakpoceTh, wjin Makporpad, y KOTOPOro Kax-
Jiasi moa001acTh peacTaBsieT coboii MAKPOBEPIITHHY, 8 CBA3M ¢ T€OMETPUYECKH COCEIHUMU 101~
obmactsimn — mMakpopedpa. Kak mssectro [6], CKOPOCTH CXOIUMOCTH HTEPAIHil MO MOJ00IACTIAM
OyIer TeM BBIIE, 9eM MEHbITEe auamerp Makporpada (MaKCHMaIbHOE U3 MUHUMAIBHO BO3MOK-
HBIX PACCTOSTHUI MeXKIy Makpoysaamu). [Ipu pazduenun TpexmMepHoil 00/1acTH Ha JTOCTATOTHO
6osbImoe ancyio P nomobnacteil nuamerp maxporpada ects O(P) npu 0IHOMEPHOI IEKOMITO3H-
mun, O(PY/2) — npu geymepuoit u O(PY/?) — npu tpexmeproii. [109TOMY €CTECTBEHHO, Y4TO OTI-
TUMAJILHON SBJISE€TCs TPEXMEPHAs cOATaHCUPOBAHHAS JEKOMIIO3UITIS, TPH KOTOPOH YHUCIIO Y3JI0B
B KayKJI0H TOMOBIACTH SIBIISIETCS TTPUMEPHO OJWHAKOBLIM, ITOOBI TIPU OIHOBPEMEHHOM PEITEeHNH
aredpanuecKuX MoJACUCTEM B OA00IACTAX COOTBETCTBYIOIIIE TPOIECCOPHI MMETH MIHIMAJIbHBIE
MPOCTOMN.

B HEKOTOPOM CMBICTIE ANTBTEPHATHBHBIM MOIXOA0M K IEKOMIIO3UITUE CETOIHOMH 001aCTH TBIsI-
ercs creaytomuil. B cOOTBETCTBUY ¢ BHIMENPUBEICHHBIMA PACCYKICHUSIMH, OTTHMATBHOE Pa3-
Ouenne Kybuueckoi 0biacTy ¢ KyOHYECKOH XKe CEeTKOH — 3TO AEKOMIIO3UIINs Ha KyOudeckue ce-
TouHble nopobaacTu. OcobeHHOCTh 3TOM KOHMUTypallli 3aKTI0YAETCH B TOM, YTO [MPH 33IaHHOM
YUCJIE Y3JI0B OHA MMEET OTHOCHTEbHO MAJIBIH AMAMETD COOTBETCTBYIOMIETO CETOYHOIO OAIDa-
da, T.e. cpaBHUTEILHO OJIU3KUI K HeabHOMY BapuanTy — cdepe. menHo 310 HABGIOAEHHE MBI
1 TIOJIOXKUM B OCHOBY PACCMATPHUBAEMOTO «JIOKAJBLHOTO» TPUHIINIA JEKOMIIO3UIN: CTPOUTE Ce-
TOYHBIE OA00IACTH ¢ MIPUMEPHO PABHBIM KOJIMYECTBOM Y3JI0B U HMEIOIHE OTHOCHTEBHO MAJIbIE
JMAMETPBI CBOUX CETOYHBIX MO TPadOB.

Wtax, oMuChIBAEMBIH AJITOPATM JTEKOMITO3UIIAN TPECTEIYET 1eTh CO3AHNsT CeTOUHBIX TTO/I-
obnacreit €, p =1, ..., P, 10 BO3MOKHOCTH MEHBIIEr0 AHAMETPa, TAe AnaMeTp MOHHMACTCA KaK
muamerp nogarpada Gp(Vy, Lp), HOpoxKaAeHHOro |7| MHOKECTBAME COAEPKAMNXCA B H0L00/1aCTH
BepmuH V), n pedep I,. Boobme roops, NONCK ONTHMATILHOTO B TEPMUHAX KAKOTO-IH00 KpHTe-
pus pazbuenns rpada G gBasieTcs 337346l KAK MUHUMYM TTOJTUHOMHAATBLHOM CIOKHOCTH, XOTSI
qutst pernenns Gonpmmx CJIAY mnexxenarenbHa qayke KBaPATHYHAS 3aBUCHMOCTD OT KOJTATECTRA
snementos rpada NV, N¥.

C 310l TOUKM 3pEHUs] MHTEPECEH CAEAYIONIMI X0 C MOMOIIbIO KAKOT0-JIN00 SKOHOMHYHOTO
METO/I9, BBIIOJIHUTH HA TEPBOM dTalie pazdueHue rpada Ha CBA3HBIE HEIIEPECEKAIOIHECs TOIMHO-
JKECTBA, CPABHUTEIBHO HEDOJIBINOH MOIMHOCTH U MaJIOr0 JUAMETPA, BIOCAEICTBHE PACCMATPUBAS
IX KaK MAKPOBEPITHHLI W JEKIAPUPYsT HAMUYGHE pedpa MeXay ABYMsI COCETHUMH MaKPOBEPIIH-
HAMEM B TOM H TOJIbKO TOM CJIy4ae, €CJIM €CTh XOTsd Obl OJIHO pebpo, COEMUHSIONIEE HEKOTOPBIE
9JIEMEHTHI 9THX JIBYX MOMHOYKECTR. B ganmbHeifem mpeaiaraeTess WHTEPIPETHPOBATH MOy IeH-
HBIH TakuM 06pa3oM rpad Kak orpybieHHyIo (arpernpoBaHHYO) KOMUIO MCXOMHOTO, MPUMEHSIsT
6osee ciokHbIE (MM, HAOOOPOT, MPOCTHIE) AITOPUTMBI 1Jist (DOPMUPOBAHMS TOCIEIYIOMUX 1
KOHEYHOTO pa3bueHuit.

He ocranapiuBasch MOKa Ha METOJAX arperainuy KaxKJ0ro ITama, OTMETHM, 4YTO IIPeiia-
raeMblil TOJTXO/T SIBJISIETCST MHOTOIMATOBBIM W (paKTHIecKn 06pasyer MoC/IeI0BaATEeTEHOCTE BIIO-
JKEHHBIX CETOK, WM MaKpOCeToK, u3 nomobsacteii. Eeau 0603Ha4YMTL Hepes § HOMEpP Imara B
paccMaTpUBAEMOl HEPAPXMIECKONH CTPYKTYPE, TO A (POPMAJIM3AINE JAHHOIO MTPOIECCA MOXK-
HO BBECTH CJIeAYIomue 0003HAYEHHUS: G<S>(V<S>, E<S>), s=0,1,..., M, — rpad MAKPOCETKH S-TO
ypoBHsi (s = 0 COOTBETCTBYET HAYATBHOMY CETOTHOMY I'pady, B KOTOPOM BEPINHHA MPEICTABIISIET
IPOCTON y3en ceTku, a M ecTh KOJUIECTBO CTAUil arperanun, KOTOPoe 3apaHee HEM3BECTHO ),
N‘</S by N ]gs ) vueo MAKPOBEPITIHH U MaKPOPedep MaKPOCETKH $-T'O YPOBHS.
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B nensgx moctpoeHus HAYAIBHOIO pasOMEHMs MIPEJIAraeTCd HUCIOIb30BATh ITOMCK B IMHPH-
uy [5]. Hdauubiii Metos obnamaeT mMpUBIEKATETBHBIM CBOWCTBOM IOMEYAThH B MEPBYIO 0YEPEb
BEPHINHLI C HAUMEHBIIUM DaCCTOdHHIEM OT I/ICXO,ZLHOI‘/)I7 YTO COOTBETCTBYET IEJIN CO3daHnd ITOIMHO-
ZKEeCTB MaJioro amaMeTpa. ITonck BEOCTCAd Cpeau BEPIINH, €Il HC OTHOCAIMIHNXCA K KaKOMy—HI/I6O
IMOAMHOZKECTBY, 0 TEX IOP, MOKa KOJUYECTBO MOMEYEHHBIX BEPINNUH HE JOCTUTHET OIIPEACICHHO-
ro mpenesa (XKeJIaeMoro pazmMepa MaKpPOBEPITHHBI Nr<rf3>X7 rje N osranaer uco V3JIOB CETKH,
KOTOPOE MIOMYCKAETCs BKIIOYATH B MAKPOBEPITHHY MEPBOTO ypoBHs). Bce moMedeHuble HA j-M
mare ajropuTMa BEPIMTHHbI 0OBAB/SAIOTCH TPUHAJIEXKAMUMEA J-MY TOJIMHOXKECTBY, MOCJIE Yero
TPOTIE/IyPa MOBTOPSETCS JI0 MCYEPIIAHUS MHOXKECTBA BEPIIIHH.

dopmasuzyem aaroput™ moucka B mmpuny. Yepes Adj(v) 0603HAUNM MHOXKECTBO BEPIITHH,
CMEXKHBIX BeprnHe v. [lyers Takke () — CTPYKTYpa JaHHBIX THIA ovdepens [5]. Oboznaunm depes
Q < S nobasjenne MHOXKECTBA S K odepesn (B MPOU3BOJBHOM TMOPSIKE), U < () — U3bATHE
JIEMEHTa K3 OYepCan. ,ZLHH BBIMTOJIHEHN A TTOUCKa B MUPUHY AOIMOJHUTEILHO BBEIEM C n W —
OeJIOYNCIICHHBIC MaCCHUBBI (CHI/ICKI/I) IIBETOB U BECOB BECPIIHUH (CMI)ICJ'I IIoCJICAHNX 6y,ZL€T PaCKpPLBIT
nozauee). Yepes C(v) uw W(v) obosHaumMm Tekymme 1mBET W Bec BepmuHbI v. llepes craprom
aJIropuTMa IBET BCEX BEPIIIUH MWHUIINAJUIUDYETCA HYJIEM, a UX BEC IIOJIaracM DaBHBLIM €IUHUIEC.
TaKxKe BBEJIEM Nmax — YKETAeMbBIil pa3Mep MaKpOBEPIMUHEL. Toraa airopuT™ 3aKaI09aeTcd B Ha-
YAJILHOM BBIOODE MPOM3BOJIbHON BEPITHHBI ¥ U3 MHOXKECTBA V 1 B JaJIbHEHIITUX TPe0dpa30BaHUsIX
rpada B COOTBETCTBHHU C IICEBJOKOIOM, ITPEJCTABIEHHBIM Ha PHUC.

i=1
while {u eV | C(u) =0} £0
pick any v from {u eV | C(u) =0}
Q=
n=20
while (n < Nyae and Q # ()
V4 Q)
Cw):=i
Q + Adj(v) n{u eV | C(u) =0}
n=n+ W)
end while
t=1+1
end while

ITocne padoter anroputma obbssuM V; = {u | C(u) = i}. Chopmupyem rpad ¢ Makposep-
munavu G = (V' E'), e V! = {V1, ... Vn/}, N — KOIM9€CTBO MOJYIUBIIUXCST MAKPOBEPIIIHH,
a MHOXKECTBO pebep E' onpemensercs Tak:

E ={(Vi,V}) | FueVi,veV;| (uv) € E}. (18)

VKazaHHbI BBIIIE aJITOPUTM MOXKHO HCIIOJIB30BATH U i (DOPMHUPOBAHNST COOCTBEHHO MO/~
obyacteit Hy:KHOTO pasmepa, monokus W(V;) = |Vi|, & Nmax PABHBIM XKeIAEMOMY Pa3Mepy Moj-
obsiactu. Ha anublii MOMEHT HMEHHO TAKOH aJIrOPUTM HCIOJb3yeTcs B bubsuoreke Krylov, xors,
BOOOITIE TOBOPSI, MPEJICTABISIETCS IIEJIeCO00PA3HBIM HCIIOJIb30BAHNE HEKOTOPOTO aHAI0Ta OYepein
C TPHOPUTETOM, TJIE, HAIPUMED, MPHOPHUTET TEM BBINE, deM 00Jbine Pebep CBA3BIBAIOT pac-
CMATPUBAEMYIO MAKPOBEPIUHY € TEKYIIUM COCTABOM (POPMUPYEMOIT 1TO00/IACTH, U TEM HUKE,
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YeM MeHbITe BeC (MOITHOCTH) ITOH MAaKPOBEPIIMHBI (CTOMT 3aMETHTh, YTO B TAKOM CJIydae pa-
3YMHO BBIYHUCATH TIPUOPUTET MaKPOBEPINMH B MOMCHT HU3BJCYCHUZA JIEMEHTa U3 O4HepeIu, a
He B MOMeHT fobasnenus ). Takoit aaroputy Gyaer 0TAABATH IPEAMNOYTEHHE MAKPOBEPIIHHAM C
pa3MepoM MEHLIINE THIINYHOI'O, BBIIIOJIHAA UX IIOIVIOOICHNE, 1 TEM MaKpPOBEPIIHHAM, BKJIIOYCHUC
KOTODPBIX CIIOCOOCTBYET YMEHBIEHHIO «ILJIOMAN TPAHUIBI TTOI00IACTH (T.€. KOJH4IecTBa pebep,
CBSA3BIBAIOIINX 3Ty T000IACTH € OCTAIBHBIMN).

[Ipennonaraercs, 9To CO3AaHABIE TAKUM 00pa30M NMOA06acTH OYIYT 0DECTIEUNBATE XOPOITYIO
CKOPOCTH cxopumocTu Metosa [lpapra.

2.2. OcobeHHOCTH HPOrpaMMHON peaIn3aIun

Paccmorpum Gosiee mogpobHO HEKOTOPBIE BOMPOCH], KACAIOIIHNECS HEMOCPEICTBEHHO OPraHu-
3AIMH BbIYHCJAUTEILHOTO POIECCca, MPUYEM OCTAHOBHUMCS JIJIs KPATKOCTH Ha ajiropurmax 06e3
mepecevueHns nogobaacTeil.

B MMEPBYIO O4Yepeb 3aMETHUM, YTO BBLINOJHEHUEC OAHOTO IMMara alAuTHUBHOI'O METOda ]_HBapua
(14) cocrout uz P nezaBucuMbix onepanuii permenuss CJIAY, nas peanusanuu KaxK a0l u3 KOTO-
poix popmupyercs MPI-tiporiecc, a BBITOJTHEHNE €€ OCYIIECTBIETCs OHUM U3 nporeccopos CPU
C YKa3bIBA€MbIM KOJNYECTBOM AOCTYINHLIX BLIYUCJAUTEHILHBLIX d1€P, NI TOTOKOB Nth7 KOTOPBIMHA
BBINIOJTHSETCH BHYTPEHHEE pachapaJijiennbanue Ham obmeit namsToio cpeacreamu OpenMP.

Bo BrophIX, peasibHO uTEpaIuu Mo MoA00JacTsM POBOAsATCH He 1o anroputMy LBapra
(14), a ¢ moMOMIBIO TPEIOOYCTOBIEHHOTO THOKOTO OGOOIEHHOTO METONA MUHHUMATBHBIX HEBsI-
30k FGMRES [8], B KoTOpoM 6104HO-naroHaibHas MaTpuIa ¢ 6;aokaMu Ay, Ha ITTABHON Jua-
FOHAJU BBICTYIAET B KayecTBe IPenodyciapiuBaTess. Perenue moacucreMbl Jjis KaxKuaou p-it
HO,ZLO6J'IaCTI/I OCYIMECTBJIACTCA NPAMBIM aJITOPUTMOM MJINW UTEPAIlMOHHBIM, U B HOCJIEIHEM CIydae
npeooycaBanBaTeib (GaKTHYECKH SABJISETCH MEPEMEHHBIM.

VuauThiBas BCE BBIMECKA3AHHOE, JIOTHYHON MPEJACTABISETCH CEIYIONAs CXeMA PeaIn3alun
BBIYHCICHUI. By/lemM XpaHUTh BEKTOPBI TaK Ke, KaK M MaTpuily, 1no [N, KOMIOHEHT B KaxKJOM
MPOIIECCE, COOTBETCTBYIONEM CBOEH monodbiacTtu. B TakoM ciyydae BEKTOPHO-BEKTOPHBIE OIEPa-
nuu 1 obpalneHue npeaodyCaBInBaIONIErO OIEPATOPA MOXKHO BBITOJIHATL 63 0bMeHa, JaHHBIME
mexkay MPI-mponeccamu (MCK/TIOUEHNE COCTABISAET UMb CKAISIPHOE MTPOU3BENCHNE, e 06beM
MEPECHITAEMBIX MAHHBIX HEBETUK). s BRIqUCICHUS neficTBus omeparopa A Ha BEKTOP Oymem
IepecoriaTh JIUb T€ JaHHBLIE, KOTOPEIE Tp€6y10TCH JJigl BhIMUCIEeHUA COOTBETCTBYIONINX qgacTen
BEKTODpa, T.€. TOJbKO MEXKAY COCECIHUMU HO,ZLO6J'IaCTHMI/I.

Nrepatiuu 1o moa001acTaM MPOAOIKAITCS 10 BBIIOJTHEHUs YCAOBU

] = [l = Au™[] <9[Ifll,  &* <1, mam n < ng (19)

max?’

€
max

B HO,ZLO6J'IaCTHX OCyHIIECTBJIACTCA UTEPAIMOHHLIM METOJOM, TO IJisl HEro 3a/al0TCsdA BHYTDECHHUE

rae €€ un — 3aJaBaeMble KPHUTEpPUH OCTaHoBa. Ecam pemenue penomorarensunix CJIAY

%

i
KPUTEPHH £°, Ny ax-

3. Ilpumepbl YnCJIEHHBIX IKCOIEPUMEHTOB

I'napHas 3a/1a49a JaHHOTO PA3Ea 3aKJIIOUYAETCS B TOM, YTODBI TPOJEMOHCTPUPOBATE 3(h(pek-
TUBHOCTL HTEPAIlMOHHOTO METOHa IIO HO,ZLO6J'IaCT§FIM7 KOTOpad B 3HAQUUTEJILHON CTEIEeHN 3aBUCHT

0T KadecTBa Jekommosuimn. Pacdersr nposogmnnck Ha Kiaacrepe UBMuMI™ CO PAH [9] nus
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KoJinuecTBa nogobsacreit P = 1,2,4,8,16,32, npuuem ciaydaii P = 1 cOOTBETCTBYET PEIIEHUIO
381841 6e3 MPUMEHEHNsT TeKOMITO3NIIIH.

B maba. 1 Mbl TpUBOAMM PE3YNBTATHI MO PEMIEHHI0 MOAenbHoit 3amaum upwxsme gmis
T Oy3MOHHO-KOHBEKTHBHOTO YPABHEHWsT B JIEKAPTOBON CHCTEME KOOPAWHAT X, 1, £ C TIOCTOSTH-
HBIMH KOHBEKTHBHBIME KObdurmentamn p = ¢ = r = 16, cm. [10, 11], B Kybuueckoii odnactu
Q = [0, 1]3, anmpoxkcumupyemoii Ha KybmaecKoil ceTke ¢ 1mucioM yanos N = N2 ¢ HOMOMBIO 9KC-
MOHEHTINATBLHOM CeMUTOUETHON cxeMbl. ['pAHNYIHbBIE YCIOBHUST COOTBETCTBYIOT TOTHOMY PEIICHUIO
u(x,y,z) = 1, a HauannHoe npubamKenne seidpano u’(x,y, z) = 0. s xpurepus octanosa (19)
BHEITHEr0 HTEPAIMOHHOTO IPOIECca BO BCEX CIYYAAX OBLIO BRIOPaHO £° = 1077,

OTMernM, 9TO B TPUBEIECHHBIX PACUTETAX UCITONH30BAJICA JIBYXYPOBHEBLIH BAPHAHT JEKOMITO-
sunuu (s = 0,1 B pazzaene 2), npudeM BoIGHPATNCH 3HAYCHUS Nﬁr?gx = /N, Nr<nla>X = N/P.

B kaxxmoit kmetke Taba. 1 mpeaCcTABIEHBI CBEPXY BHHU3: KOJWYECTBO BHENTHUX WTEPAIMIA,
ACTPOHOMHYECKOE U IPOIeccopHoe BpeMs (fy U tepy, HOCTENHEE — cymMMmapHoe no scem MPI-
IPOIIECCAM U 10 BCEM BBIYHCIUTETBHBIM MOTOKAM ). B KauecTBe permarteis B mogo01acTsaX HCIo/Ib-
zoBasics PARDISO u3 6ubanorexn Intel MKL [3], mpu 3amantom qucie morokos Ny, = 12. Us-3a
BBICOKMX TPeOOBAHU JAHHOTO PemaTesst K 06beMy OTePATHBHOM TaMITH 0KA3aJI0Ch HEBO3MOK-
HBIM TIOJIYIUTE HA HMEIOMEMCcsT 0D0DYIOBAHNT PE3YIbTATEI, COOTBETCTRYIONINE HE3AMOJTHEHHBIM

KJIETKAM TaOINILL.

Tabauma 1
Pemenne MopenbHOM 38141 ¢ ucnosbzosanuem PARDISO
B I0100JIACTAX

N\ P 1 2 4 8 16 32
1 29 32 39 54 78
643 32,2 | 14,2 | 6,39 2,88 | 342 | 1,58
164 | 93,5 | 55,1 46,3 | 232 200
1 40 44 53 75 108
1283 885 | 221 | 86,6 | 30,1 | 204 | 12,6
10340 | 4987 | 1785 782 | 1232 | 1615
60 72 102 142
2563 — — | 2222 332 212 138
100009 | 13450 | 18400 | 18210

B Tabs. 2 npuBopsTCs pe3yabTATHI JJisi PEIIEHUs TOH 2Ke 33124, OJHAKO JJIs PEIeHus
CJIAY B nog06macTsIX HCTOMB30BAICS TPEN0OYCTOBICHHBIH METO GHCOMPSIKEHHBIX DA, THEHTOR
co crabunuzanueii (BiCGStab), npudem qyist npenobyciaBanBanns UCIOIb30BANTACE MOI(UKA-
st Aiizenmrara [4, 8] anropurma HemosiHO# hbakTopusanni, 6€3 UCIOJb30BAHNS KAKOTO-THOO0
pacnapasiennanns. Kputepun octanosa mogaranuck caegyiomumm: £ = 1071 nd = 10.

B Tabn. 3 mpeacTaBlIeHa 3aBHCHMOCTb MeYKIy KPHTEPHAMH OCTaHOBa £%) nd . . dakrmde-
CKH OTBEYAIONIAX 38 TOUHOCTHL permenust CJIAY B momobnacTax, 1 BEMUIHHAMI, OTPAXKAIOTIHMHI
CKOPOCTH CXOAMMOCTH BHEITHETO0 MWTEPAIMOHHOTO TPOTIECCa, a TAaKKe OBIMYI0 BHITUCIUTETLHYIO
CJIOXKHOCTB. B KaxK M0l KJieTKe Tab/IHIbl IEPEYUC/IEHbI: KOJIMYECTBO BHEMHUX uTepauii n®, ob-
mee KOJIM4eCTBO BHYTPEHHUX I/ITepaLH/Iﬁ ni (CyMMapHOG II0 BCEM HO,ZLO6J'IaCTHM 1 110 BCEM BHECIII-
HUM I/ITepaLH/I?IM)7 ACTPOHOMMYECKOE U IIPOIECCOPHOE BPEMA B CEKYHIaX. ,ZLHH CpaBHEHHA TaKZKe
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Tabauma 2
Permenne MoenbHOM 331841 ¢ UCTIOTH30BAHIEM
Pe 100y CIOBIEHHOTO HTEPAIIMOHHOTO METO/Ia
BiCGStab B mogobmactax, ¢ = 0,1, n? . = 10

N\P| 1 2 4 8 16 32
9 29 34 47 65 98
64 | 4,05 | 6,35 | 3,44 | 1,54 | 1,59 | 2,26
4,05 | 12,7 | 132 | 12,3 | 20,9 | 77,3
18 | 58 56 67 92 | 132
1283 | 64,9 | 115 | 57,4 | 25,2 | 15,9 | 18,3
64,9 | 230 | 229 | 201 | 215 | 510
21 | 64 74 92 | 143 | 92
2563 | 606 | 1045 | 647 | 443 | 271 | 231
606 | 2079 | 2588 | 3553 | 3916 | 6627

MPUBOATCS BENMYUNHBI, ToaydaemMble npu permenun CJIAY B momobmacTsax TpPsSMBIM METOI0M
PARDISO.

Tabanua 3

Bnusuaue rounoctu pemenus CJIAY B mogobaacTsax Ha cKOPOCTh
CXOJTAMOCTH 1 PECYPCOEMKOCTH

T T Y
Basaua \ KpuTepuu i =01 gi =001 gii 0,001 PARDISO
N = 10 | 0t =20 | nd . =40
67 57 54 53
P=38 3297 5280 7040 424
N = 1283 25,2 39,9 52,2 30,1
201 318 415 782
143 111 108 102
P =16 15929 18843 25489 1632
N = 2563 271 319 427 212
3916 5112 6824 18400

OTMeTHM, 4TO BO BCEX IPUBEICHHBIX YKCIEPHMEHTAX HTOIOBAS MMOIPEINTHOCTD YHCIEHHOTO Pe-
meHns ObLIa IPIMEPHO OJHNHAKOBOH 1 paBHaAnach 1075, 4To J0CTATOYHO XOPOMIO COOTBETCTBYET
kputepuio £¢ = 1077,

ITo nmpuBeAeHHBIM PE3YABTATAM MOYKHO CAeIaTh CAEAYIOMNE BLIBOILI.

e C yBenmdeHHeM KoJM4YecTBa nojodsacreit P u cooreectBytonux um MPI-tiponeccos, mo
OIIPEJIEJIEHHOTO YHCJIa HADIIOMAETCs CyIecTBeHHoe yekopenue permenns CJIAY kak s
MPSAMOr0, TAK U UTEPAIMOHHOIO aJIrOPUTMOB B monobsacTax. OJHAKO, B CHJIY POCTA YHCIA
BHEIMHUX UTepalnii n° ¢ ypeandenuem P, a TakyKe BBHUY POCTA KOJIMYECTBA OOMEHOB MPH
9TOM, HabIIOAaeTCa MUHEMYM t,(P), KoTopslil Ha, TPy6oil cetke ¢ N = 64° macrymaer mpu
P = 8, a c ypenuuenuem N 1posiBIdeTCd NPH ropaszao 6ojbineM ducie P. YMeHbIeHus
qucya 1 MOXKHO JIOCTHYb 38, CYET NPUMEHEHHs JEKOMIIO3UIHN ¢ IepecedeHueM mnonobiia-
cTell M MCIOJIB30BAHUS APYTUX MPUEMOB YCKODEHHs HUTepaluil 1Mo mnogobacTsaM, OJHAKO
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BOIIPOC O BO3MOXKHOCTH MOHOTOHHOTO POCTa YCKODEHWsS BLIYHCIEHUit ¢ pocTtoMm P ocraercs
OTKPBITHIM.

Cpagsnenve spemen pemenust CJIAY npu ncnonwszosanun ams pemenus CJIAY B momobia-
CTAX TPAMOTO WU UTEPAIMOHHOTO aJTOPUTMOB MTOKA3LIBAET, UTO B PA3ANIHLIX CUTYAIIAAX
BBINTPBIBAET TO OAWH, TO APYyroit moaxon. Kax m caegoBano OXKUAATH U3 TEOPETHIECKUX
OTIEHOK BLITUCTUTENBHON CIOKHOCTH, TPAMO aITOPUTM POUTPLIBAET HTEPAITHOHHOMY, €C-
JIA YHCJI0 Y3JI0B B O00JIACTH AOCTATOYHO Beanko. OTHAKO ¢ POCTOM 3Ha4YeHu P pecypco-
€MKOCTh MPIMOT0 MeTo/1a YObIBaeT ObicTpee, yeM UTEPAHOHHOTO. CHPABEIIMBOCTH PaJIK
ClelyeT 3aMeTUTDh, 9TO BPEMEHa CUeTa COOTBETCTBYIOT PEAIN3allNy IPIMOTO aJTOPUTMAa €
pacmapasIeTuBaHueM o 12 IOTOKaM, a HTEPAIHOHHOro — 6e3 pacmapasieTiBaHus.
Yro xacaerca pemenust CJIAY ¢ npumeHenmeM HTEPAIHOHHOTO aITOPUTMa B momobiia-
CTAX, TO 37ECH CYITIECTBEHHDBIE PE3EPBBI YCKOPEHNS BRIUUCIEHNI 3aJT0KEHB B ONTUMU3AITNN
KPHUTEPUEB OKOHYAHHS BHYTPEHHHX HTeparuii. Kax BHIHO 3 Tabl. 3, yMeHbIeHHe £° u

%

max HPUBOIUT K U3JTUIMTHUM HTECPpalldM B HO,ZLO6J'IaCTHX " YBCJIIMYEHUIO BPE-

YBCJIIMYCHUE T}
Menu cdeTa. [IpuBenennble Pe3yNbTATHl HOCAT NPEIBAPUTENBHBIN XapaKTep W OCTABJIIOT
OTKPBITBIM BOIIPOC 06 ONTUMAIBLHOM CTPATErny BLIOOPA KPHTEPHEB OCTAHOBA BHYTPEHHUX

nTepaLuii.

3aKJII0UYeHue

IIpenaoKeHHbIl U KCIEPUMEHTAILHO UCCAEIOBAHHLIA B paboTe ajrOpuTM aBTOMATH3UPO-

BAaHHOT'O IIOCTPOCHULA C6aHaHCI/IpOBaHHOfI ACKOMIIOBHI UM, KaK BHIAHO H3 PacdYeTOB, IIO3BOJILECT

J0CTAaTOUHO 3PPEKTUBHO pean30BLIBATL mapayuienbuoe pemenne CJIAY ma cucremax ¢ pac-

HpG,ZLGJ'IGHHOfI ITaMATBHIO. CpaBHeHI/Ie IIPAMBIX B UTE€PAIINOHHLIX METOA0B PCIICHUA BCIIOMOTraTe/b-

aeix CJIAY B momobmacTdax cBHAETENLCTBYET O TPEHMYIIECTBE HTEPATMOHHBIX TTPOIECCOB B MTO/I-

npocTpancTBax Kpolaosa, 0COOEHHO IPH PEIIeHrH CBEPXO0IBINTNX aaredpandecKux cucreM. 1Ipu

9TOM peEmIeHue IMOACHUCTEM Ha Ka}I{,ZLOfI BHEITHEH urepanmuu J0CTaTOYHO IIPOBOIUTL C HEBBICOKO

TOYHOCTBIO.

Paboma noddeporcana epanmom PODU M 14-07-00128, a maxorce epanmamu Ipesuduyma

PAH M 15.9-f w OMH PAH N 1.3.5-.
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ON SOME VARIANTS OF DOMAIN DECOMPOSITION
METHODS

V.P. Il’in, Institute of Computational Mathematics and Mathematical Geophysics SB
RAS (Novosibirsk, Russian Federation),

D.V. Perevozkin, Institute of Computational Mathematics and Mathematical
Geophysics SB RAS (Novosibirsk, Russian Federation)

The paper considers the algorithms for solving large sparse SLAFs arising from grid
approximations of boundary value problems. The SLAFEs and algorithms are not limited in a
sense of number of unknowns, computational nodes, processors and/or cores. This problem is
reduced to a distributed variant of algebraic 3D-domain decomposition, in which no excessive
load of the root process is present, i.e. all MPI-processes, each of which corresponds to its own
subdomain, are almost equal. The computational process consists of two main stages. The first
stage is the automatic decomposition, based on the analysis of the matrix portrait and the
formation of large-block representation of the original SLAE. The second stage implements a
Krylov subspace iterative process with FGMRes (flexible generalized minimal residual method)
using either exact or approximate inverse of diagonal blocks as a preconditioner. The methods
described are implemented as a part of Krylov, a library of algebraic solvers. The paper presents
some features of current parallel implementation and estimates of resource usage. Efficiency of
the developed algorithms is illustrated by solving several typical model problems with different
parameters and in different configurations of multiprocessor computer systems.

Keywords: domain decomposition methods, matrix graphs, parallel algorithms, grid equations,
sparse linear algebraic systems
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