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O NPEAENbHbIX PELUEHUAX PA3HOCTHbIX YPABHEHUA,
COOEPXALLUUX ONMEPATOP JIAMJIACA

B.®. KyponameHko, I'.B. baliduH, U.B. JlynaHoe

BypHoe pa3BuTHE BBIYHCIMTEIBHON TEXHUKH OOJIETYMIO MPUMEHEHHE MaTeMaTHye-
CKOT'O MOJICTHPOBAHMs BO MHOTHX OOJNAcTAX 4elI0BEUECKOH AesTeabHOCTH. B HacTosmee
BpeMs MaTeMaTHUYECKUM MOCTUPOBAHNEM 3aHIMAETCSI OTPOMHOE KOJIMYECTBO CIICIHAIH-
CTOB, HCIIONB3YIOMIMX YK€ H3BECTHBIE M XOPOIIO OOOCHOBAaHHBIC UYHCIICHHBIC METOJBI.
IIpu obocHOBaHMM psiia METOAOB OBUIM JOKa3aHBl TEOPEMBbl 3KBHUBAJCHTHOCTH [1—4]
0 CBSI3M CXOJMMOCTH YHCJIEHHOTO pelIeHHUs K TOYHOMY C allpOKCHMAIlUeil 1 yCTOHYHBO-
CTBIO, a TaKXKe TeopeMa [5] 00 ycIoBHsIX MOHOTOHHOCTH YHCIICHHOTO penreHus. Ciexnyer,
OJTHAKO, IOMHHTH, YTO BCE 3TH TEOPEMBbI OBUTH JIOKAa3aHBI JJIS JINHEHHBIX WM JINHEAPU30-
BaHHBIX YpaBHCHHWH Ha pPaBHOMEPHBIX CeTKax. B ciyuae jke HEMMHEHHBIX ypaBHEHHMH W
IpU NPUMEHEHWH HEOJHOPOAHBIX (AJANTHBHBIX) CETOK MOTPENIHOCTh ANNPOKCHMAINN
MOXET OKa3aThCS HECXOJMIEHCS M MpEeAeNbHOe PElIeHHE NMPH CKOJIb YTOIHO OOJIBIIOM
YBEIMYCHUH YUCIIa TOUYEK CeTKH N MOXKET OTJIMYAThCsl OT TOYHOTO pemreHus. Ha Bo3HUK-
HOBEHHE HECXOASIIEeHCS aNMpOKCHUMAINHM YPaBHEHHs TEIUIONPOBOAHOCTH PAa3HOCTHBIM
ypaBHEHHEM Ha HEpaBHOMEPHOH ceTke ObUIo oOparieHo BHUMaHue B [, 2]. B mexaHuke
JKUJIKOCTH U ra3a HapyIIeHHEe paBHOMEPHOCTH CETKU MPUBOJIUT K 00pa30BaHUIO «IHTPO-
MUHHBIX» ciiefoB [6, 7]. B paborte paccmarpuBaeTcs mpobiema pa3anyisi TOYHOTO pelie-
HHS ¥ IIPEICNIBHOTO Ip N —> 0O pelieHHs HeMMHEHHOTO YpaBHEHHS TEIUIONPOBOIHOCTH
Y YpaBHEHHUS HIICKTPOCTATUKH B ClTydae, KOT/Ia COCEIHHE STYCHKN CETKU CHIIBHO pa3inda-
FOTCHL.

Knrouesvie cnoea: ypasuenue Jlannaca, aoanmusno-6cmpaueaemas cemxd, annpokx-
cumayus, CXooumMocms.

BBenenne
[MorpemHocts anmpokcumanuu auddepeHaIbHbIX YpaBHEHUH Pa3HOCTHBIMH B CaMOM OOIIEeM
ciydae uMeeT BUJ OECKOHEUHOro psijia

00 1 6k+1f i
h)=) —————h".
(k) ;(k+1)! Py

OrpaHn4eHue MNOTPEIIHOCTH aNNpPOKCUMAaluu oa(h)SM OPUBOIUT K TOMY, YTO B 00JacTsX C

OOJIBIIMMHU 3HAYEHHUSMH TIPOM3BOJIHBIX MPHUXOJUTCS YMEHbIIATh MIark / ceTku. M HaoGopoT, Tam, e
MIPOM3BOHBIE MaJbl, MOXKHO YBEJIMYMBAThH IIATH CETKU C IENbI0O COKPALICHHS KOJIMYECTBA BBIYHUCITH-
TeNbHBIX onepauuil. Takum 00pa3oM, ecTECTBEHHO BO3HHKAET HEOOXOAUMOCTh B MPUMEHEHUN HEOJHO-
poaHOM (aJanTUBHOM) CETKH, B KOTOPOM COCETHUE CETOUHBIC sueiiku paznuyaiorcs. EcTe Takoke U apy-
rasi IpUYMHa TPUMEHEHHS aJJalITUBHBIX CETOK — HAIMYHE PAa3HOMACIITAOHBIX JIEMEHTOB B MOJICIIUpPYE-
MO KOHCTPYKIMH WU MPOLIECCE.

B cootBerctBumM ¢ [7] Oymem o6o3HauaTh IuddepeHunalbHbIe ONEpaTophbl, NCHCTBYIONINE Ha
¢dbynkuuio f, uepe3 Lf , a pazHOCTHBIE onepaTopsl — uepe3 Af . B [8] mokazaHo, 4To pa3HOCTHEIE ypaB-

HCEHUA BHUJa

Af=0 ey
MoCJIe PAa3NIOKEHUsI CETOUHBIX (YHKIUH B psizibl Telnopa MOTYT OBITh ITPEJICTABICHBI B BHIIE

Af =Lf +o(h)=0, )

rae h — Iar CeTKH, co(h) — MOTPELIHOCTh alMpPOKCUMaINU, Lf — 4JICHBI, He COIEPIKaIHe IIaroB CETKH

Y Ha PaBHOMEPHOU CETKE COBIA/IAIONINE C alllPOKCUMUPYEeMbIM TH((epeHINaTbHBIM ypaBHEHUEM
Lf =0. 3)
OnbIT IOKa3bIBAET, YTO HA HEPABHOMEPHOM CETKE BMECTO oreparopa Lf B (2) BOZHUKAET OmepaTop

L, f # Lf . IupIMu c10OBaMH, Pa3HOCTHBIN onepaTop Af anmpoKCHMHUpYeT He UCXOAHBIN auddepenim-
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aNIBHBINA omepaTop Lf , a HEKOTOpBIH Apyroit oneparop L, f . EcTecTBeHHO, YTO 3TH OnepaTopsl UMEIOT
pasHble penieHus. Pernenne ypaBHenus Lf =0 sBisercs TOYHBIM, a peuieHue ypaBHenus L, f =0 sB-

nsieTcs mpenenbHbIM pu i —> 0. Mtak, npeensHoe pelieHne, mojydaeMoe Ha HepaBHOMEPHOM CETKe,
MOJKET OTJINYAThCSA OT TOYHOTO PELICHHMS, HE 3aBUCAIIETO OT CETKH. DTOT 3((HEeKT 0COOCHHO SIPKO MPo-
SIBIISICTCS B PA3HOCTHBIX YPABHEHUSX, COJICPKAIIMX PA3HOCTHBIN omnepaTtop Jlamnaca. K TakumM ypaBHe-
HUSIM, HATPUMED, OTHOCSTCS:

1. YpaBHeHHUE TEIIONPOBOAHOCTH

LT=CV%+V(kVT)=O, 4)

rae 7 — remneparypa, C, — TEIIOEMKOCTb, k — KOI(Q(UINUEHT TEIUIONPOBOJHOCTH.

2. YpaBHEHHE dIIEKTPOCTATUKH

Lo=Ap=0, (5)
r7e ¢ — MOTEHLIHAT IEKTPUIECKOro MOJIs.

3. YpaBHEHUE ABMKEHUS BSI3KOM KUIKOCTH

dU -
p?+vp—v(wu)=o, (6)

rae U — cKopocTh, p — IDIOTHOCTh, P — AaBjieHue, | — Ko GuImeHT Bsi3koctd. Ha mpumepe ypaBHe-

HUA TCIJIOMPOBOAHOCTU U YPABHCHUSA ISJICKTPOCTATUKU OICHUM MOIPCHIHOCTHU, BO3HUKAIOIIUC H3-3a
MNPUMCHCHUSA HCOAHOPOAHBIX CCTOK U PA3IIUYHA MCKAY TOYHBIMU W MPCACIBbHBIMU IIPU h—0 penie-
HHUAMMU.

1. Pa3HocTHOEe ypaBHeHHe TEILUIONPOBOIHOCTH HA HEPABHOMEPHOIi ceTKe

PaccmoTpuM 1t IPOCTOTHI KPaeByIo 3a1auy AJisi OAHOMEPHOTO YPaBHEHHUS TETUIONPOBOJIHOCTH

oT 0 ( aT]

= ={e=, ™)

ot ox\ oOx
Koraa Ko3(Q(GUIMEHT TEeIUIONPOBOAHOCTH SIBISCTCS CTENEHHON (yHKImeil oT Temmnepatypbl k = kT .
OTo Tak Ha3pIBaeMas 3aJaya o MPOrpeBe CPedbl, UMEIOIIas TouHoe (aBToMozebpHoe) pemenue [9]. Ha-
yanpHas TeMIepaTypa B O0JIacTH IMOJlaraeTcs HyJEBOH, a 3aBUCHMOCTb TEMIIEpaTyphl OT BPEMEHH Ha
neBol rpanuiie npu x =0 3amaeTcs BRIpaXKCHUEM

1
aD’t /o

T(O,t)z npu ¢>0. (8)

0
Pemennem 3amaun siisieTcss (yHKIMS, IpeTeprieBaroias pa3pbiB Ha (GpoHTe Oeryiiei Temmepa-
TYypHOW BOJIHBI IpH X = Dt
1/a
aD

T(x.t)= E(Dt_x) mpu 0<x<Dr, o

0 npu x> Dt.
[lepeiinem K pacCMOTPEHHIO Pa3HOCTHOTO YpaBHEHMUsI, alllIPOKCUMUPYIOILEro ypaBHeHue (7) Ha He-

paBHOMEpPHOU ceTke. Pa3HOCTHBIN m1a0IoH N300paXkeH Ha PUCYHKE.

t

A

tn+l

T T’

i+0,5 i+1,5

Xi1 X, Xt Xioo

Pa3HOCTHbIN WAGNOH
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TemnepaTypsl 3aJIaHbl B CEPEIMHAX CETOYHBIX sUeeK. Y MHOXHUB (7) Ha dxdt , IPOMHTETPUPOBAB 1O
sueiike (x; Sx<x;,, ¢"<t< T ) ¥ IPUMEHUB TEOPEMY O CPETHEM 3HAYCHUH, TIOJTYYHM Pa3HOCTHOE
ypaBHEHHE

o o
+1 * * ot * ok
,-'lo,5 - iiO,S ko (Ti+1) (Ti+1,5 Tios T; Tios—Tioos 0 (10)

AT =
T hivos O’S(hHl,S + hi+0,5) Oas(hi+o,5 + hi—O,S)

o o o *
Orpanr4nMcst pacCMOTPEHUEM SBHOW PA3HOCTHOM CXEMbI, B KOTOPOW / =" W BCIIOMOraTeNbHBIE

BEIMYMHBI OEPYTCS B MOMEHT BpeMeHH ¢ . 3HAUEHUs TEMIIEPATYPhl Ha BEPTUKAIBHBIX IPAHAX CETOUHOM
SIMEUKU ONPEACAIOTCS TMHEHHON HHTEepIOIALUEH

n n
w PiosTivgs +hiasTios

T = , (11)

Mios + R s

1

n n
n o PiosTiios +hiosTios
i+l .

(12)

hivos+hios
IIpencraBuB Bce ceTouHblE 3HaueHus1 1 B BUAE psnoB Tainopa B TOUKe (t",xl- +0.5 ) , 3arumieM (10)

B BUJE

h. <+2h +h;
Ar 29T s ¥ 2hiaos * s i(koT“ a—Tjﬂo(r,h):O. (13)
ot 4hl+0,5 Ox Ox

Ha nHepaBHOMEpHOI CETKE OTHOWIEHMS /i, 5 W F;_os K M5 OCTAHOTCS TOCTOAHHBIMH TP M3-

MenbueHUU ceTku. Ecnm cetka paBHOMepHas (h_gs =h, 5 ="M 5), TO Koaddumuent nepen npous-

BOJHOM 1O X
Z= (hm,s +2h05+hi_gs )/4hi+0,5 (14)
paBeH enunue. B atom cnyqae @ >0 npu 1 >0, h—>0 u AT — LT =0. Ecnu xe ceTka HepaBHO-

MepHas, T0 Z#1 u AT =L, T =0. Ilpu stom ypaBHenus L7’ =0 u LT =0 pasznuunsl. Pemenue ypas-
Henus LT = 0 siisieTcst TOUHBIM pereHreM 3aaauu (9). O6o3HaunM

B sToMm citydae pemenue ypaBaenus (7) (pefensHOe pelieHre) ¢ TPAaHIYHBIM YCIIOBUEM (8) UMEeeT BHUIT
o
oD,
_ <x<
T(xf)= { K (Dt x)} npu 0<x <D, (16)
0 opu x> Dyt.

3nauenus D), k; u Dy, k, cBs3aHBI COOTHOLIEHHEM
2 2
Pemenus (9) u (16) na paBHoMepHOU ceTke (mpu Z =1) COBMAgalOT, HA HEPAaBHOMEPHON CETKe

(mpu Z #1) paznuuarotrca. OLeHUM 3TU Pa3IAdHsL.
W3 (15) u (17) caemyer, 4to

Dy =DWZ. (18)

Jns cnydast Z >1 ciaOblii pa3phiB B IPEIETHHOM PEIICHUH HAXOIUTCSH B TOUKE

x =DyNZ . (19)
CrnenoBarensHo, mupuHa yyactka Dyt < x < D;t paBHa

Ax=Dy(NZ -1). (20)

[TorpemHocTh MpeaenbHOTO pelieHrs Ha 3ToM ydacTke coctaisier 100 %, Tak Kak B TOYHOM pe-
HeHny Ha 3ToM ydactke 7 =0, a B mpubmamxernaom 7 > 0.
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I[J'IH HHTGFpaJ’ILHOﬁ OIICHKU TOYHOCTHU BBCIACM BCINYNHY

J=[T(x)dx. 1)
HuTterpan oT TOUHOTO pENIEHUs paBeH
Do aD, Yo o /
J= | T(x)de=| =2 | —Z(Dyt)" . 22
-([() {k()]lﬂx(()) @2)
HHTerpain ot npeaeasHOro peleHus paBex
D]X aD 1/(1 a 1 /
Jo= [ T (x)de=| =2 | ——(Dyt) " 2"%, 23
= a2 ] ) @)
Takum 00pa3oM OTHOCHTENbHASI TOTPEHIHOCTh 3aBUCHT OT Z
AT =\Z -1, (24)

B ciydae ceTkw, 3a[aHHOI [0 T€OMETPHYECKOM MPOrpeccry ¢ mokasaresieM 2, Z =9/8 u otHOCH-

TenpHas norpewnocts AJ/J =0,06.

2. Pacyer 2JIeKTpM4€CKOr0 MoJIs
B snextpocratuke ypaBHeHHs MakcBema JUIsl 3IEKTPUUECKOTO MO MPUHUMAIOT BUJ ypaBHEHHI
Ilyaccona wmm ['enpmronsna [10]. Y B ToM, 1 B APYTOM YpaBHEHUH IIEHTPAIIEHOE MECTO 3aHUMAET OTIe-

patop Jlanmaca. PaccMoTpuM ypaBHEHHE A7l HANPSHKEHHOCTH AJIEKTPHUUECKOTO TTOJIS (p(r) B LIWJIUH]I-

prueckoi obmactd 1<r <2, —0<z<w
L(pzi(ra—(pjzo. (25)

Ha rpanunax srtoit obnactu 3agansl @ =0 npu r=1 u ¢ =1 npu r =2 . TouyHOe pelieHne ypaBHe-

HUs (25) uMeeT BUA
0=1,4427Inr. (26)

PaccmoTrpum Teneps pa3HOCTHOE ypaBHEHHE, alllipoKcuMupyroriee (25)

1 Piv15 —P; ®; —Q;-
p ;/2+1 i+1,5 i+0,5 _ I’; i+0,5 i—0,5 =0. (27)
i+0,5 0’ 5 (hi+1,5 - hi+0,5 ) 0’ 5 (hi+0,5 - hi70,5 )

3HAYEHHMS 7; U 7;,| CBKEM C CepeaMHOM unTepBana i+0,5

Ap=

Tt =lisos T0:5h,05, i =105 = 0,5k, 5. (28)

[IpencraBuB Bxonsmue B ypaBHeHHE (27) 3HaUeHUS] @ B BUAE psAAoB Tailopa U MOACTaBUB HX
B (27), momy4yum

Ap=Lo+w(h)=0. (29)

[Ipu 7 — 0 ypaBuenue (29) npuHUMAaET BUJ MIPEIEIHLHOTO MU HEPEHIIHATEHOTO YpaBHEHUSI

op 62(p
=90 ,z2 9, 30
Lo » 02 (30)
pelieHre KOTOporo UMeeT BUJ
(p:(rZ—l/Z _1)/(22—1/2 _1). (31)

B cmyuae, xorga cerka 3aaHa o T€OMETPHUYECKOW MPOTPECCHUU CO 3HAMEHATENeM 2, MHOXKHUTENb
Z =9/8. B stom ciyuae perenne (31) TakoBo

9, =12,4907(° -1). (32)

I/IHTGI‘paHBHOC pa3andue MEXKAy TOUYHBIM U IMPEACIbHBIM PCHICHUAMA UMECT BU

AJ/J:(T(p(r)rdr/j‘(pl(r)rdr]—l. (33)
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[Tocne HaxXOKIAEHHS MHTErpanoB, moaydnm AJ/J =0,01. KoHeuHo, 310 Majas OTHOCHTEJbHAS 10~

IpCIIHOCTD. Ho He ciaenayer 3a6BIBaTB, 4YTO OHa HOJy4YCHa IJId KOHerTHOﬁ CCTKH, KOTrga COCCOHHUC
STYCHUKU OTINYAIOTCS B ABa pasa. B peaJ’IBHOfI HeﬁCTBHTeHLHOCTH CCTKU MOT'YT OBITh OYECHB Pa3HbIMHA U
OTHOCHUTCJIbHAs NOTrpCIIHOCTL MOXKCET BO3PACTH.

3akiouenue

[IpoBeneHo uccnenoBaHUE BIUSHHUS HEPABHOMEPHON CETKU HA pa3iInine MEKIY TOYHBIM PeEIlleHU-
€M UCXOJHOTO Au(dPepeHIMaT HOTO YPAaBHEHUS U TOYHBIM PEIICHUEM MPEIeNbHOTo pu N —> 00 ypaB-
HCHUA, T. €. Hpe}leHBHBIM peIHeHI/IeM. HpOBeJleHHBIe pacquH U OLCHKHU CBI/II[eTeJ'IBCTBy}OT O TOM, 4YTO
OTIIMYHWE TIPENICTHHOTO PEIIEHUS OT TOYHOTO KOHEYHO M ATa Pa3HUIA 3aBUCHUT OT CTETICHH HepaBHOMEp-
HOCTHU BHIOPaHHOH CETKH.
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ON A SUPREME SOLUTIONS OF DIFFERENCE EQUATIONS
ENCLOSING THE LAPLACE OPERATOR
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The rapid IT development facilitated the math simulation application at various
branches of human activity. In present, the huge amount of specialists are dealing with
math simulations, that using well known and substantiated numerical algorithms. There
were proved some equivalence theorems [1—4] about coupling of numerical solutions
convergency with the approximation and stability. So was the theorem of the solution sta-
bility conditions [5]. One must remember, however, that all was proved under linearity
equations and uniform meshes assumptions. While for nonlinear equations and nonuni-
form adaptive meshes the approximation errors may be nonconvergency and the supreme
solution may differ from exact solution at unlimit growth of number mesh points N. The
appearance of nonconverging approximation for the equation of thermal conduction by fi-
nite-difference equation at nonuniform meshes was pointed early at [1, 2]. The violation
of meshes uniforming leads to entropic trace appearencing at liquid and gas mechanics [6,
71. In the paper there is treating the problem of difference between exact and supreme so-
lutions of nonlinear equation of thermal conduction or electrostatic equation in the case of
strong difference between size of neighbour meshes cells.

Keywords: Laplas equation, adaptive mesh refinement, approximation, convergency.
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