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TOYHA4A NO NOPAAKY OUEHKA NMPUBJINXKEHHOIO PELLUEHUA

OBPATHOWM 3ALAY4U AJ151 YPABHEHUS TENJIONPOBOAHOCTHU
HA KOJIbLIE

A.C. KytysoB

C WCITONBb30BaHMEM MeToNa TPOEKIIMOHHOM —PEeryyIsapy3alid  TOCTPOSHO
MpUOMKEHHOE pellleHre OMHOM MHOTOMEPHOM OOpaTHOM 3amadd IjIsT ypaBHECHMS
TEIUIONPOBOIHOCTY Y TIOJyYeHA TOYHAS IO MOPSAKY OLEHKA 3TOTO pelieHus.

1. ITocTanoBKa oopaTHoii 3agaun. PaccmoTrpum nuddepeHimatbHOe ypaBHEHIE

au(xa yat)
S22l = Aulx, y,t),
p (x,,t) ©
B KOoTOpoM X,y € K, K — KOJIBLIO, OrpaHUYEHHOE OKpYHOCTaMM ' u Iy ¢ paamycamn 1 u r, cooT-
or o
BeTCTBEHHO, 120, A :5—7+$ - oneparop Jlarmaca. TlycTs W3BECTHHI CligAYIOIME HayalbHbIE K
X
TpaHH4HbIE YCJIOBUSL:
u(x,y,0)=0, x,yeKk, (2)
”lr“ =0, 120, (3)
u|ro =f{t), I'y= {x,ye K:x* +y2 :roz,rl << rz},t >0, 4

a 'PaHUYHOC 3HAUYCHHUEC U HKUUH u(x, y,!) NOAIEKUT ONPERCITICHULO,
r
2

ByL{eM HCKaTh PCHICHHUC SToi 3a/javy, ABAAIOMEeC] OCCCHMMETPUYHBIM, TO €CTh TAKUM, YTO

u(x,y,t):u(\/x2+y2,t). (5)

BeironHmM 3aMeHy flepeMEHHON 2 = Jxi+ y2 . Torna zanauva (1)~(4) cromutes K cheayoei:
ou(z,t) %u(z,1) . 1 Ou(z,t)

(>0, r<z<n, 6

ot oz? z Oz N=E=h ©)
u)t:O =0, n<z<n, @)

u‘z:r] =0, (>0, (8)

W, =10, 120, n<p<n, )

a onpesenuTh TpedyeTes u]zzrz =uy(r,,1), 120.

3apaya (6)+(9) aBngETCH HEKOPPEKTHO MOCTARICHHOM.

Tlpennonoxum, aro npu f(f) = fo([)eLz[0,00) CYUISCTBYET TOYHOE pelieHue uy(ry,¢) = 0 mo-
CTaBJICHHOW 3a7a4H, KOTOPO€ NMPWHAIEXXHT NPOCTPAHCTBY Wz1 [O,oo), NpHYEM JJIsi 3TOTO PEHICHUs
uy(ry,0) =0 u cymectByer ymeno 7' >2 taxoe, yro npu ¢ =T

ug(ry,1) = 0. (10)
Kpowme toro, uy(#,,t)e M,, roe
1 . 2 2
M, =y e, [0,0): o, <72). (11)
Opanaxo TouHoe 3HaueHue f((f) HaM HEM3BECTHO, & BMECTO HErO JaHbl HEKOTOpOe NpuOIKeHHe

fs(hel, [O,oo) ¥ ypOBeHb rorpeuHoctu o > 0 Takue, 4To

\fo- %, <6 (12)
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Kymy3sos A.C. Toyras no nopsidKy oueHKa NPUbGIUXeHHO20 PeweHUs
o6pammnol 3adayvu Onsi ypasHeHUs mennonpoeoGHOCMU Ha Konbye

Tpebyetcs, ucnoneays HCXOAHbBIE AaHHbIE f35, 5, ¥ M, 3aga4u (6)~(9) noctpours npubImwKeHHOE

pelIeHNe us(!) ¥ OLEHHUTH €0 YKIOHEHHE ”“o - u(;“LZ OT TOUHOIO peleHus uy(f) = uy(ry,1).
Hcenonpsys MeTox pasiesieH|s NepeMeHHbIX, MOJKHO MOKasath, 4To K 3ajave (6)—(9) MoxkHO npH-
MeHATh peobpasopanue ypbe Ha NOTYNPAMOU 110 ¢ B TIPEATIONOKEHHH, YTO
u(z,t)=0 mpu ¢ <0. (13)
2. CBegenne ypaBHenus (6) k 00bIKHOBEeHHOMY A PepeHINATLHOMY YPABHEHHIO. Y UNTHIBaS
(13), B xadecTre paboyero npocTpaHCTBA H BO3bMEM KOMILIEKCHDIA BapHaHT Lz[O,oo) Haj nojem

JNEHCTBUTETBHBIX YHCEN, TO €CTh €ro MeMEHTB UMEIOT BUA u(l)+iv(t), rue u,ve Lz[O,oo) W HOpMa B

HeMm onpeensercs no gopmyne |[u + iv“ﬁz = HuNz L +Hv”2 .. - Torna npocrparcTeo H 6yner ruasbepto-

BEIM, a ipeobpaszoBanue Pyphe Ha HeM onpeaeuM GopMyrIoi

Flu()]= \f ju(;)e"“dz r>0. (14)

U3 teopemsbl Tlnanwepes, C(bopMynnpOBaHHou B [2], cneayer uzoMeTpuuHOCTD NpeobpazoBaHus
F, onpenenennoro gopmyioii (14).
ITpumensia k yparenuto (6), ¢ yuerom ycinosus (13), npeobpazoranne Oypre F , nogyuaem
d*u(z, T) N 1 di:\l(Z, T)

2 y —itu(z,r); 20, rR<z<p, (15)
Iz z z

rae u(z,7) = Flu(z,1)].
Hns ypapnenus (15) noctaBuM 3azavy, 106aBHUB YCIOBHS
u(i,7)=0, 720, (16)
u(r, 1) = F(2), 720, (17)
re 7(z)= FIf(0)].
M3 (15)+17) TpebyeTcs onpenesuTth &(rz,r) = z:;(r),r > 0.
BrinosiHuM 3amMeHy

I
w(z,r)=(z,7) 2 2, (18)
npeaiokeHHyo B [5, ¢.131], urobsl npuBecTH ypaBHeHue (15) k HOpManbHOMY BUY.
Ioce npeobpazosanmii 3anava (15)-(17) croaured k cieayronieH:

5~
M?T-)Jr—%v(z,r):ifv(z,r); 120, n<z<n, (19)
dz* 4z
\A)(r],r) =0, 720, (20)
Wiy, 7) = f(@)r» 720, 1)
Janee, nycTs
z=0+r, WO+r,7)=w0,7). (22)
Torna u3 (19)-(22) umeem
d>w(8,7) - -
-t wl@,r)=itw(6,7), 120, 0<8<r -, (23)
dg*  A@+n) 2
w(0,7)=0, 720, (24)
wry=1,0) = F(O\ R, T20,7<n <n. (25)
B pabore [1] yxazaHno, uTo petnenue 3anauu (23), (24) ntuHedHO 3aBUCHT OT pellieHkd 3a3a4n
2
d”e(9,7) + 1 e(@,r)y=ire(0,7); 720, 0<O<r,—n, (26)

e’  4O+nr)*

Cepus «<Matematuka, prsnka, XmMmsi», BbIMyck 9 31



MaTtemaTtuka

e(0,7)=0, 720, (27)
e'g(0,7)=1, 720, 28)
TO €CThL HMEET MECTO COOTHOLIEHHE ’
w(@,7)=U(1)e(0,7), v20,8€[0,r, —r], (29)
rae /(1) ~ npou2BosbHas QYHKUHS.
Hcnons3ya (25), HaxonuMm
l(r):m, 720. (30)
e(ry ~H,T)
N3 (18), (22), (29), (30) cneayeT, uTo
7@
e(ry —1,7)
J @
————e=e(r, — K,T).
e(ry =, 1)\/;

Teopema 1. ®ynkuus /(7), onpenenennas Gopmynoit (30) venpepsisna mpu 7 >0 .

u(z,7)= 22N e(z K,T)zZ 2, ze[rl,rz]«,rZO. €1}

Toraa ipu £ >0 ;4("2,7) =

Hokazamenvcmeo. Tak xaxk f(7) u e(ry—n,7) HeNpepeiBHEI NpH 720, TO VA J0Ka3aTe bCTRA
TEOpeMBl IOCTATOYHO Y6eauThes B TOM, yTo s moboro 720 e(r,—#,7) #0.

ITpeanonoxum OPOTHUBHOE, T.€. HAUAETCA YUCIO Ty >0 Takoe, uTo e(r, —n,7) = 0.

PaccmoTpumM npoctpanctso Hy =1L, [0, Ty “”1] Hal TO/IEM KOMILIEKCHBIX YHCeN W Omeparop

A4, :Hy = Hy, onpenensempiii hopMynamu
2

d‘u 1
Au=—+—-——u; ueD(4), 32
1 d¢92 4(0+I’1)2 (1) ( )
D(4)={u:u, e Hy, u(0) = u(r, —n) = 0}. (33)

W3 (32), (33) cnemyet, uro onepatop A4, CAMOCONPSDKEH, MOITOMY. coriacHo [2] ero crextp
Sp(4)cR.

W3 (26) cnenyer, uto Aje(f,1y) = itge(0,7y); 0<0<r,—n.

Touka iz, He mNpHUHANJIEXWT CHEKTPy oOneparopa A, CJEIOBaTEJbHO, YPaBHEHHE
(4 —iryI)e(8,7,)=0 nmeer enuncTBeHHOE pemnenne e(f,7)=0 npu Beex 0< 0 <ry —r . 3Haunt u
e'p(0,75) =0, uro npotusopeunt ycnosuio (28). Teopema nokaszana.

3ameuanue: npyU JOKA3ATENLCTBE TEOPEMBI Mbl CUMTAJIM, YTO HYJI€Basi TOYKA HE NPUHAMJIEKHT
cniektpy onepatopa A4, . Cnefys TreopemMam u onpeaeneHuam u3 [2, 3], njist 3Toro J0CTaToOYHO, BapbUpys

n, JOOHUTHLCS BBINOTHEHUS OAHOTO M3 HEPABCHCTB! H!rﬁf (A]u u) >0 wiu sup(Alu u) <0.
ufi=1

3. Ouenka no nopsiaKy Aasi pemenus 3agaun (26)—(28). Ilepenuinem ypaBHenue (26) B BHIe
d*e(0,1) . 1
———=—ire(0,7) = wLj{(—g:—’i-)?e(@,r). Pewras nony4yeHHoe ypaBHeHME METOIOM BapHalliy NOCTONH-
HBIX M, HCTIOJIb3YA yCnoBus (27), (28), ceenem 3amauy (26)—(28) k cieayronieMy HHTErpajlbHOMY ypaB-
HEHHIO

sh A0 %sh A0 - 1
(0,7 = HE [ IO e)
yrvs 0 Hod 4(&+n)

rie ,uoz—\/%—(lﬂ'), 9,§E[O,rz—q], A:J?zo, e (8, ) =e(b,r1).

se($, )dS, (34)
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Kymy3zoe A.C. ToyHas no nopsdky oueHka NPubNuxeHHO20 pelieHuUs
o6pamuoli 2adayu G151 ypaeHeHUsT MenonpoeodHOCIU HA KOMbUe

Teopema 2. CywecTBytor uncna Ay >0, ¢; >0,¢, >0 Takue, 4T0 U1 MO00TO A = 4 BBINONHSAET-

o, 2,

< |e1(6’,/1)[ <y ¢

)
eV?
€S HEPABEHCTBO! ¢

Horazamenbcmso. BeimonauM 3amery g(6, 1) = hlu 0’39 e(8,4), Torna ypasHenue (34) npuner
50 4y
BUY
6
sh py, A0 - &)sh A 1
£(0.4)=1- [£2 O=¢)shiyte (£, D)dE. (35)
o - HMoAshipAO 4G +n)
DyHKLHs 7 HETIPEepBIBHA TIPH BCEX (96[0 r - ] CNIeAOBATENBLHO, HAMMIETCA MOCTONHHAS
+h
1
¢ >0 Takag, YT0 —————5 <C.
4O+r)
Jlanee, npi A — oo tSh HpA0 ~g)sh ,uoitff — 0, nostomy ana modoro « >0 naiigerca A, >0 Ta-
HoAsh py A0 ;
KOe, 4TO AT BCeX A > Ay ISh H MO —¢)sh #Olfi <
HoAshugl0 |

O6o3HaunM g = ?Sh #MO —5)sh i ds !
O mAshud® |4 +n)

uMeTh: g <ac(r —r). lockonsky o — moboe, To ero MoXxHO MoA00paTe TakuM 00pasom, 4ToOb! Be-

dé. Torpa B cWIly NOJyYEHHBIX OLEHOK Oyaem

JWYMHA ¢ OKa3asack CTPOro MeHblne 1/2.
o0

[lokaxem, 4UTo pelteHHe ypaBHeHUa (35) MOXKHO HCKaTh B BHE 8(9,/1):st(6’,/1), rae
v=0

“ish A0 - E)sh a1

o0, ) =1, &,.,(6,4) =~
ol - Oj HoAsh 20 4+ 1)

[IpuMeHs MHIYKIPHO N0 V , MOXKHO NOKa3aTh, YTO ‘gv(é’,l)[ <q",rope v=0,1,2,...

S6, (& AdE.

@«
[Tockonexy g <1, 1O pan Z £,(0,4) paBHOMepHO ¥ alCOMIOTHO cXoauTcsa npu O e [O, " —r,],
v=0
A2 Ay nerocymma (6, 4) paBHOMEPHO OrpaHuyeHa npu A — .
Takum obpazom, nosmyuaem:

1-~_<¢wz»-iﬁ (36)
- -q
A0
l —
[Tockonbky sh 640 &(0,4)=¢,(0,4) u ISh ’UOZHI ~2 npu A — 0, To U3 (36) HaxomUM:
Hol Ho A
0 6
o eV
a <le, (8, 2)! <ec,

Teopema nokazaHa.
4. Ouenxa npubanxenHoro sHavenus Gynxuun /(7). B cuny n3omMeTpudHOCTH npeobpa3osa-

uns Oypve F , onpenenenHoro popmysoi (14) u B cuity ouerky (12) umeem
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[750-%

re f5(0)=F[f5(0], (@)= F[£0)].
fo( >\/— ey = LEEN

5 ) ’ E(VO-I"I,T)

< , 7
S5 (37

Janee, nycts Iy(7) = . Torna

@)=, = .[—z‘“““—‘lfa(f) fomi dr+ | “‘lg‘;;];’;(f)—};(f)izdf-
iy

g

Mockonbky GyHKUHA e(ry—r,T) HenpepelBHA Ajd Bcex 720 W U3 TeopeMbl 1 ciemyer, 4To OHa

7
HUTIe He obpawaercs B Hyilb, TO — 9 HETIPEPbIBHA NPU- T € [O,ﬂg‘], 3HAYUT Ha ITOM OTpe3ke
e (ry—n,7)
;
OHAa  JOCTHraeT  CBOEr0o  HauGONbIIEro  3HAYEHHs, TO  €CTh  ——2— < 032 , rae
e (ry—n,7)
p
c32 = max —2————0————-— .
re{o,xg] e“(ry—hKsT)
Tem cambiM u3 (37) caexyet
i
Sl R desels (38)
o€ (r0 —1,T)
7 3
M3 reopembr 2 ciaemyer, uto — 9 < 5 0 7T fpm T€ [ﬂg,oo] . Tak xak
e (n-1T7) ce 2(ro=n)
. mT 7yt
lim ——=——==0, To nIpn 7 — «© ¢yHKOHSA 5,7 OrpaHHueHa, TO eCTh CYUIECTBYET ¢, > 0
o e‘/i(’b“’l )\/; c.e ( ~r1)\/—
! 1
TaKas, 4To (2 <c,?
’ ﬁ("o*’l)‘/; T
ce
Tem cambim
@0
| ——————2 5(0)- fo(r)j dr<cs (39)

Age (r—n.7)

N3 (38), (39) cnenyeT, uto
5@ =@, <6Yes’ +¢)? (40)

5. Mertoa npoexkuuonnoii peryaspusanun. Hcrnonassys dopmyay (29) u  obo3nauuB
»Av(r2 -R,T)= vAv(r) , IepernuiueM Hally 3a4a4y B BUAS ONepaTOpHOro yYpaBHEeHUs
An(e) = () = L5(2) ay
e(r, —n,7)
rne A:H-—>H .
M3 Teopemsr 1 1 dopmysst (41) crenyeT HHBEKTUBHOCTD OMEpaTopoB 4 A, NO3TOMY B CHITY

aemmbl 6, chopMynupoBaHHol B pabote [4], cyliecTByeT H30OMETPHUYECKHH oriepaTop Q:ﬁ —~>H Ta-

KOH, uTo A;/(r) = QCvAv(r) , Tae

Cw(r) = w(z), (42)

e(ry —h,T)
TO ecTb oreparop C TOJOXUTENIEH U CaMOCOTMPSIXKEH.
Takum obpazom, ypaBHeHHE (41) MOXET OBITH CBEIEHO K BUILY
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Kymyszos A.C. Tounas 1o nopsidKy oyeHKa NPUBILXEHHO20 PElLUeHUS
obpamHoil 3a8ayu Ons ypaeHeHUsi MenJionposoGHOCMU Ha KoMbye

Cw(z)=15(z), (43)

le(r, =1, 7))

B KOTOPOM ?5(2’) = Q*Z 5(7), a Q* — oneparop, conpskeHHsld ¢ O(7) = .
: e(r, —K,7)

- . .
Hycte wo(r)e W, [O,oo] — TOYHOE pellieHre 3anaqdu, TOraa nycrb HaliaeTcs noctosHHas a >0 Ta-

~

wo

T — 2
Kas, 4To l +|’W'Oi a” . 3HAuMT, B 4ACTHOCTH ”W"o” <a.
Ly Ly

’ <
L,
- 2 " i " |2 ¥ —itt .
Onpenenun wo(7) =, |— fwo(t)e dt. Torna w'y(7) =it |— J.wo(t)e dt =itwo(r).
T T
0 0

Taxnm ofpazom, npu 20(1') =Q*lo(r) ypaBHeHHe (43) uMeeT TOUHOE pelieHue @o(r)e BSa, rne

_S.a:{]’;‘;/eﬁ,

- - 1~
;/H Sa} u By(r)=—y(r), 7>0.
ir
M3 nocnensero paBeHCTBA U AeMMBbI 6, chopMyaMpoBaHHOM B pabote [4] crenyer cyilecTBOBaH e
H30MeTpHUecKoro oneparopa ¢, H->H TaKoro, 4To B;A/(r) = BO, ;A/(r), rae ;;(r) cH,a
~ 1~ ~ —
Bp(z)=—p(r). 7>0, p(r)eH. (44)

Taxnm 06pa3om, B CHITy U3OMETPUYHOCTH (J; TouHOe pewienue wo(r)e€ B, S, .

U3 (43), (44) cnenyeT, uTo
By =g(C). (45)

W3 teopemnt 2; C ~ ir npu 7 —> . Hlepeobo3naump o = —TT— U ucnonsays (44) u (45), nonydnm
e

g(o)~ In~! (—L) npu o — 0. (46)
o

Henonp3ys MeToa NpOeKLMOHHON perynsipusaluy, NpeasioiKeHHblH B [4], peryaspuzyemM HCXOAHbIE

JIaHHbIE 3a7a4H (?5(1),5) , TO €CTb onpeAenuM QyHKUHIO Is [r,a(é’)} creayromnM 06pazom:

. L - ] <a(s -
15“>3\/c32 +e,28 s [r,a(é):]: 5(0) mpu 7 Of( ), rae a(S) yaoBaeTso-
0 npu 1 >a(d)

1) npu ycrioeun '

pACT YPAaBHEHMIO 7 ‘?5(1)}2 dr =9(c32 +e,’ )52 .
a(s)

2) npH yC/OBHH ”15“ < 3«/c32 + 0425 Is [r,&(5)} =0,
ITpu BuimonHenun ycnosuit 1)-2) gyHkums ?5 [r,&(&} OfIpeleNdeTcs OJJHO3HAUHO [JaKe B Cilyvae

HECJIMHCTBECHHOCTH PECUICHNA YPABHEHHUA B YCIIOBUH 1)

Hasnee, mpubinnkennoe pelieHue ws(t) ypasrennus (43) onpeaennm hopmynoi
ws(t)=C"15 [r,&(a)] , (47)
rne oneparop C onpeznened Gopmynoi (43), a Is [r,&(é‘)] —ycnosusamu 1), 2).

B cuny toro, uto wo(r)e B, Sa u (45), (46), Haiiferca NOCTOSHHAA ¢ Takas, 4YTO CNPABEMNWBA

OIICHKa

”@5 —wo| <esln” (é) (48)
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N3 Teopembl, chopMyaupoBaHHOI B paboTe [4] ciaeayer, yTo olieHKa (48) sIBJIsIETCSl TOYHOM 1O TIo-
PSIIKY Ha Kjiacce Blga , @ COOTBETCTBYIOIIUIA METOJ MPOEKLIMOHHON PEryJIsapy3aliMu ONTUMAJIEH IO To-
PSIIKY Ha 3TOM KJ1acce peleHui.

YT0OBI OKOHYATEBHO MOJYYUTh NMPUOMKEHHOE pelleHue (1) ucxoaHoit 3anauu (6)-(9) (a 3Ha-

yut u (1)-(4)), ucnonb3yeM cHauana gopmyisl (18), (22) 1 BbIBeeM OLIEHKY

215 —{40“ <9 ! 1

=)

a 3areM, npumenns obpatHoe k F npeobpasosanne F - MOy UM u‘;(t):Re{F _][&5(1)}}. [lo-

CKOJIBLKY npeobpa3oBaHue F' W30METPHYHO, TO 1A NPHOIMKEHHOrO peilieHus us(f) MOCNEaHs s OLeHKa
ocTaercs B CHIle.
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