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3AJJAYA TEPMOKOHBEKIIUN
J1s1 INHEAPN30BAHHOII MOJEJIN HEC2KMIMAEMON
BA3KOVIIPYI'ON KNJIKOCTU HEHVYJ/IEBOT'O IIOPIJIKA

T.I. Cyxauesa

THE THERMOCONVECTION PROBLEM
FOR THE LINEARIZIED MODEL OF THE
INCOMPRESSIBLE VISCOELASTIC FLUID
OF THE NONZERO ORDER

T.G. Sukacheva

BBengeunne

Cucrema ypaBHeHUI

PaccvaTpuBaeTcsa nuHeapu30BaHHAS MOJIETh TEPMOKOHBEKITUN HECIKIMa-
eMOlf BABKOYTIPYTO#l *KUJAKOCTA HEHyJAeBOTO TopsaKa. Ha ocHOBe Teopum OT-
HOCHUTEJIBHO pP-CEKTOPHAJIbHBIX ONePaTOPOB M BEIPOXK/IEHHBIX MOJIYTIPYII OTle-
PaTOPOB JI0Ka3aHa TeopeMa CYIIeCTBOBaHUSA €JIMHCTBEHHOI'O pellleHHs 331341
Kormmu—/Tupuxite mis coorBercTByOIeil cucrembl quddepeHna bHbIX YpaB-
HEHUIl B YaCTHBIX MMPOU3BOJHBIX, U MTOJIYIEHO OMHUCAHNE PACITHPEHHOTO hazo-
BOT'O IIPOCTPAHCTBA YKa3aHHOH 33/194U.

Karouesne caosa: ypasrenue cobosesCK020 MUNG, HECHCUMAEMAR BASKO-
YNPY2aa HCUIKOCMD, OMHOCUMENOHO D-CERTOPUGAOHLIT ONEPEMOP, PACULUDPEH-
Hoe (pazosoe NPOCNPAHCINEO.

The Cauchy — Dirichlet problem for the linearized system modeling
thermoconvection of the incompressible viscoelastic fluid of the nonzero order
is considered. This problem is investigated on the base of the theory of
relatively p-sectorial operators and degenerative semi-groups of operators. The
theorem of the existence of the unique solution of this problem is proved and
the description of its extended phase space is received.

Keywords:  Sobolev type equation, an incompressible viscoelastic fluuid,
relatively p-sectorial operator, extended phase space.
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MATEMATUYECKOE MOAEJTHNPOBAHUNE

I0JIyYeHa Ha OCHOBe JIMHeapu3oBaHHOH cucrembl OCKOMKOBaA HeHyseBoro nopsiyika |1, 2| u npu-
GJINKEHHOIO ypaBHEHHs TEIIONPOBOJHOCTH, MOJIETHPYIONIEr0 TEPMOKOHBEKINIO HECKHIMAEMOIl
BSIZKOYTIPYToil Kugkoctu. OHa MOJENUPYET 3BOJIONMIO CKOPOCTH Vv = (V1, V2, ..., Unp), Vi =
vi(x,t), rpaguenta nasierus Vp = (p1, P2, ---, Pn), Pi = pi(x,t) u remmeparypet 0 = 0(x, 1)
HEHBIOTOHOBCKOM KM KOCTH — HECZKIMAEMOM BA3KOyNpyroil kuakoctn Kenbpuna — @oiirra nemy-
neBoro nopsifika. [lapamerper A € R, v € Ry u k € R} XxapaKTepusyor yIpyrocTh, BI3KOCTb
U TEIJIONPOBOJIHOCTD YKUJIKOCTH COOTBETCTBEHHO;, ¢ € Ry — yckopenue cBoGOJHOTO IAJIEHUS;

Bektop ¥ = (0, ..., 0, 1) — opr B R™. Ilapamerpnr 3 € Ry , | = 1, k onpeiensitor BpeMst
perapnanun (3anasabiBanusi) nasiaenns. Cpobonueiii wien £ = (f1, ..., fn), fi= fi(x,t), or-
BevaeT BHEIHEMY BO3IEHCTBUIO HA KUJIKOCTh, 8 BeKTOP-DYHKIMA V = (U1,...,7p), Uk = Ug(x)

COOTBETCTBYET CTAIMOHAPHOMY peIleHno nexoaHoii cucremsl [1, 2|. B [3] comep:kures obocuo-
BaHUe JINHeapU30BaHHOU MOJIe/I HeCKUMaeMoil BA3KOyIpyToi kuakoctn Kenbeunaa — Poiirta
HYJ1€BOT'0 TOPJIKA.

PaccmoTpum mepBylio HadaIbHO-KPAEBYIO 33039y

v(x,0) = vo(x), wi(x,0) = wyy (), 0(x,0) = Oo(x), Ve € Q

2
v(z,t) =0, wi(x,t) =0, O(z,t) = 0, V(z,t) € 092 x Ry @)

st cucremsl (1). 3mecs Q@ C R™, n = 2,3,4 — orpanudentast ob6acTh ¢ rpanuneil 0 Kiacca
C™.

BriepBhie 3a/1a9y TepMOKOHBEKINH JJIsT HEC)KUMAEMBIX BIIZKOYIIPYTHUX KujaKkocTell Kenbsuma
— Qoiirra nmoctasua A.I1.Ockoskos [4]. UM e 6bl1a uccienoBana paspermmMocTh 3aaqu (2) 171st
COOTBETCTBYIOMeil HeTMHEHON MOIe Il Hy/leBOro HopaaKa B ciydae A~ > —\; ( A\| — HanMeHb-
mee cobcTBeHHOE 3HaUeHne 3anadn Jupuxie nyst oneparopa Jlannaca B obmactu 2)[5]. Ilepsas
HavdaJbHO-KpaeBasl 3aJlada JIJIs 9Toil MoJIe paccMaTpuBajachk B [3, 6], a mis ee Mogudukanmm
Ha c/lydail IJIoCKo-TIapaJiieibhoro tedenusi B [7|. B arux paborax maydajiach cUTyallds, KOTJa
cBobonHbIl wieH f He 3aBUCHT OT BpeMeHH, a B [8] — ykaszaHHas HeaBTOHOMHasi 3aja4a. Hecra-
[IMOHAPHAs JTMHEAPU30BaHHAasl MOJIe/Tb HyJIEBOTO TOpsi/iKa u3y4asach B [9], a ee 06obmenne B [10].

Harmeit niesibio siBjisieTcst u3ydeHne paspermumocts 3a7a4qu (1), (2) npu HecTarmoHApHOM CBO-
6omrom unene £ = f(x,1). D1y 33781y MBI HCCIeIyeM B paMKaX TEOPHH MOJIYJIHHEHHBIX ypaBHe-
"l cobomeBckoro Tuna. OCHOBHBIM HHCTYMEHTOM UCCTIETOBAHUS SIBJISIETCS TTOHSITHE OTHOCUTE b=
HO P-CEKTOPHAIBHOTO OTIEpaTOpa W MOPOKISHHON UM paspermnalomeil BEIpoKIeHHON oMy TPy IIIhI
omepaTopoB. Jlokaszala Teopema CyIMeCTBOBAHUS €IUHCTBEHHOTO PEIMEHNsT YKa3aHHOM 33089 W
MOJTYYIEeHO OMUCAHNEe ee PACIUpeHHoro hasoBOTO MpocTpatcTBa. CTaThs COCTOUT U3 TPEX YacTeid.
B nepBoit 9acTH TPUBOAATCI N3BECTHRIE PE3YIBTATH U3 TEOPHUH TOJTYINHEHHBIX YpaBHEHNH cobo-
JIEBCKOTO THIIa, HeoOXoMMble HAaM B JajbHeiimeM |3, §|. Bo BTopoii yacTi mpoBouTest peayKIiust
sagaqn (1), (2) K moaynuHeHOMY ypaBHEHHIO coGOJIEBCKOTO THIA. B TpeTheil 4acTu ycTaHABIIH-
BaeTcs CYMECTBOBAHNE KBA3HCTAIMOHAPHBIX TTOIYTPAaeKTOPUil YKa3aHHON 3a71a91 U OMACHIBACTCS
ee pacmmpentoe hazoBoe TPocTPaHcTBO. OTMETHM, UTO PE3YIBTATH 3TOH CTATHH 0600IMAIOT pe-
syabTaTH [11] .

1. IlosynunHeiiHble ypaBHeHUsI COO0JIEBCKOTO TUIIA

[Tycts U u F — GaHaxoBbI MpocTpaHcTBa, oniepatop L € L(U; F), T.e. TNHEEH U HepephIBEH,
ker . # {0}; omeparop M : dom M — F nuHeeH, 3aMKHYT W ILUIOTHO olpefeficH B U, T.e.
M € Cl(U; F). Yepes Uy obosnaunm nureasn dom M, cHabkeHHBIN HOpMoii rpaduka ||| - ||| =
|M ||+ - |l Mycrs oneparop F' € C®(Uns; F), byrkuus f € CP(Ry; F).
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T.I'. CykadeBa

Pacecmorpum 3anauy Komm

u(0) = uo (3)

JJIA nOJLyJLUHe’lIHOZO HECTNAUUOHAPHO20 YPABHEHUA coboaesckozo muna
Li = Mu + F(u) + f(t). (4)

Onpegenenne 1. Joxarvhom pewenuem (daree npocmo — pewenuem) sadavwu (3), (4) nasosem
sexmop-pynryuro u € C*°((0,T); Unr), yoosaemeopaougyro ypasnenuio (4) u maxyro, wmo u(t) —
ug nput — 04 .

Bresiem B paccmoTpenne L-pesombBentHoe MHozxectso pl(M) = {u € C: (uL — M)™' €
L(F;U)} u L-cnextp (M) = C\ p"(M) onepatopa M.

Onpepgenenine 2. Onepamop M naswsaemes (L, p)-cexmopuasvhvim, ecat cyuecmeyiom Kom-

emanmut a € R, Kk e Ry, © € (g,ﬂ') MAKUE, 4IMO
(i) S§,(M)={pneC: |arg(u—a)l <O, prta} Cp*(M);

. k
(it) max{ || Rl (M) |l cq, 1L,y M) llemy b < Tl —al
g=0 Hq
npu MOGWE (L, Lo, fi1, --. ,Hlp € Sé,a(M)-
31ech

L L L L
R(mp) (M) = qu)ZORMq(M)’ L(mp)(M) - HZQ)ZOLMq (M)

COOTBETCTBEHHO TipaBasi u JieBas (L, p)-pe3osbBeHTHI omnepatopa M, Rﬁ(M) = (ulL —

M)™'L, LE(M)=L(pL — M)~ [12].

Onpegenenine 3. Onepamop M naswsaemea cuavno (L, p)-cexmopuarvnvim, ecau on (L, p)-
cexmopuanen u npu 6cex (i, Jo,- .., fp € S§ (M)

const(f)
[ TG0 l1tg — al

(1) | MRE, ) (M) (pL — M)~ fllx < = a

npu ecex f U3 HEKOMOPO20 NAOTINHOZ20 6 .7: AUHEANA
const

< .
)= =TT g — a

Bameuanue 1. Ecmu p =0, to (L, p)- u cunbro (L, p)-cekropuajbHblii onieparop M HasbIBaeTCst
COOTBETCTBEHHO - U CUJIbHO L-ceKTopuaibHBIM [3].

(i) | (pL = M)~ LE, (M) | eeru

Byznem paccmarpuBath 3amaay (3), (4) B npeamonoxenun, aro onepatop M cunbno (L, p)-
cekropuajien. [Ipu yemosuu cunbHoii (L, p)-cekTopuasHocTu onepatopa M perenune sagaan (3),
(4) MoxKeT OBITH HeeIMHCTBEHHBIM, YTO MOKA3BIBACT IPUMeED, puBeaeHHbi B [13]. [TosTomy cyznm
nousiTie perennst ypapHenusi (4). Takxe mssectro [14] — [16], uTo pemenns samgaun (3), (4)
CYIIECTBYIOT He Jis1 BeexX Ug € Ups. TlosTomy BBesieM JiBa ompesieieHusl.

Omnpenenenne 4. Muosicecmeo BY C Uy x Ry nazosem pacuupennvim $azoevim npocmpar-
cmeom ypasnernus (4), ecau oaa amoboti mowku ug € Uy maxoti, wmo (ug,0) € BY cywecmeyem
eduncmeennoe pewenue sadavwu (3), (4), npuvem (u(t),t) € BL.

Bameuanne 2. FEcmu B = B x R, , tne B C Uy, To MHOMKecTBO B HazbiBaeTca @asosvim npo-
empancmeom ypasaenusi (4). Panee BmecTo TepMmuHa <pacmupennoe ($hazoBoe MPOCTPAHCTBOS
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MATEMATUYECKOE MOAEJTHNPOBAHUNE

VCTIOJTB30BAJICST TEPMUH <KOH(MDUIYPAIMOHHOE TPOCTPAHCTBO> [8], 9TO BHOCHIIO HEKOTOPYIO ITy-
TAHUIY B TepMuHOJIOrHIO [17].

Onpenenenue 5. [lycmo npocmpancmeo U pacwenasemces 6 npamyro cymmy U = Uy & U
max, wmobv ker L C Uy. Pewenue u = v + w, 20e v(t) € Uy , a w(t) € Uy npu ecex t € (0,T),
ypashenua (4) nasosem ksazucmayuonaphots nosympaexmopuet, ecau Ly = 0.

Sameuanue 3. lloustue xsasucmayuonaproti noisympaexmopuy obDODIIAET MOHATHE KEU3U-
emayuonaprot mpaekmopuy, BBEJCHHOE JJisi TUHaMudecKoro ciydast [13, 15, 16].

B cuny Toro, uro onepatop M cunbho (L, p)-cekropuasen, npoctpatctBa U u F paciienis-
forca B mpaMble cyMMpl U = UY @ UL, F = F° @ F! [12], roe

U —{pel:Ulp=0 FHeR,}, F={peF:Fy—=0 HeR,} —

adpa, a

1_ . i, 1 RE te .
U f{uel/l.th%n Uv =u}, F *{fe}—-tl_l}gﬂrFf*f}

—0+

06pasvt AHATTUTHYECKUX PA3PEIAONIUX MOy TPy

1 1
U'= — [ RE(M)etd F'=— [ Li(M)et'd
(' ¢ S§ (M) — xouryp rakoii, uto argu — £O npu |u| — +00) JHHEHOrO 0JHOPOHOTO

ypaBuenus Lu = Mu.

O6osnaunm gepes Li(My) cysxenne onepatopa L(M) ua U* (U*Ndom M), k =0, 1. Torma
Li:U*— FF M, :U*NndomM — F*, k=0, 1, npudem cysxxenns My u L oneparopos M
u L na npoctpanctsa U° Ndom M u U cooTBeTcTBeRHO ABIAIOTCA THHEHHBIME HellpepbIBHBIME
omepaTopaMi U HUMEIOT OrpaHHYeHHble OOpaTHBbIE ONEPATOPbI. ITHU YTBEPXKIEHUs CNEIYIOT U3
COOTBETCTBYIONMUX pe3ynbratos [12]. [losromy npusefiem ypabhernue (4) K 9KBUBaJIeHTHO dhopMe

Ri® =’ + G(u) + g(t) u?(0) = uf, )
1
0

ut = Sut + H(u) + h(t)  u'(0) =u

e uf € U*, k=0,1, v = u’ + u', oneparopsr R = Mo_lLo, S = Ll_lMl, G = Mo_l(l —
QF, H=L{'QF, g=M;'(I-Q)f, h=L{'Qf 3uect Q € L(F)(= L(F; F)) — upoektop,

pacIenisonuii npocrpancTBo F TpebyeMbIiM 06pazoM.
Onpexnesnenine 6. Cucmemy ypasnenud (5) nazosem Hopmasvhots Gopmot ypasuenus (4).

Bameuanmne 4. B ciyuae, xorga omepatop M cuibHO L-ceKTopmasieH, HOpMasbHas opMa
ypasaenust (4) (B ciayaae f(t) = 0) umeer Buz (5.1) B [7].

B nanpHeiimem orpannanMcs n3ydeHneM TaKUX KBA3UCTAIMOHAPHBIX TOTYyTPaeKTOpUi ypaB-
nennsa (4), nna xoropeix Ru = 0. s sToro mpeamoio:KmM, 4To omepatop R — 6upacuien-
amouwud (18], T.e. ero simpo ker R u 0bpaz im R gomontsieMbr B mpoctpancTBe . [logoxnm
U = ker R, a gepes U = UV © U 0BosHaunM HeKOTOpOE TOMONHEHNE K HOAIPOCTPAHCTBY
U . Torna neppoe ypasHeHne HOpMaIbHOl hopmbl (5) pefynupyeTcs K BHILY

Ru®t = u% Pt G(u) + g(t), (6)

rjie u = w9 + 4O .
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T.I'. CykadeBa

Teopema 1. [lyemov onepamop M cuavno (L, p)-cexmopuanen, a onepamop R — Gupacuyen-
aouwgud. Hyems cywecmeyem keasucmayuonapnad noaympaexmopus u = u(t) ypasnenus (4).
Tozda ona ydosaemeopaem coommouLEHUAM

0=u® +ut +Gu) +g(t), u = const. (7)

Aoxasamenvemeo. leppoe cooTHomMenne BBITeKaeT U3 (6) B cuiy TpeGoBaHUs KBA3HCTAIIMOHAD-
noctun Ru’ = Ru®! = 0. Bropoe coorHOmenNe BBITeKaeT u3 ToxkgectBa Ru’l = 0, Tak Kak mo
Teopeme Banaxa 06 obpaTtHOM omepatope cy:Kkenue oneparopa QgrR(I — Pg) na U®! ectn nenpe-

pBIBHO obpaTuMblil onepatop. 3jechk Jp u Pr — npoexkrops! Ha im R u ker R cooTBeTcTBEHHO,

ker Pp = . O

Bameuanue 5. Bropoe cooTHommenne B (7) MOSICHSET CMBICT TEPMHHA <KBa3HCTAIMHADHBIE
OJTy TPAEKTOPHIL>, T.€. 9TO TAKHe [OJYyTPAeKTOPHH, KOTOPbIE <CTAI[MOHAPHBI 10 HEKOTOPHIM IIe-
peMeHHBIM>»>. pyruMn croBaMi, KBasHCTalMOHApPHAs IOJYTPACKTOPHs 00sI3aTeNbHO JEXKAT B
HekoTopoit mnockoctn (I — Pr)u® = const.

Teopema 1 ycraHaB/iuBaeT HeOOXOIUMBbIE YCJIOBHS CYNIECTBOBAHUS KBA3HCTAIIMOHAPHOH IT10-
nyTpaekTopun ypasaenusi (4). IlepeiiileM K paccMOTPEHMIO JOCTATOYHBIX ycaoBuil. VsBecTHO,
9TO IPU YCJIOBUY CUIbHOI (L, p)-cekTopuaibHocTn onepatopa M omepatop S cektopuasien [12].
BHaunt, oH mopoxaaerT Ha ' aHATHTHYECKYIO HOJYTPYIIY, KOTOPYIO MBI OGO3HAYHM Hepes
{U! : t > 0}, Tak Kax B JeiicTBUTenbHOCTH omepatop Ul ecth cywenme omepatopa Ul ma U'.
U3z toro, uto U = U° © U crenyer, uto cymectsyer npoexTop P € L(U), cooTBeTcTByOmmii
JaHHOMY pacreriernio. Moxkuo mokazath, uto P € L(Uyr) [12]. Torma npoctpanctso Uy pac-
MenisieTcsd B NIPAMYIo cyMMY Uy = Z/{](\Z @Z/I]b TaK, YTO BJIOYKEHUE Z/Iﬁ cu*, k=0, 1, morHo
u HenpepbiBHo. CuMmBosiom A’ ofosnadena npouspognas ®peme B Touke v € V onepartopa A,
OIIPEJIEJIEHHOTO Ha HEKOTOPOM HaHAXOBOM ITPOCTPaHCTBE V.

Teopema 2. [lyemo onepamop M cuavno (L, p)-cexmopuanen, onepamop R — 6upacuienasio-
wuti, onepamop F € C=(Unr; F), a sexmop-pynxuua f € CP(Ry; F). Hyemo
(i) 6 nexomopoti oxpecmmnocmu Oy, C Uy MOUKU Uy BBINOAHERO COOMHOWEHUE
0 =ug' + (I = Pr)(G™ +uy' +u') +g(1)); (8)
(ii) npoexmop Pr € LUY,), u onepamop I + PRG;8 cUY — U — monaunetinut usomop-
Ppusm (U = Uy NUW);

(iii) dan anasumuueckots noayepynnw {UL 1 > 0} evnoaneno coomnowenue

/O 108l gy ydt < 00 ¥r R ()

Tozda cywecmeyem eduncmeennoe pewenue sadauu (3), (4), asaaoweecs K6a3UCMALUOHA-
noti noaympaexmopuet ypasnenus (4).

Loxasameavemeso. Pacemorpnm okpectHocTh Oy, TOUKE Ug. B 9T0i oKpecTHOCTH ITepBoe ypas-
werne () npnobperer Bu

0 =u® + Pp(Gu® +uQ +ub) + g(t) (10)
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MATEMATUYECKOE MOAEJTHNPOBAHUNE

B cuty yenosust (1). Jasee, us (i) B cuy TeopeMbl 0 HesIBHOH (DYHKIIUH CYITECTBYIOT OKPECTHOCTH
Ougo C Z/[]?/?, (Z/[]?/? e N U ) Oué C Z/[]%/[ (Z/[]%/[ = Ut N Upr) TodeK u80 = Pr(I — P)uy, u(l)
COOTBETCTBEHHO W OTODpaXKeHue o : Oué — Ougo kjacca C°° Takoe, 4TO ypaBHEHNE

u® = 5(ul, 1) (11)

SKBHBaJIEHTHO ypasHeHmio (10).
Teneps B cuy (11) Bropoe ypasHenue (5) B OKpECTHOCTH Oué npuobpeTeT BUT

at = Su' + H((u) +udt +ul) + h(t), (12)
rite onepatop H((1 + 6)(-) +udl) : Oys — U npunasexkut Kinaccy C 10 NOCTPOCHUIO.

Jls1 oKazaTe heTBa OTHO3HAMHOM paspermumocT 3aga4n ul(0) = ul ana ypasnenus (12)
BocnosibayeMcst MetooM CobosieBckoro—Tanabs, nzmoxenubiM B [19, rasa 9|. B cuy (iii), romaj-
kocTH omeparopa H u BekTop-byHKIMu h Bee yciaoBus TeopeM 9.4, 9.6 u 9.7 B [19] BBIIOTHE-
bl [lostomy ecn ul € Ui, To npu nexoropom T° € Ry cyIlmecTByeT eIMHCTBEHHOE DellleHne
ul = ul(t), t €[0,T) ypasuennus (12) takoe, uro ul(t) — uf upu t — 0+ B TomONMOTUY UL, .

Urak, pemenue sagauu (3), (4) B ganHoM ciydae 6yier umers sug o = u' + d(ul) +udt, u
9TO pertieHne OyIeT KBasHCTAIMOHAPHON MOy TpaeKTOpHeil o MOCTPOEHHIO. O

Bameuanue 6. s 1060l KBa3UCTAIIMOHAPHOI MOTYTPACKTOPUH YpaBHEeHHsT (4) COOTHOIIEHIE
(8) HEMOCPEICTBEHHO BBITEKAET U3 MepBoro ypasuenus (7).

Bameuanue 7. VejgoBue (9) myist OOBIYHBIX AHAJUTHYECKHX IONYTPYII, UMEIOMUX OIEHKY
||Uf||ﬁ(u1~u%4) < t~lconst, me BrmonHgeTca. B manbHeiimeM MBI cobHpaeMcs HCIOMb30BATH Teo-
peMy 2 UMEHHO B TaKOi CHUTYaIllH, 1 TIOTOMY HeOOXOJINMO ClleJIaTh HEKOTOPbIe MosicHenust. [1ycTh
Uy = U Uy, o€l0,1] — HekoTOpOE HHTEPIOIANHOHHOE IPOCTPAHCTBO, TIOCTPOEHHOE TI0 Ol
patopy S. B Teopeme 2 yenosue <oneparop F € C*°(Ui,; F), sexrop-dynxius f € C°(R;; F)
<JIONOIHUM  ycsloBHeM> onepatop H € C®(UL;UL), h € C®°(R4;UL),» a coornomenne (9)

3aMEHHM COOTHOIIICHHEM -

||Uf||g(u1;ué)dt < o0 VT e Ry. (13)

Torna yrBepKaeHne TeopeMbl 2 He uaMeHnTCcsi. OBCYKeHHEe TOrO Kpyra BOIPOCOB ¢M. B [19,
rinasa 9 |.

Bameuanue 8. [lycTh BBEIIONHEHB! yCIOBHS TeOpeMBl 2 (BO3MOXKHO, ¢ yUETOM 3aMevYaHNs 7).
Hoctpoum mockoets A = {u € Ups : (I — PrR)(I — P)u = ud'} u muomxectso M = {u € Uy -
Pr((I — P)u + G(u) + g(t)) = 0}. llo ycnosuio teopemsl nx nepecedenne A N M # &, tak
KaK COJIEPYKHUT T0 KpaliHell Mepe TOUKY Ug. bosiee Toro, cymecryer C>®-nuddeomopduszm I + 4,
oToOpazKalomil OKpecTHOCTE 0,1 Ha HEKOTOPYIO OKPecTHOCTE Oyy C ANM. Crenoparensho, B
KavdecTBe HaYaJlbHOTO 3HAUEHNsI MOYKHO 6paTh He TONBKO TOUKY Ug, HO 1 JI00YIO N3 HEKOTOPOIl ee
okpectHOCTH Oyy. D10 3HAUUT, UTO Oy ABIAETCH ACTHIO PACUUPERHO20 PA306020 NPOCTNPAHCTNGEG
B! ypasuenus (4).

Teneps myctb Uy, u Fi, — GaHAXOBBI MPOCTPAHCTBA, ontepatopbl Ay € L(Uy, Fi), a omepaTopbl
B, : dom By, — F nuHeiflHBI M 3aMKHYTBI ¢ obyacTaMmu onpenenennii dom By MIOTHBIMHA B
U, k =1,2. Tlloctpounm tpoctpanctBa U = Uy x Uz, F = F1 X Fa u oneparopsl L = A1 ®
Az, M = By @ Bs. llo noctpoenuio oneparop L € L{(U; F), a onepatop M :  dom M — F
JIMHEEH, 3aMKHYT U ILIOTHO onpejener, dom M = dom By x dom Bs.

Teopema 3. [20] Ilyemo onepamopvt By cuavno (Ag, pr)-cexkmopuarvnn, k = 1,2; npuuem
p1 > pa. 1020a onepamop M cuavno (L, p1)-cexmopuanen.
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2. Peaykinusg K mojyJmHeilHOMY ypaBHEHUIO cOO0OJIEBCKOT'O THUIIA
PaccmorpuM samady (2) mast cucreMsl (1), Ipe/IcTaBIeHHON B BH/IE
(1=AV3)v; = Vv — (¥ - V)v—(v-V)¥+
k
> BVPw — g0 —p+f,
=1
0=V(V-v), (14)
owi
ot
0 = KV —v -V +v 7.

=v+4+aogw ,qyeR_, [=1, k,

Baech p = Vp, T.K. BO MHOTHX THJIPOJMHAMUYECKIX 33]1a9aX 3HAHUE TPAJUEHTa JIaBJIeHNs]
IpenoYTHTEeIbHEe, YeM 3HaHue nabienus [21|. Brmepsble Takasi 3aMeHa ypaBHEHUs] Hepa3phiB-
HocTH crienana B [22]. Hac Gyaer uHTepecoBaTh JIOKaIbHAs OJJHO3HAUHAST PA3PEIINMOCTD 3a,1a49M
(14), (2), sxBUBaJIEHTHOIT HexoaHOI 3amade (1), (2). DTy 3ama4y yIo6HO paccMATPUBAThH B pAMKAX
TEOPUH TOJTYTUHEHHBIX YpaBHEHI cOOOJIEBCKOTO THIIa, W3JI0KEeHHOI BKpaTie B 11.1.

st Toro, uTobb penynmposars 3a1ady (14), (2) k zamade (3), (4) BBeneM, creays [22], mpo-
CTPaHCTBA Hg, H72T7 H, u H;. S3aecn H?, u H, — moampocTancTBa COJIEHOUAANbHBIX (PYHKIINN B

(o]

npoctpancTiax (W2(2)" N (W)™ u (L2(Q))" cootsercrenno, a H2 n H; — ux opToronais-
upie (B cmbice (Lo(2))") nononuenus. Yepes Y. oboznaunm opronpoekrop na H,, npudem ero

[e]
cy»enne Ha npocTpancTso (W2(Q))"N(W}(2))™ 6ymem obosnatats Tem e cumposoM. [Tomoxmm
I=1r1-73.

Popmynoit A = V2E, : H?T & H72T — H,; & H;, tne F,, — eTUHUYHas MaTpHUIa MOPsIKa 1,
3a/1aIMM JIMHEHHBIH HEMTPEPBIBHBII OMIEepaTOp ¢ AUCKPETHBIM KOHEYHOKPATHBIM crieKTpoM a(A) C
R, crymatomumest jiuib Ha —oo. Qopmynoit B 1 v — V(V - v) 3amaanm TuHEHHBII HeMpepbIBHBII
clopbeKTHBHEI onepatop B : H2 @ H2 — H, ¢ agpom ker B = H2.

Hosoxum Upp = H2 x H2 x H,,, Fio = Hy x Hy x Hp, e Hy, = H, ; Uy; = H2NH! =
H?T X H72T ,uF1; =Ly =H,xH;,i=1, k. Torna npocrpanctsa Uy = @fzo Uy, Fi = @fzo Fu-
Omneparopsr A1 u By : Uy — Fy onpenennm dopmynamu A = diag [A |, Fy] , tne

A1<A1 0)) A1<E(I—)\A)E EA(I—)\A)H>;

O O (I — MNA)Y TIA(I — AA)II
i 2
By = (Blj)m.:1 , TIE
VYA vXA O G12A .. GprA
Bit=| vlIA vlIA —I |, BE=|[ gllA ... ZIA |,
O B O o ... O

B2 copepxur k crpok una (I, I, O), B?? = diag|ay, ..., akl.

Bameuanne 9. llpocrpancrso U (Fi) onpeensieTcss TOIHO TaK ¥Ke, KaK npoctpanctso U (F)
B Moziesn [23], a onepatop A; (Bi) coBnanaer ¢ onepatopoMm L (M) B [23].

Bameuanue 10. Ob6oznaunm uepes A, cyxkenne oneparopa YA ma H2Z. Ilo Teopeme
Conounnnkosa-Boposuua-tOgosnua ciektp 0(A,) BEIECTBEHEH, TUCKPETEH, KOHEYHOKPATEH U
crymiaercs JINIb Ha —O00.
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Teopema 4. (i) Onepamopw A1, By € LUy, F1), u, ecau A~1 & o(A), mo onepamop Ay —
bupacwenamowud, ker Ay = {0} x {0} x H, x {0} x ... x {0}, im A; = H, x H; x {0} x F} X
—_—————
k
.7'—2 X ... X fk
(ii) Ecau A7t € o(A) Uo(Ay,), mo onepamop By (A1, 1)-oeparunen.

Bameuanue 11. JlokazaTenbcTBO TeopeMbl 4 MPUBEIEHO B [§], TOJMBKO B APYTOil TEPMUHOJIOTHH.
BriepBble moHsITHE OTHOCHTENBHO OTpaHUYEHHOro omeparopa BBemenno B [24|. Ciydait oTHOCH-
TEJIBHO CEKTOPUATBLHOTO OllepaTopa paccMaTpuBacs B [7, 25, 26].

Hanee momoxxum Us = Fo = Lo(Q) u dopmymnoit By = kV? : dom By — F, ompenennm

(o]
TUHEH B 3aMKHYTBI 1 TIIOTHO OTpeIeTennblii omepatop Bz, dom By = W2(Q) N WH(Q). Ec-
Jii onepaTop As MOJIOKUTH paBHBIM [, TO B CHJIY CEKTOPHATBHOCTH oliepatopa By [27, . 1]
CIIpaBeINBa

Teopema 5. Onepamop By cuavno As-cexmopuanen.

[Tonmoxxkum U = Uy x U, F = Fi X Fu. Bektop u mpocTpaHcTBa U4 UMeeT BUJI U =
col (U, Ur, Up, W1, . .., Wk, Ug), THE €Ol (Ug, Ur, Up,W1,...,Wk) € Ui, a up € Us. Baech uy =
Yv, ur=({I—-Y)w=1Iv, up=p. Ananornumsiii Bug nmeer sekrop f € F. Oueparops! L u
M onpenenum dopmynamu L = Ay @ Ag u M = By @ Ba. Oneparop L € L(U; F), a onepatop
M : dom M — F nuneeH, 3aMKHYT U 1Ji0THO omnpenesieH, dom M = U x dom Bs.

U3 reopemsbl 4 u sameuanus 2.1.1 [3] cienyer, uto oneparop By cunbho (Aj, 1)-cekropualen.
B cuny storo u Teopem 3, b crpaBeinBa

Teopema 6. Ilycmo A\~ & 0(A), moeda onepamop M cuavno (L, 1)-cexmopuanen.

[lepeitiem K mocTpoeHuio HeuHeitHoro oniepaTopa I. B nanHowm ciiydae ero yaobHo npejcra-
BUTH B Bujie F' = F) @ Iy, tne F1 = F1(Ug, Ur, ug) = col (—=X(((Tg + Ux) - V) (e + uzr) — (e +
Ur) - V)l +1x) +gyue), —I(((Go + ) - V) (o +uzr) — ((to +ur) - V)(lig +0r) +g7u0), 0, . .., 0),

k+1
a Fy = Fy(Ug, Ur, ug) = (Ug + ug) - (v — Vug).
DopmaiibHo HalieMm npoussoanyio Opeme F!, oneparopa F B Touke U,

Ya(tg, Ur) Yalug,ug) O —g¥y
[ Ha(us, ur) Ha(ug,ur) O —glly
¢ @ @ @ @ ’
(v =Vug) - (x) (v —Vug)-(x) O —(ug+ux)- (%)
rae a(Ug, Ur) = —((*) - V) (e +tr) — ((Ue + Uz ) - V)(*) , & HA MecTo cUMBOJIa * clle/lyeT CTaBUTh

COOTBETCTBYIONIYIO KOOPIMHATY BEKTOPa ¥ B CJIydae, KOTJ[a Mbl XOTHM HaliTh BekTop /0.

Hanee, B Hamem ciydae mpoctpancTBo Uyy = Uy xdom By (B ¢ty HEMPEPBIBHOCTH OIIEPATOPa,
By ). Ucnonb3yst craHmapTHYIO TeXHUKY (cM., Hampumep, [15, 16]), HeTpymHo moKasaTh, 4TO
npu Jobbix 4 € Uy oneparop F. € L{(Uy; F). AHaJornuHo ycTaHABIUBAETCsI, YTO BTODAsi
npoussoguas Opeme F)/ oneparopa F — HenpepblBHBII GunHelinblii onepatop uz Uy X Uy B
F,a F!” = O. Takum o6paszoM, cripaBe/uBa

Teopema 7. Onepamop F € C®(Uypr; F).

Bekrop-dyukiuio f npeacrasum B Buge f = f1 @ fo, tae f1 = col(Xf,11f,0,...,0), fo = 0.
~——

) k1
Byznem npeamonarats, uro f € C*°(Ry; F). Urak, peaykius samaqu (14), (2) k samgaude (3), (4)
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saKoH4YeHa. B nanbHeiimeM Bciofy oToxecTBasieM sanaqn (14), (2) u (3), (4).

3. Pacmmpennoe dpra3oBoe IIPOCTPAHCTBO
1 KBa3WCTAIIMOHAPHBIE MOJIYTPAEKTOPUN

Teneph nepeiijieM K MIpoBepKe BHINOJIHEHUsT YCJIOBUii TeopeM 1 u 2.

B cuy TeopeMbl 6 M COOTBETCTBYIOMUX pe3ynbTaToB [12] cyImecTByeT aHaIuTHYECKas MO-
ayrpynma {U? : ¢ € Ry} paspemaroImux onepaTopos ypasHeHHs (4), KOTOPYIO B JIAHHOM CJIydae
ecTecTBeHHO mpeacTaBuTh B Buje Ul = VIQW?, rne VH(W?) — cyxenne oneparopa U’ na Uy (Us).
[TockonbKy onepatop Bs cextopuaien, To Wi = exp(tBy), uTo Bieder 3a coboit W° = {0} u
W =Us.

Pacemorpum noayrpynmy {V?: ¢t € R, }. B cuny Teopem 4 u 6 u muTupyeMoii Monorpadun
[12] namnas momyrpynna npogosskuma jio rpynnsl {V:: ¢ € R}. Ee sapo VO = UV & UYL, toe
UP = {0} x {0} x H, x {0} x ... x {0}(= ker Ay no Teopene 5), a UM = NAT AL HZ] x H2 x
{0} x ... x{0}.3aecs Ay =1 — A\A, A\;z — cy:KeHHe olepaTopa HA;lHa H,. UzgecTHO , 9TO

k+1
ecm A~H € 0(A) U o(A,), o oneparop Axy : Hy — H2 — Tonmmeiinpiii msomopdusm (cM.,
Hanpumep, [8]). O6osnaunm uepes Ui o6paz V1. Torma npocrpancTso Uy paziaraercs B IpaMylo
cymMmy mofmpoctpancTs: Uy = UN o U @ U

[TocTpoum omeparop R = Bl_olAlo € LIUY @ UP), rtne Ap(Big) — cywxenue onepatopa
A1(B1) na Z/{?O @ Z/{{)l. (Oneparop Bl_ol CYIIeCTBYET B CUJIY TEOPEMBI 6 U COOTBETCTBYIOIMUX pe-
synpratos [12]). o nocrpoennio ker B = UV, a B [22] noxazano, uro im R = UPY. Buauur,
omepatop R — 6upacmennzomuii. O6oznaunM depez P npoektop npoctpancTsa U0 @ U
Ha Z/{?O BJIOJIb Z/{{)l. B cuny KoHCTpYKIHM TpocTpaHCTBa (fyy TpoekTop Pr € ﬁ(u&), rje
U = Uy N (UYL U (= UP & UPY). Badukenpyem 3To B caeyomeM yTEEpIK IeHHH.

Jdemma 1. ITyemv A1 & 0(A) U o(A,). Tozda onepamop R — 6upacuenamousud, npuvem
Pr e £(Z/I]?4).

BBenem B paccMoTpeHne NpoeKTOphI
Pk:dlag[pkvo]v Qk:dlag[ékvo]v k:()v 1.

(IToapobHoe omucatne TUX MTPOEKTOPOB cM. B [23]. M3 pesynbraros [23] u B cuty Toro, 4ro sapo
WY = {0}, crenyer, uto [ — P = (Po + P)x O, Q=(I—-Qo—Q1) x1I, P:U—-U' Q:

F — F'. llpnvenssa npoextop I — P K ypaBHenuio (4) B JaHHOH TPaHCKPHIIINH, TIOTydaeM
H(VA(UO' + uﬂ') - (('ﬂ/o‘ + 7171') : V)(Uo— + uﬂ') - ((UU + uﬂ') : v)(ﬁ/a + 7171')‘|‘

k
> BV wi —up — gyue + £ (1) = 0, (15)
=1

Bu; = 0.

Orciona B cusiy TeopeMbl 1 u cBoiicTB onieparopa B mojydaeM HeoOX0IUMO€E YCIOBIE KBA3HCTAIIH-
OHAPHOCTH TOTYTpaeKTopun U, = 0. pyrumu cjioBaMu, Bce perieHusi HaImeil 3a7a4qu (€c/in OHH
CYIIECTBYIOT) ¢ HEOOXOIMMOCTBIO JIOJIKHBI JIeyKaTh B maockocT B = {u € Ups : ur = 0}. A tak
kak [lu, = up, To N3 nepporo ypasuenns (15) monydaeM coorHomenne (7) B Halleil TPAHCKPHIIITHH

k
up = (v Aty — ((lig + i) - Vtio — (o - V) (llo + i) + Y B1Vwr — gyug + f(1)).  (16)
=1
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Ouesunno, Py = Pg, mostomy Bropoe ypasHeHue (15) ecTh cooTHomenne (8) MPpUMEHUTENBHO K
Hameit cutyanuu. UTax, cipaBeiinBa

JIemma 2. B ycaosuax aemmnt 1 mwoboe pewenue 3adavwu (3), (4) aeorcum 60 muostcecmee

A ={u ey :ur =0, up =HvAus — (e +r) - Vo — (o - V)(llo + Gir )+

k

> BV — gyue) + fx(1)}-

=1

Bameuanue 12. Uz (16) cpasy cienyer yenosue (iii) Teopembr 2 st moboit Touku uf € UsSe (=
UL x {0}). Hosromy BBUILY 3aMedanus 8 MHoxecTBo A! — 1pocToe 6anaxoso MHoroobpasue C™-
nuddeomopdroe noanpoctpancTy Ui X Uy — sABJIsIeTC KaHIUIATOM Ha POJIb PACIIMPEHHOIO
dazosoro npocrpancrsa 3ana4n (14), (2).

(o]
[puctymm K nmposepke yeosuit (9) n (13). [octponm mpoctpanctso Us — Uy x Wi (). an-
HO€ IIPOCTPAHCTBO, OYEBUAHO, Oy/eT HHTEPIOIANHOHHLIM POCTPAHCTBOM Ad Hapel [U, U,
npudeM « = 1/2. Kax or™edeno Boime, nonyrpynna {UY : ¢ € Ry} npogoizkaercs Jio TpymIibl
{V{:t € R} ma U}, tne V| — cymenne onepatopa V! na U]. Tockonbky Z/{]b = Uy NU; (1o
IOCTPOEHHUIO) U oflepaTop B HenmpepbiBeH (TeopeMa 4 ), To B CHITY PaBHOMEPHOI OTpaHMYeHHOCTH
nosyrpynnst {U? 1 € R} umeem

| Vi e <

T

constlBillggyimy [ IV loggydt <oc Ve Ry, (7)

Hanee, B cuny mepasenctsa Cobonesa [19, 11.9] momyrpymna {Wt 11 € ]I_QJF} VAOBJEeTBOPHAET
OTleHKe

/||W'f|| . dl < oo (18)
0 L(dom Ba; WHQ))

Homomum UL = U, NUY, tae U = UL x Up. Toraa nz (17) u (18) BeITexaeT
JIemma 3. B ycaosuax aemmut 1 ewnoansemea coomuowerue (9).

U1 makonern, BoimonHss Tpeboanue (13), naiizem oneparop H u Bektop-dyukimio h. Orne-
patop H ecrecTBeHHO NpedcTaBuTh B Buje H = Hy x Hy , rne Hy = Al_ll(f —Qo—Q1)F1, a
Hy = Fy (A;1 — cyxenme onepatopa Ay na U]). Brmouenne H € C®(UL;UL), nokasbisaer-
cs1 QHAJIOTHYIHO TOMY, KaK ObL1o Tmokazano BKioueHue F € C®(Uys; F). Bekrop-dyukimio h(t)
oTpeIeINM KaK h = Al_ll(f — Qo — (1) f. Oupenenenne oneparopos Qo u (1 ¢M. B [23]. B cuny
Heckoneunoil rmagkoctn f h € CO(Ry; UL).

Taxkum 0b6pazom, Bee yeoBus TeopeMbl 2 BuIToHeHEB. [losToMy cipasenimBa

Teopema 8. [lyemv \~! ¢ o(A) U a(A,). Tozda npu mobom uy € A° u nexomopom T €
Ry cywecmeyem eduncmesennoe pewenue u(t) € C*((0,7); Uy ) sadavu (1), (2), asaawouweeca
KGA3UCTNAUUONAPHOT NOAYMPACKMopued.

Paboma evnoanena npu noddeporcke ABLIIT Pazeumue nayunozo nomenuuana ebleuet wxo-
Aavt (2009 — 2011 200w), npoexm N 2.1.1/2301.

Aemop ewpasicaem uckpennior npusnamenvnocms npogeccopy I A. Ceupudioxy sa enumanise
U UHIMEPEC K JUHHBIM UCCACOOBAHUAM.
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