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OB OQHOW NEPEONMPEOENEHHOWU 3A0AYE

TENNOBOW OUNATHOCTUKHN
A.N. Cudukoea

ABOUT ONE INVERSE OVERSPECIFIED PROBLEM

OF THERMAL DIAGNOSTICS
A.l. Sidikova

OGo0meHHbIM MeTOI0M TNPOEKIIHOHHOI peryjsipu3anii pelieHa Iepeonpeae/ieHHast
oOpaTHasi cMelIaHHAsI TPAHUYHAS 32]a4a IS YPaBHEHUS TEIUIONPOBOIHOCTH H TOJIyYeHbI
TOYHBIE 10 MOPSYIKY OI[EHKH IOTPeITHOCTH 3TOTO PEHICHHSL.

Knwuesvie cnosa: obpamuas 3a0aud, pe2yiapu3ayus, OYeHKd NOZPeutHOCu, HeKOppeKmHas

3adaua, npeobpazosanue Oypoe.

The over specified inverse bounded problem for the heat conduction equation was
solved by the generalized method of regularizing projection and the error estimate of this so-

lution was obtained.

Keywords: inverse problem, regularization, ervor estimate, ill-posed problem, Fourier trans-

formation.

Breaenue

Bo MHOTHX OTpaciiX TEXHHKH BCTPCHAIOTCA
TPOIIECCHI, CBA3AHHBIC C HATPEBAHUEM TBEPABIX TEll
MOTOKAMH SKHAKOCTH Wid ra3za. OcoOyr poyb IpH
3TOM HTpacT HHPOPMANMSI O TEMIIEPATYPE HA MOBEPX-
HOCTH 3THX TEIL

Kak mpaBmno, ennHCTBEHHBIM CIIOCOOOM OIIpe-
JICTICHAS 3TOM TEMIIEPATYpPhl SABIICTCS PEIICHHE Tpa-
HUYHBIX OOPATHBIX 33734 11 YPABHCHHH TEIIIO00ME-
HAa B TBEPABIX TEIAX II0 PE3yIbTaTaM H3MEPCHHH
BHYTPH 3THX Tel. BO MHOTHX CIIy4asx BO3HHKACT HE-
00X0IUMOCTh HCTIONB30BAHHA PE3YJIbTATOB H3MEpPE-
HUH TEMIIEPaTyphl B OOJIBIIEM YHCJIE TOYCK, UEM 3TO
TpeOyeTcs Ul OJHO3HAYHOTO OIIPEACICHUS HCKOMBIX
XapakTepucTuk. [lepexox kK mepeonpeneiIeHHbIM TMO-
CTAaHOBKAaM OOpATHBIX 337a4 OOBIMHO MO3BOJIIET MO-
JIy4uTH O0JICE JOCTOBEPHBIC TaHHbIC [1].

1. ITocTanoBka o0paTHOi 3a7a4K
IIycTts TenmnoBOM MPOLIECC OMUCBHIBACTCS YPABHE-
HHCM

du(x.t) _ 0%u(x.t)
ot o2
pemenue u#(x,f) KOTOPOro ONPEACICHO W HEMpe-

, O<x<l, >0, @))]

ppBHO B 3aMKHYTOM mojoce [0,1]x[0,00) u ymoBae-
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TBOPSICT CICAYIOIUM HAYATBHOMY W TPAHHYHBIM
VCIIOBHSM

u(x,0)=0, 0<x<I Q)

u(Lt) =h(t). t=0 (3)
58

MOD _pi0.0=0, k>0, 120, &)

ox

rae Kod(pQUIHEHT £ HEH3BECTCH,

h(t) e C*[0,00), h(0)=h'(0)=0 (5)
U CYIUECTBYET YMCIO [, >0 Takoe, 4To A1 JH000ro
r>1,

h(t)=0. (6)

PaccmoTrpum mHOKECTBO M, < L,[0,00), ompe-
Jemsiemoe (hopMyJIon
h(t) : h(r) € L,[0,%0);

M, = ]th (t)dt +Oj3[h O Pdt <2 ™
0 0

B nmanpHeiimem OyaeM mpeamonararb, IT0 HCKOMAsd
(Gyukous /(t), mcmombizyemas B (3), YIOBICTBOPSET
YCIIOBHIO

h(t)yeM,. ®
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Ipeanonosxum, uro mpu f,(f) U g,(f) CymecTBy-
er (yHkmma f,(0),
c(opMy THPOBAHHBIM BBILIE, TAKAS, YTO TPH /(f) = /1, (f)

VIOBICTBOPAOIIAA  YCTIOBHSAM,

CYLIECTBYET pewmeHue u(x,!) 3amaun (1)—(4), ynosmue-
TBOPSIOIICS YCIOBHAM:
u(x,0) = fo() 1 u(xy.0)=go), ©)
0<x <x, <1, 120,
HO 3TH (JYHKIMH HAM HC W3BCCTHEL, 4 BMCCTO HHX JTAHBI
HEKOTOpbIe QYHKUMH f5(f) 1 g5 (1) € L,[0,00)[1;[0,%0)
"uucto O >0 Takue, 4To

|50 = /60 0.0y +2s O = 20D 0., <& (10)

TpebyeTcs, HCMOMb3YS HCXOTHBIC JAHHBIC 3a7a-
UM Xp,Xy, O, 7, f5(t) WM gs(¢), ompeaenmuTs MpHOIH-
JKCHHOE 3HA4YCHHUE /i5(f) M OLICHHUTb €ro yKJIOHCHHUE

hs —h OT TOYHOTO 3HAYECHUA /1, (f).
s — o o

”Lz[O,oo)

2, Cpenenne 3axaun (1), (2), (4) u (8)—(10)

K 3a/1aY¢ BRIMUCJICHIS 3HAYCHMIT

HEOTPAHITYEHHOTO OTIepaTopa

ITpogomxum pemenue u(x,f) 3azaum (1)—(4) Ha
OTPHIATENBHYO II0JIyOCh, TTOJIOKHB

u(x,t)=0 mpu f<O0.

Bsemem mpoctpanctBO H = L, (—0,0) +iL,(—0,0)
HAJ TOJICM KOMILICKCHBIX YHCeT U omeparop I, oto-

Opaxaromuii mpoctpancteo // B [ W ompenense-
MBIH (opMyIoH

15 :
— | k(e ™adt,
N2 7'[0

W3 teopemsl [lnanmepens [2] caeayeT, 4YTO oneparop
F, ompenemsiemsiii popmynoii (11), yamrapen. Takum

FIh@)] = —w<t<ow. (1)

obpasom, (1) cBeneM K ypaBHCHHUEO

0
aLf’“:m?(x,r), xe(0,1), —o<t<om, (12)
ox
e u(x,7) = Flu(x.0)].
(.7 = /(1) (13)
Hu
1(x.7) = g(1), (14)

rae /(9 =FL/(®]. a g =F[g0)].

Pemenue ypasuenus (12) umeer Bug

A @™ 4 B (ve ho VT 120

>

;l(x, 1) =

- _ (15)
Ay (r)e*“O’“JH +B, (r)e“oxﬁ' , 1<,

_ (=i

rre = (ljil)’ I, - (ﬁz)

H B,(t) — IPOH3BOIbHBIC (DYHKIMH.

. A A4(0), 4 (1), Bi(7)

U3 (12)—~(15) caenyert, 4tO

g@shpy(1—x)Vr— f(D)shpg(1- x»f
shp, (x, — xl)\/_

120,
. JU (16)
g@shig—x)y[d - f@shpy-x)y[d

shiig (e, =3y ’

h(z) =

1<0

e h(t) = F[h()] u h(t) =n(L 1) = }Cig}ﬁ(x,r).
Taxum obOpasom, ecmu omeparop 7, OCHCTBYO-

M W3 IPOCTPAHCTBA HxH B ﬁ,

(dopmynoit (16), Tae

D ={(J.9): (.9 e HxH, T](@.g0leH } -

obsactb onpenescHus oneparopa 7, To 3amaua (12)-

(14) cBeaerca K 3a7a4e BBMUCICHHS 3HAYCHUM HEOT-
paHMEHHOTO omepaTopa 7’

(D) =T/ (1).g(].
Tenepb mOKaKeM, YTO CYKCHHE omeparopa /' Ha
HOAIPOCTPaHCTBO L,[-11]x L,[-11], koTopoc oGo-

OIPCICTUM

—0<TL®, a7

-1
SHATAM YICPE3 T gaBngeTcs OTPAaHUYCHHBIM OIICPATO-
poM, 3aeck L,[—1,1]— xomMmaekcHoe. Tak kak

el | =2frieeel]
o owewm |717(9). 2(x )]H[Q[0 ,
Ilycte ”j’('t)” o] +Hg('c)HLZ[O’1] <1. Torma
[r7@.e )]HLZ[0 ,
g 1= 5 W+ sty 1 W]
<2 sup -(18)
0<t<l ‘sh 1o (e, — 3T |
Taxk xax

‘Sh Ho(l- xl)\/;lz

‘Sh Mo (X = xl)\/;‘z )

ch2(1 xWt/2 —cos?(1-x)Wt/2
sh” (xy —xNT/2 ,

shp, (1—x2)\/¥‘2

‘Sh Ho (X =X )\/;‘2 )

ch (1—xy)\T/2 —cos (1 XNT/2
sh? (xy —xN7T/2 ,

TO U3 (18) cne/:[yeT ‘{TO

Lo, 1]
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ch?(1—x)Vx/2 —cos®(1- xl)\/'c/

<2 sup
o<t<1 sh?(x, — %)Vt /2
ch?(1- x,)NT/2 —cos 21— XWT/2
+2 sup . (19
0<1<1 sh?(x, —x Wt/2

Beuay Toro, 4uro

. ch? (1-x)Vt/2 —cos (1 x)NT/2

lim

=0 sh?(x, —x )Wt /2
m sh? (1-x)Nt/2 sm (1 xWT/2
Tﬁoshz(xz xNT/2 Tﬁosh () — xl)\/'c/

{ 1-x T
=2 , 0)

Xp =X

10 U3 (20) cremyer

. ch?(1-x)Nt/2 —cos’(1- xl)\/'c/
21lim
™0 sh? () —x)NT/2
. ch?(1—xy)\T/2 —cos’(1—x,)\T/2
+2lim > =
>0 sh™(x, —xNT/2

1-x g 1-x g
=4{ ! } +4{ 2 } :
X2 7% X2 =%
Taxum obpazom, QyHKIuUS W(T), onpeacaaeMas
(dopmy oH
ch2(1 x)NT/2 —cos?(1- xl)\/T
sh?(x, — xl)\/T
ch (A=xy)W7/2 —cos’>(1-x, Wt/ 2
sh?(x, — xl)\/r ,

w(t) =
0<t<l

2 2
1- 1-

7Y il ) IV i G )
Xo =X X2 =X

HenmpepbiBHA Ha oTpe3ke [0,1] W moToMy CyIIECTBYET

4yuCIo ¢, > 0 Takoe, uyto At modoro T <[0,1]

WDl < q. @
U3 (19)—(21) caenyer, uro
T <e 22)

H MOTOMY Cy»KCHHE omeparopa I° Ha IPOCTPaHCTBO
Ly[-1,1]x Ly[-1,1] sABRACTCA OrpaHHYCHHBIM OmEpa-

topoM. Teneps pazodrem 3aady (17) Ha nge. [lepsas
W3 HUX HMCCT BHI

A1 sl a1
h@©=T1/ (0.2 M=

g (shyy =y -7 (Dsh - NG
shptg (x, =3 VT

0<1<l 23)
2 @shig (=[] -7 @ sho(-x) ]

sh b (2, )41

-1<1<0,

me tel-Ll, S (W=/(® u g (=g(t) mpu
te[-11].

W3 cootHomeHus (22) creayer, 4To Oneparop
7, ompenesaeMbni (popMmyaon (23), OrpaHHNMCH H

COOTBCTCTBYIOLIAA 3a4a1a

Po=1"7 (. ®L tel-L1], 24)

rae izl(t) :}Az(t) mpH 1 € [—1,1], KOppekTHa.

Bropas 3amaua SBISETCS 3a4aUCH BBIMHCICHUS
3HAYCHHH HCOTPAHMUCHHOTO OTCpPaTopa 7,
nseMoro (hopmy o

~2 22 A2
h@=T"f (1.8 (V=

ompene-

2 (@shpy -y Wt -7 (Dshp (- xz)\/_
shig(x, = xl)\/_

T>1;

s>

=93 A2 _ 2 _ 25)
g @shpg(-x)y[d -7 @shpg -3,y

Shu_o(xz % )\/H ,

T<—1.

=70 g =g u h®=h(® npu

|1:| >1.
O06o3raunM uepe3 M, MHOXKECTBO H3 /1 Takoe,

4To M » 2 F[M,]. Torga c yuerom (7),

— ~ ~ — % NN )

M, ={h(¢):h(t)eH, [a+e )‘h('c)’ dv<r } 26)
0

W3 (8) ceayer, uto /o (t) € M.

Tak kak 3ama4a (23) KOPPEKTHA, TO B HEH HET
HCOOXOAHMOCTH TpPeOOBATh BBHIOJHCHHS YCIOBHA

N ~ ~2
ho(t)eM,, a ana 3amaum (25) uepes M, 0003Ha-

YMM CY>KCHHE MHOXKECTBA M », ompenedeMoro ¢op-
MYJIOH (26), Ha IPOCTPAHCTBO

—2
H =HUH,,
rae H, = L,[l,o)+il,[l,00);
H, = L,(—0,=1]+iL,[-1,0),
TO €CTh
~2 o~ =2
M,=M,NH . 27
~2
[MpeamonokuM, 4TO0 TOYHOC 3HAYCHHE /o(T) B

~2
3agade (25) npuHamnexuT Kiaccy M. Jlnga pemeHus
3a7aun (25) ucnoab3yeM CeMEHCTBO omeparopos [3],
ompeaenseMoe popMymon

s A2 2
LIS (.g (W=
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g@sh g =37 - F(Dshpy - x,)W7
shpg (X, —x )\/;

>

1<t<

>

_ | 2@shpg@ =)yt - F@shpg 1 -x)q[] -

sh g (x, - xl)\/H

—a<t<-1;

It > o

~2,
[MpubmmkeHHOE 3HAYCHHC /15 Oc(t) 3amaun (25)
ornpeaennM (hopMy 10k
~20 ~2 a2
hs (0 =T 1f5(0):85 (@] (29)
Jia BEIOOpa mapaMeTpa peryIapH3aLHH o= &(6) B
dopmye (29) pacCMOTPHM OLICHKY

A2 A2 A2 A2 A2 A2
hs —ho||<|hs —ho ||+|he —hol, (30)
~2,0 g 2 A2

rae ho (T)=T [/ (0:ge(D]

A2 A2 ~2 2P,

s fo +|&s —&o|| <0 (€2))
Tak kak u3 (29) u (31) caenyer, uro

A2 ~2a 2
sup hs" —ho HTOc 5

a2 ~2f? a2 2

Fs—Tol *lgs—20 <5?
TO TEPESHICM K OLCHKE HOPMBI omiepatopa 7., ompe-

gensiemoro (28). Tak Kak HTOc H mpu T €[l,a] cosma-

—ot,—1], TO ZOCTAaTO4YHO TOJY-

JaCT C

YHTb OLICHKY HOPMBI HTO% H mpH 1 €[l al

Jlemma 1
Ecmm o> 1, 1O cipaBexmBa OIICHKA

HT; H < 4 RSNy

e2) _ p=(—n)

Joxka3areiLbcTBO
~2 2
S @

HO (19), nonyqaeM

2

<1. Torma, anamormi-

~2
Ilycts +|g ()

h(l—x; )V
7217 (0.8 @) <2 sup LANTE -5
1<t<a sh(x2 X )\]’C/

Tak kak npu T € (1, 0]

ch(1- x /2 < 0= 0Ve2,
a

(x—x) _ ~(x%—x7)

sh(x, —xWt/2 22 26 ,

TO
ch(1- xl)\/oc/ 2 e(lfxl)m

g2 ) _ ()

sup
1<t<a Sh(x2 xl)\/

CIIEI0BATEIbHO, HA OCHOBAHMH (32)
2 4 (-xWal2
HE e .

o2 1) _ ()

TeMm cambIM JJeMMAa JOKA3aHa.
Jlemma 2
CyLIecTBYeT YHCIO O, >1 Takoe, 4TO A JIO-

boro o = oco CIIPaBEIINBA OLCHKA

HTZH o0 xz)\/oc/

I[OKaSaTeJILCTBO
ITycts 75 €[l,at] m

‘Shuo a- xl)\/a ‘Shl/to d-x )‘/_‘
‘Shuo(xz X )\/E‘ v shp, (x; —x )\/_’

Torma amt mo00ro AOCTATOYHO OOJBINOTO 3HAYECHHS

(33)

n ompeacTuM (DyHKIHA j’n (t1)=0mu

1.
I<t<ty——;
n

0

>

~2 1
g,(0= \/;, Ty ——<T< T8
n

0 To <TZ 0L

>

Taxum oOpazom,
mlfll ‘Shﬂo(l xl)\/_‘

el T]

€L

ne

maX ‘shuo(x2 xl)\/_‘

el to—— T0 1
Tak Kak 3 HenpepsIBHOCTH (yHKim |sh2] creayer, uto

IIllIll |shu0(1 xl)\/_’

el ]

mai( |Sh “’0 (x2 xl )\/_‘ 1<‘E<0(.

= R 7;,170]

‘Shﬂo(l_xl)\/_|
shity (x; — x1)\/_|

npu n — oo, 10 u3 (33) u (34) caenyer, uro
HTZH sh(l xl)\/'c/

1ty ch(x, — xl)\/T
e(l—xl)m _ ef(lfxl)m
elm—mo/2
ef(lfxl)m

(35)

YuuteBasd, 4TO —0 mpu oo — o0, u HA

OCHOBaHMH (35) NOJYYUM CYILECTBOBAHHE YHUCIA
oo >1 Takoro, 4To A4 MOOOTO O > Oy

s Lev
Tem caMbIM JIeMMA TOKA3aHA.
Ilycte
Qa2 |3 ~2 ~2
2
o> (@) =sup{ [ho(v)| dv : ho(t)e My . (36)
[03
Toraa
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A2, A2

ho —ho

sup {

U3 (26) u (27) crmexayer, 4r0 IpH YCIOBHU
~2 ~2
ho(v)e M,

A2 ~2
s ho eMr}:(D((x). (37

o0 2 2

j(lﬂz)ho(r) dr<r?. (38)
1

U3 (36) u (38) caenyer, uro
2
2 r
o (o) = . (39)
l+o?

Taxum obpasom, u3 (30), (37), (39) u memmsr 1 crey-
€T, UTo

A2.00 A2

s —ho 1 cpemsae2 (40)

r
<

Jl+a?
4

o2 _ o (en—x)

Tae ¢, =

TMapaMerp perympusamun o = o(d) B Gopmyre
(29) BpIOCpEM U3 YCIIOBHS

ViraZet e o I @1
c,0
Toraa u3 (40) u (41) crenyer, uro
A2,0(8) A2 2
R L (42)

\/1+oc ®)
W3 teopemsl, chopMy mupoBaHHOH B [3], MeMMBL 2
CICAYET, 4TO OUCHKA (42) ABAAETCS TOYHOM MO MO-
PAIKY.
1-x
- =
Ilycts —8>\/Ee 2 Torma, BBHAy TOTO, 4TO
)
dyrxums V1+a2e®™ V%2 crhoro Bospactas mo o,
QA—x)
mMerseTes o1 V2e Y2 10 o0, CYIIECTBYCT CAUHCT-

BEHHOC PCILICHUE &(6) ypaBHeHu (41).

Jna yopomeHust oueHku (42) paccMOTpuM JBa
YPaBHCHHUA:

e(lﬂq)m - 43)
€0
H
Qa2 _ T 44
c,0

Pemenne ypasueHuii (43) u (44) 0003HAUHM He-
pe3 i (8) m oa(8). Torma ms (41), (43) u (44) cre-
Ay €T, YTO HpI/I A0CTATOYHO MAJIbIX 3HAUCHUAX 6
CIIPABC AU BBI COOTHOIICHHUA

o2 (3) < o) < o (d). (45)
W3 (43) u (44) crenyer, uro
2 In? "

s o
o1(d) x| op

o ®) = ;lnz R
2
2(1-x)° ed

>

aus (45), uro
() ~In%8 mpu &— 0. (46)

H3 (42) u (46) cneayeT CyleCTBOBAHUE YHCaA ¢3 > 0

TAKOTO, YTO TPH AOCTATOYHO MAJBIX 3HAUYCHHAX O

CI[PABEAJIUBO HEPABECHCTBO

~2,0,(8)

W™ il <eym s, (47)

W3 nemmsl 2 u (46) caeayer, uto oucHKa (47) sB-
JBIETCSI TOUHOU MO MOPSIAKY, TO €CTh CYIIECTBYET YHC-
10 ¢, >0 Takoe, 4YTO IPH AOCTATOYHO MAJNBIX 3HAYC-

HHIX O
A2,0(8) A2 A2~
Sup{ hs —ho|| : hoe M,
~2 ~2P a2 2|, 5
Ss=So|| T8 —&o|| <0°2¢,In"3.

~1
Janece pemenne 3amaun (23) 0603HaUMM uepe3 /15 (T) :
N ~1 -l
ha(t) =T'[ f5(0).g5(D)]. (48)
W3 (22) u (48) crenyer, uro

(1) — o (D) < 15, (49)

~1 ~1 ~1
rae /’lo(’C)ZTl[ Jo(1).g0(7)]. Pemenne samaum (17)

ornpeaennM (hopMy 10k

~ ~1 ~2,0(8)

hs(t) =hs(t)+hs (1). (50)
Torma u3 cootnomeHui (47), (49) u (50) caemyer
CYIIECCTBOBAHME YHCAA ¢5 > 0 TAKOro, 4To

Hizg(r) —izo(r)H <esln s, 1)

Tenepp paccMOTpHM

hs(t) = F '[hs (v)] = Mar (52)

ﬁ{o }Azg (De
OKOHUaTeNIbHO PeIlCHuE /15(f) oOpaTHOHM 3amauu (1),
(2), (4). (9) onpe memmm opmy 10i
ho(t) = { Re[hs(v)], 0<t<oo; 3
0, t<0.
W3 (52) u (53) caenyer, uro
(NGORG] EX

3ak/ouenue

[IpenmokeHHBI OOOOICHHBIN METO/ MPOCKIH-
OHHOH pETyJLIPH3AUMH HE CBSI3aH TEXHUYCCKH CO
CHEKTPaIbHOH (DYHKIMEH omepaTropa 3aiadd W MOTO-
My JOIYCKAaeT IOCTAHOBKY M PEIICHUE HEKOPPEKTHO
MOCTABICHHBIX 33734 B PA3IMYHBIX IPOCTPAHCTBAX.
70T (PaKT OKA3BIBACTCS OUCHD BAKHBIM IPH PEIICHAUHN
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MEPCONPEICICHHBIX 0OPATHBIX 330a4 TCILIOBOM JHar-
HOCTHKH, TAK KAK TAKWUC 3aJa4M MPUHIUIHAILHO HE-
BO3MOYKHO TIOTPY3HTH B OJHO MPOCTPAHCTBO.
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