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O MPUBJIUXEHHOM PEIIEHWUW OBPATHOM 3A0AYU
CIIEKTPAJIBHOTI'O AHAJIN3A AJIAd CTEIIEHU
OITEPATOPA JIAIIJTACA

A.U. Cedos

ABOUT THE APPROXIMATE SOLUTION OF THE INVERSE
PROBLEM OF THE SPECTRAL ANALYSIS
FOR LAPLACE OPERATOR

A.l.  Sedov

IMpuBeneHbI 1OCTATOUHBIE YCJIOBUS, HajlaraeMble Ha TOCEI0BATEIbHOCTD
KOMITIEKCHBIX YHMCeNI, 1T KOTOPOI CYIIEeCTBYeT BO3MYIIEHHBIN omepatop Jla-
rjaca TaKOH, UYTO €ro CIEeKTP COBIANaeT C JaHHOM IOC/IeNOBaTEIbHOCTHIO.
[MpuBOIUTCS ANTOPUTM TIPUOIIKEHHOTO HAXOXIECHHS BO3MYILAIOIIETO Orepa-
TOpAa.

Karoueeswie cnosa: onepamop Jlanaaca, sdepuutii onepamop, cnekmp, cieo,
803MYUEeHUe, COOCIMBEHHbIE YUCAA

We give the sufficient conditions imposed on a sequence of complex
numbers for which there exists such pertubatied Laplace operator, that its
spectrum is equal to the given sequence. The algorithm for the approximate
finding of the pertubation operator is given.

Keywords: Laplace operator, operator of trace class, spectrum, trace,
perturbation, eigenvalue

BBenenue

M3BecTHO MHOTO pasiMYHBIX pe3yJbTaTOB, OTHOCSIIMXCSA K OOpaTHON 3amaye CIEKTPalbHOTO
aHanu3a (cMm. Hampumep [1]) Anst 0ObIKHOBEHHBIX U depeHIInaNbHbIX onepaTopoB. s omnepa-
TOPOB C YaCTHBIMU MPOW3BOIHBIMM Pe3yJbTaTOB 3HAYUTEIbHO MeHblle. B OCHOBHOM paccMmatpu-
BaeTcsl CTeneHb oreparopa Jlariaca, MOCKOJbKY pe3ojibBeHTa omnepaTtopa Jlamnaca He simepHas.
Tak, B pabdotax [2 - 7] peuieHa oOpaTHas 3ajmauya IJisl CTeNeHU ollepaTopa Jlamiaca O6oJiblie 2 Ha
npsimoyrojbHuke. B paborax [8, 9] mocrtaBieHHas 3amada pellieHa AJisi cTreneHu Gosbiie 3/2. B
pa6ote [10] - ons creneHu paBHoii 1. B [11] paccmoTpeHa He mpsiMOoyrojbHasi o61actb. Bo Bcex
TepeyrcieHHbIX pabdorax [2-11] Ha Bo3MylIalOUMiA OTNepaTop HaKJIaJbIBAJUMCh YCIOBUS Majo-
cti. B mpeacraBiieHHO# paboTe 3TOT CyIIECTBEHHBIN HEAOCTATOK ycTpaHeH. KpoMe Toro, BrepBbie
MpeajiaraeTcsl aJropuT™M MPUOJMXKEHHOTO HaXOXIEHUST pellleHUss oOpaTHOUN 3adauM.

1. IloctanoBKka 3amayu
2
a
[Iycte II — npssMOyTroJibHUK CO CTOPOHAMU a H b, ol “ppalmoHajabHoe. PaccmoTpum camo-
COTIPSIDKEHHBIY HEOTPUIIATENIbHBIHN omepaTop 1p, MOPOXKIeHHbBI! KpaeBoit 3aaa4eii JJupuxiie:

—Av = v, s =0,
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O npuOIMKEHHOM pEeIIeHWU OOpaTHOM 3amadi...

roe A — omeparop Jlammaca.

o0
Beemem omeparop T = / G dE()), tne E()\) — chmekTpajbHOE DPA3JI0KEHWE €JUHUIIbI
0

oneparopa Ty, B > 3/2, ¥ > 0 upm A > 0. UspecTHO, 4TO COGCTBEHHBIM GHCIAM Aj =
21,2 272\ B
ek w4l
e

n v (Z,y) = 2 sin (@) sin (ﬂy—), k,l € N.
Vab a b

[Iycts P — omeparop ymHokenwsi ua dyskumio p € Lo(II) = H, BemecrBeHHOCTH p He
Ipeoaraercs. Iry GyHKINIO JacTO Ha3bIBAIOT nmorennuaioM, dom P = {p: p € Ly, (T+P)y €
Lo,rne y € Lo}, O60o3Haumm uepes pg; cobcrentbie uyuca oneparopa 1+ P, 3aHyMepOBaHHBIE
B IOPSiIKE BO3PACTAHMUsS JIEACTBUTEIbHBIX YacTell ¢ yueToM ajrebpamdecKoil KpaTHOCTH, a Yepe3
U — COoOTBeTCTByOIME opToHopMmupoBanubie B H = Lo(IT) coberBennsie dyHKImM.

ITockonbKy a?/b? uppamuonanbroe uucio, To cuekrp o(T') oneparopa T ognokparHbit. s
ymobcrBa Oy/eM HyMepOBaTh YIOPSJOYEHHbIE 110 BO3PACTAHUIO COOCTBEHHBIE YUC/Ia U CBSI3aHHbIE
C HUMM CIIEKTPAJIbHBIE OOBEKTHI OJ[HUM HATYPAIbHBIM WHIEKCOM.

O6ozrasnm Iy = {(z,y)] 0 < z < a-27!, 0 <y < b-271'} — BcomoraTenbHLIH
HPSAMOYTOJIBHUK M BBEJEM TONHYI0 opToHOpMupoBaHHYIO B Lo(Ily) cucremy dbyukumit {pn}32 ,

oneparopa T’ coorBeTcTBy0T OproHOpMupoBaHHbIe B Lo (1) coberBennbie dyHK-

4 2nkx 2ml m2k? g2]?
‘,Dn(.’E,y):QOkl(iE,y): \[OIECOS a CcoS by,r‘,zne n = (——a’—i——i-—g?—) ,k,l:l,OO.

PaccmorpuM criefyomnyo o6paTHYIO 3a/1a4y CIHEeKTPAJIbHOTO aHAU3a: nycmv pad . |Ap —
n
&n| cxodumea. [asn nocaedosamenvrnocmu {€n} mpebyemca dokasams cyusecmeosanue maxozo

onepamopa T+ P, wmo ezo cnexmp o(T'+ P) = {u,} cosnadaem c dannoti nocaedosamesvrocmoro
{&n}-
2. OCHOBHBIE YTBEPXICHMS

Beenem cremyromue 0603HaUEHUS: Ty = %min{)\nﬂ —Midn —Ancih, m={A A=A =

o)
b Tn =0 A =And, =X A=A > ), Qv = ) D, Ro(A) = (T — AE)~L, R()) =
n=N

(T+P—-XE)" 5 |- |l1, || - ll2 — sanepuas sopma u mopma, 'misbepra-IlIMuara coOTBETCTBEHHO.

Jlemma 1. [11] IIpu n > 1, B > 3/2, umeem mecmo oyenxa:

2 2 1 BC 1
[Ro(M)]l2 < [[Ro(MI” + -2 2+ =N + CiE ) A € Y.

4
Caeacrsue 1. [11] IIpu 5 > 3/2 pad Zri (g\réax ||R0()\)||2) crodumca.
T
n

Jlemma 2. [11] Cywecmsyem N € N maxoe, wmo
1) 0asa aobwz n < N ece cobemeennvie wucaa Ap U iy, 6yoym wazodumcsa enympu xowmypa L'y,
2) 0asi moboiz n > N enympu Kowmypos Y, 6ydym Hazooumcs POSHO NO 0OHOMY Ap U iy

PaccMOTpPHM OIEepaTOPHOE TOXKIECTBO
R(X\) = Ro(X) — Ro(A\)PRo(A) + R(A\)(PRo(N)?, X € Q.
YMHOXKHM €ro Ha %‘r-;, NPOMHTETPUPYEM 10 KOHTYPY 7Y, ¥ HaiizeM ciei. B urore mosmyumm:

tn = An + (Pop,vy) + an(p), n> N,
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A.. Cenos

rae

an(p) = —5 / ASp [R(N)(PRy(A)?] dA.

q
Amnamornyno, yMHOXKas Ha % u uHTErpupys o I'y, momydum

N N N
D ouk ="M+ g (Pog,vn) + ag(p), g< N, (1)
n= n=1 n=1
rae 1
aq(p) = —5— A7Sp [R(N)(PRo(N))?] dA.
e I'n

MoxHo mnoka3zaTb, YTO omneparop R(A) sAepHbIi, U AJS HEro CIpaBeUyIMBO pas3jioXeHUue B
CXOASALIUIACS 110 HOPME DS

[o.@]
= Z N (PRo(N)F, A € Q. 2)
=0
S0
IMoxcraBum psx (2) B ay. Homyuum a,(p) = > ap’(p), tae
k=2

_1\k
o) =-GF [ xsp [RNPRO) &y, g,

_1\k
o) =~ L [ asp [RO)PR] a, n> N,
Tn

WuTerpupys 1mo 9acTsaM, JIerko HOIYyUHUTh CAEAYIONyI0 POpMyILy:

Sp | 9B (PROOV A= Z5p [ g ()(PRo(N) A
n Tn

Orciona mosydyaem

_1\k
o) = Gkt [ s [PRo)¥an <N,
_1\k
oP(p) = L [/ Sp [(PRy))] dh >N

Banumewm (1) B marpuanom Buge. WV = M, rae

1 1 ‘e 1 (P’Ul, ’()1) mi
A A A
W= 1 2 Nl yo (Pua, v2) 7 | ™ |,
YA VAR D SV (Pun,vn) my
1
mg = — [Z( - M) —a%(p )] Oupegesurens Bangnepmonga |W| # 0, nosromy marpuna W
q n=1
obpatuma, u V = W1 M. O6o3nauum depe3 W, SIEMEHTHI 0OPATHON MATPHIIbI w1,

N
Takum obpazom, nosaydaem (Pup,v,) = Z WrgMg, N < N.
q__
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O npuOIMXKEeHHOM pEIIeHWU OOpaTHOM 3amadu...

Jlemma 3. FEcau dynxuyus p yooeaemeopaem ycao6uim:
(i) p(z,b —y) = p(z,y) = pla — z,y), das nowmu ecex (z,y) € II,
(i) (p, oK) Lo(11) = (P> Pk0) Lo(my = 0, k = 0,00, mo

1
(Pvn,vn)Lz(H) = \/ﬁ(pv (Pn)Lz(lh)-

Iycte r = min{||P1 ||, || P2||}. Onenum pasuocru |ay, (p1) — an(p2)| npu n > N.

1
|a%k) (p1) — a%k)(pz)l = Ik

[ s0 (PR - (Paro)] ] <
Tn

% K (PLRo(N))* — (P2Ro(>\))kH1 <
k—1
Tn max ST (PaRo(N)* (P — Po)Ro(A) (PLRy(N))* 51
n -0 1

k xevn

k—1

Tn _ —

% Jnax (Z 121 = Pollr* M| Ro(A\) I3 | Ro(A)]|* 2) =
s=0

rall Py = Pallr*~ max ({1 B (M) I Ro(VII*?)

Jlajiee OIeHUM MOYJIb Pa3HOCTH:

o0
|an(p1) — an(p2)| < rar||PL — Pyl Tnax IRo(N)II3 kz_ork Tnax IRo(W)IIF <

Ty

171 = Poll e | Ro )l -

Ananornano, npu ¢ < N nojaydaem

q’f"f'
(1) — rg(p2)| < 14— Bl mace |1 Ro(W 32—

3. CyuiecTBoBaHue

Teopema 1. Ecau daa nocaedosameavrocmu {€,} natidemea N € N maxoe, 4mo evnosnaemcs
HEPABEHCMBO
N

> Zw;“’ZS" )|+ fj €0 = Mnf? < rRwab,

n=1 |qg=1 n=N+1

20e w € (0,1), mo cywecmeyem onepamop P maxot, wmo cnexmp o(T + P) cosnadaem ¢ nocae-
dosameavrocmovio {En}.

Jlokasameavcmeo. B mpocrpancrse Hy = Lo(Il4) paccMorpum ypaBHEHHe OTHOCHTEIHHO P:

p=a— a(p)7
rae
N N w= N [oe)
n
@0 = Z Z — Z(gsq - )\g)(Pn + Z (fn - /\n)wna
n=1¢=1 q s=1 n=N+1
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A.. Cenos

N N — 00
w,
alp) = Y ayp)en+ Y. on(p)en
n=1g=1 q n=N+1
Bsenem omeparop A : Hy — H;
Ap = ag — a(p)
Haiinem
N N rrd 2
o) - o, < 3 [ Z g2y = Pl e [ Ro (W) B3— 7]+
n=1 =1
> | ) =
|PL — Pyl masx | Ro (M) 32—
N N
2
P - P [ R
17s = Pl { [ e | B0 I 7] ;[;n wiglrt] +
)3 max [Bo (W IB—2—] "} = lpr — pallf e
rae

I S
ab

BriGepeM r TakuM, 4TOOBI BBHIIOJHSJIOCH HepaBeHCTBO w < 1. Torma a — omeparop cxkaTus.

IMonoxum R = min{r, TN\/EL—I;(l—w)}. Tak Kak omepaTop «, sIBJISIETCS BIIOJIHE HEMPEPBIBHBIM,
TO 110 KOMOMHUPOBAHHOMY TIpUHIMIY ypaBHenue B miape U(ap, R) C Hy Gymer vMMeTh pelieHue.
OTMETHM, YTO KOMOMHMPOBAHHBIA MPUHLUI HE FApaHTUPYET €IUHCTBEHHOCTU PEIIEHUS.

[Mycts p — peleHne ypaBHeHusi, P — oneparop yMHoXeHus: Ha GyHkuuio p, o(T+P) = {un}
CIIEKTP HaWIEeHHOTo omeparopa. M3 MocTpoeHUsT ypaBHEHUS OUYEBUIHO, YTO IMOCIEIOBATENBHOCTH
{pn} u {&} coBnanmator.

4. TlpuOnuxeHHOE pelieHue

[pubnukeHHOe pelieHUe OyIeM HaXOAUTh METOAOM IIOCTIEeI0BATE]bHBIX MPUOIUXKEHU. BbI-
OepeM M TIepBbIX COOCTBEHHBIX YMCENT M3 IOCJIEA0BAaTEIbHOCTH {/\n}anl- Yucno BbIOMpaeM mpo-
M3BOJIBHO, Ye€M OHO 0OJibllle, TeM TOYHee OyaeT HaiiieHO MpUOIMXKeHHOE pelieHue. [danee, BMECTO
psinoB @, U a(p), a TakKe BCEX IPYTUX PSINOB, BCTPEUAIOIIMXCS MPU BBIUMCICHUSX, OylaeM NucaTthb
CYMMBI 10 M.

1. TTonoxum pg = 0.

2. p1 = ap — a(py) = ap.

3.pj+1:ao—a(pj),j=1,2,.... )

4. Haiinem kakuM-1u60 cocobom, Hanpumep, onucasubiM B [12], cnexrp o(T + Pj) = {uh}.

IMonyunm muoxectBo {o(T + P; )}J 1, rie K 6osbmoe ugncio. Ilpu ysenuuennu K Oyzer
HapaCTaTh BHIYUCIUTEIbHAS IIOIPEIIHOCTD. _

BorunciurenbHBIM TPOIECC OCTAHOBUM, KOIIa Zﬁ/[: 1] wih—E&n| 6yner naumenbmas. Haiinernoe
pj Oyzem cuuTaTh NPUOIMIKEHHBIM DelleHreM OOpaTHON 3aJadH.
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O nmpubIMXEHHOM pelleHUU OO0paTHOW 3agayvywu...
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